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PEE FACE 


)ook IS a development from courses winch. I have given m 
1 for a number of years Durmg this tune I have come to 
more would be accomplished by my students if they had an 
;ory treatise written m Enghsh and otherwise adapted to the 
en beginnmg their graduate work 

=‘r I IS devoted to the theory of twisted curves, the method 
il bemg that which is usually followed m discussions of this 
But m addition I have introduced the idea of moving axes, 
derived the formulas pertammg thereto from the previously 
Frenet-Serret formulas In this way the student is made 
with a method which is similar to that used by Darboux m 
volume of his LegonSy and to that of Cesaro m his OeometT%a 
a This method is not only of great advantage in the treat- 
lertam topics and in the solution of problems, but it is valu- 
eveloping geometrical thmkmg 

»mainder of the book may be divided mto three parts The 
3istmg of Chapters II-VI, deals with the geometry of a sur- 
le neighborhood of a pomt and the developments therefrom, 
curves and systems of curves defined by diffeiential equa- 
3 a large extent the method is that of Gauss, b} which the 
3 of 8 surface are derived from the discussion of two quad- 
erential forms Howe\ er, little or no space is gi\eii to the 
treatment of differential forms and their m\ariants In 
the method of moving axes, as defined in the first cliaptei, 
extended so as to be applicable to an investigation of the 
3 of sui faces and gioups of sui faces The extent of the 
mceming oidinaiy points is so gieat that no attempt has 
le to consider the exceptional pioblems loi a discussion 
questions as the existence of iiitegials of differential equa- 
[ boundary conditions the readei must consult the treatises 
al paiticularly with these subjects 

lapters VII and VIII the theory previously developed is 
0 several gioups of surfaces, such as the quadiics, ruled 
minimal surfaces, surfaces of constant total curvature, and 
with plane and spherical hnes of curvature 

lU 
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The idea of applicability of surfaces is introduced m Chapter III 
as a particular case of conformal representation, and throughout the 
book attention is called to examples of applicable surfaces However, 
the general problems concerned with the applicabiliti of surfaces are 
discussed in Chapters IX and X, the latter of which deals entirely 
with the recent method of Wemgarten and its developments The 
remaining four chapters are devoted to a discussion of mfinitesunal 
deformation of surfaces, congruences of straight hnes and of circles, 
and tnply orthogonal systems of surfaces. 

It will be notieed that the book contams many examples, and the 
student will find that whereas certam of them are merely direct 
apphcations of the formulas, others constitute extensions of the 
theory which might properly he included as portions of a more ex¬ 
tensive treatise At first I felt constrained to give such references as 
would enable the reader to consult the journals and treatises from 
which some of these problems were taken, but finally it seemed best 
to furnish no such key, only to remark that the EncyUopadie der 
mathematiSGhen Wissenschaften may be of assistance And the same 
may be said about references to the sources of the subject-matter of 
the book Many important citations have been made, but there has 
not been an attempt to give every reference However, I desire to 
acknowledge my mdebtedness to the treatises of Darboux, Bianchi, 
and Scheffers But the difficulty is that for many years I have con¬ 
sulted these authors so freely that now it is impossible for me to say, 
except in certam cases, what specific debts I owe to each 

In its present form, the material of the first eight chapters has 
been gi\en to begmnmg classes m each of the last two years, and 
the remainder of the book, with certam enlargements, has constituted 
an advanced course which has been followed several times It is im 
possible for me to gne suitable ciedit for the suggestions made and 
the assistance leudeicd b} my students durmg these years, but I am 
conscious of helpful suggestions made by mj colleagues, Professors 
Vebleu, Maciniies, and Swift, and b} my former colleague. Professor 
Bliss of Chicago I v ish also to thank Mr A K Krause for making 
the drawings foi tlie figures 

It remains foi me to express mj appreciation of the courtesy 
shown by Gmn and Company, and of the assistance given by them 
durmg the printing of this book 


LUTHER PFAHLER EISENHART 
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OTFEREOTIAL GEOMETRY 


CHAPTER I 

CURVES nr space 

rametric equatLoas of a curve Consider space referred to 
tangular axes, and let (x^ z) denote as usual the coordi- 
a point with respect to these axes In the plane s = 0 
circle of radius r and center (a, 5) The coordinates of a 
on the circle can be expressed in the form 

a; = a + r cos ^ = 5 -h r sm 2 = 0, 

denotes the angle which the radius to P makes with the 
2 J-axis As u vanes from 0° to 860°, the point F descnbes 
Le The quantities a, 6, r determine the position and size 
ircle, whereas u determines the position of a pomt upon it 
sense it is a variable or parameter foi the 
And equations (1) are called parametric 
B of the circle 

aight line in space is determined by a 
1 it, ^(< 1 , J, c), and its direction cosines 
The latter fix also the sense of the line 
le another point on the line, and let the 
iJP be denoted by which is positive 
tive The rectangular cooidinates of P 
i expressible in the foim 

= a + y = 6 -f 2 = <? + wy 

1 value of u there coiiesponds a point 
line, and the coordinates of any point on the line are 
ble as in (2) These equations are consequently parametric 
8 of the straight line 

1 , as in fig 1, a line segment PZ), of constant length a, per- 
lar to a hne OZ at P, revolves unifoimly about OZ as axis, 

1 
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aojd at the Sanaa time D naoYes along it with uniform velocity, the 
locus of P called a etrctdar hdw If the line OZ be taken for the 
is-axis, the initial position of FD for the positive a?-ax:is, and the angle 
between the latter and a subsequent position of PD be denoted by 
u, the equations of the helix can be written in the parametric form 

(3) a: = (X cos tfc, y = a sm z = bu, 

where the constant h is determined by the velocity of rotation of 
PD and of translation of D Thus, as the line PD describes a 
radian, D moves the distance b along OZ 

In all of the above equations u is the variable or parameter 
Hence, with reference to the locus under consideration, the coordi¬ 
nates are functions of u alone We indicate this by writing these 
equations 

( 4 ) 

The functions /j, /g, /g have definite forms when the locus is a 
circle, straight line or circular helix But we proceed to the gen¬ 
eral case and consider equations (4), when /g, /g are any func¬ 
tions whatevei, analytic for all values of or at least for a certain 
domain * The locus of the point whose coordinates are given by (4), 
as u takes all values in the domain considered, is a curve Equa 
tions (4) are said to be the equations of the curve in the parametric 
form When all the points of the curve do not lie in the same plane 
it IS called a space curve or a twisted curve , otherwise, a plane curve 
It IS evident that a necessary and sufficient condition that a 
curve, defined by equations (4), be plane, is that there exist a 
linear relation between the functions, such as 

(5) c/g-f d = 0, 

where a, J, c, d denote constants not all equal to zero This con¬ 
dition IS satisfied by equations (1) and (2), but not by (3) 

If u in (4) be replaced by any function of v^ say 

( 6 ) v = ^{u), * 

equations (4) assume a new foim, 

(7) x = F,{v), y = F(v), z = F,(v) 

*E g in case is supposed to be leal it lies on a segment between two fixed values, 
when it IS complex, it lies within a closed region m the plane of the complex variable 
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ident that the yalues of ^ «, given by (7) for a value 

3 equal to those given by (4) for the corresponding vsdue 
ained from (6) Consequently equations (4) and (7) define 
e curve, u and v being the respective parameters Since 
no restriction upon the function except that it be ana- 
follows that a curve can be given parametric representation 
finity of ways 

her forms of the equations of a curve. If the first of equa- 
) be solved for u, giving u = then, m terms of 2 ; as 
er, equations (7) are 

x==x, y = F^{x), z = F^(x) 

form the curve is really defined by the last two equations, 
be a plane curve in the rry-plane, its equation is m the 
ry form 

y=f{x) 

points m space whose coordinates satisfy the equation 
) he on the cyhnder whose elements aie parallel to the 
id whose cross section by the icy-plane is the curve y = FJl^£) 
manner, the equation z^FJ^x) defines a cylmdei whose 
3 aie parallel to the y-axis Hence the curve with the 
Ls (8) IS the locus of pomts common to two cylinders 
rpendicular axes Conversely, if lines are drawn through 
its of a space curve normal to two planes peipendicular 
inothei, we obtain two such cylmdei s whose inteisection 
iven curve Hence equations (8) furnish a perfectly gen- 
nition of a space cuive 

aeral, the paiameter u can be eliminated fiom equations (4) 
a way that there result two equations, each of which in- 
l11 three lectangulai coordinates Thus, 

y, z) = 0, <I> 2 (a:, 2 /, 2 ) = 0 

T, if two equations of this kind be solved for y and z as 
s of a;, we get equations of the form (8), and, in turn, of 
1 (4), by replacing x by an arbitiary function of u Hence 
IS (10) also aie the general equations of a cuive It will 
later that each of these equations defines a surface 
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fl 136 zBTO and thi 6 onrv 6 reduce to a point, least ob€ 
of tile coordinates must be imaginary Fox this case s is zero Hence 
these imaginary curves are called curves of length zero^ or miwmai 
ewrves For the present they will be excluded from the discussion 
let tile arc be the parameter of a given curve and s and s 4- < 
its valu^ for two points Jf(as, gr, z) and z^) By Taylor’s 

theorem we have 


(IT) 


g2 

z^—z 'hz^e 


where an accent indicates differentiation with respect to s 

Unless a/, y', z' are all zero, that is, unless the locus is a poini 
and not a curve, one at least of the lengths x^-^x^ yi"~yi i‘ 
of the order of magnitude of e If these lengths be denoted bj 
Sx^ Sy, S 25 , and e by Ss, then we have 



VSa? + 8}/^+Sz^ = Ss 4- Zg, 

where 4 denotes the aggregate of terms of the second and highe 
orders in Bs Hence, as approaches M the ratio of the length 
of the chord and the arc MM^ approaches unity, and in the limi 
we have ds^ = 6 ?a;^ 4 - dy^+ dz^ 

4 Tangent to a curve The tangent to a curve at a point M 1 
the limiting position of the secant through M and a point o 
the curve as the latter approaches M bls ei. limit 

In order to find the equation of the tangent we take s for pai 
ameter and write the expressions for the coordinates of m th 
form (17) The equations of the secant through M and are 

X^x^ Y^y ^Z-^z 

y-y 

If each member of these equations be multiplied by e and th 
denominators be replaced by their values from (17), we have 1 
the limit as approaches M 


Y—y ^ Z—z 
a/ ^ z^ 


(18) 
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I 

6, y denote the durecticm-oosmes of the tangent m oonse- 
af (15), we may take 

a = a/, ^ = y = 2' 


L the parameter u is any whatever, these equations are * 

A 

+A^+A^’ y/fl^+fl^+fi^’ V/r+/i*+/r 



may also be written thus 


a 


dx o_dy 
ds' ^'^da" 


7 = 


dz 

ds 


these equations it follows that, if the convention be made 
I positive direction on the curve is that m which the par- 
increases, the positive direction upon the tangent is the 
upon the curve 

adamental property of the tangent is discovered by con- 
the expression for the distance from the pomt with 
dmates (17), to any line through M We wnte the equa- 
such a Ime m the form 


a h c 

, J, c are the direction-cosines 
iistance from to this line is equal to 

{[(Ja/— ay^) e+\ (Ja-"— ay") + f 

62 ;')e+ y^[{az'—tx')e-^ 

e, if MM^ be considered an infinitesimal of the first order, 
tance also is of the first older unless 

a ___ h ( 

h case it is of the second older at least But when these 
ns aie satisfied, equations (22) define the tangent at M 
ire, of all the lines through a point of a curve the tangent 
st to the curve 


lever the functions x y' z appear m a formula it is understood that the arc s is 
eter otlierwise we use fi f fi indicating by accents derivatives with respect 
ument u 
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5 Ordffl: of contact Ifoi»il 
that tJiere are points for which 


(24) 


a/' / z" 

..T— 5 = ZSS "-r- > 


When the curve is s 


the distance frbm tc the tangent is of the third order at le 
In this case the tangent is said to have co^tdct of the second ot 
whereas, ordinanly, the contai^t u of the first order And, in \ 
eral, the tangent to a curve has contact of the wth order at a po 
if the fdlowing conditions are satisfied for ti = 2 , , w —■ 1, anc 

_ ycn) ^ ,(n) 

\^) 


When the parameter of the curve is any whatever, equat] 
(24), (25) are reducible to the respective equations 

fL-K^fL x<n) _ /w _ /w 

// 4.f ^ fCn-l) f(n-l) /(n-1) 

I Jl J2 Jl J2 Jz 

plane normal to the tangent to a curve at the pom 
^ ^x^contact IS called the norTml plane at the pomt Its equation 
/ (26) (jSr-a;)tr + (r-y)/3+(-2r-0)7=O, 

where cr, /3, 7 haVe the values ( 20 ) 


EXAMPLES 

1 Put the equations of the circular helix (3) m the fonn (8) 

^ 2 Express the equations of the circular helix in teiins of the aic measured 
a point of the curve, and show that the tangents to the curve meet the elemen 
the circular cylinder under constant angle 

3 Show that if at every point of a curve the tangency is of the second o 
the curve is a straight line 

4 Prove that a necessary and sufficient condition that at the point (a;o, % 

the plane cuive y ^f{x) the tangent has contact of the nth older is/' (a;o) ~f 
= = /(«)(a:o) = 0, also, that according as n is even or odd the tangent ciosse 

curve at the point or does not 

6 Prove the following properties of the twisted cubic 

(a) Of all the planes through a point of the cubic one and only one meet 
cubic in three coincident points, its equation is 3 v?‘Z "-8w?/ + «--w8 = 0 

% Theie are no double points, butithe orthogonal projection on a plane 1 
double point 

(c) Pour planes determined by a variable chord of the cubic and by eac 
four fixed points of the curve are in constant cross-ratio 
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6 Cturvature Radius of fiist curvature* Let Jf, be two 
joints of a curve, A« the length of tibe arc between these points, 
nd A9 the angle between the tangents The linuting value of 
id/Aa as approaches namely dd/ds^ measures the rate of 
hange of the direction of the tangent at Jf as the pomt of con 
act moves along the curve This limiting value is called the 
irat curvature of the curve at -If, and its reciprocal the radvua of 
rat curvature , the latter wiU be denoted by p 

In order to find an expression for p m tenns of the quantities 
lefinmg the curve, we introduce the idea of spherical representa- 
ion as follows We take the sphere^ of umt radius with center 
t the origin and draw radu parallel to the positive directions of 
he tangents to the curve, or such a portion of it that no two 
angents are parallel The locus of the extremities is a curve 
ipon the sphere, which is m one-to-one correspondence with the 
iven curve In this sense we have a aphencdl repreaentation^ or 
pTi^ncal indicatnx^ of the curve 

The angle Ad between the tangents to the curve at the pomts 
f, IS measured by the arc of the great circle between their 
epresentative points m, on the sphere If Aa denotes the 
ength of the arc of the spherical mdicatrix between m and 
hen by the result at the close of § 3, 


lence we have 
27) 



Ao- 


= 1 


p da 


irhere da is the linear element of the spherical indicatnx 
The coordinates of m are the direction cosines a, jS, 7 of the 
angent at ilf, consequently 



When the arc s is the parameter, this foimula becomes 
28) 

P 



* Hereafter we refer to this as the unit sphere 
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HotreTet, wken the parameter is any whatever, «, we have 
feom (12), ^S), (20), 

and 4>'<i>"=flfl'+flfl'+fLf” 

Hence we find by substitution ^ V 

Ml 1 /."■+/r+/.'°-r , 4''\',„Vr\v 

(**) ? -'rf llM'VJi 


which sometimes is wntten thus 

1 {d^^Y+(d<^yy+(d^zr-(dhr 

^ ' P^~ ds* 




The sign of p is not determined by these formulas We make 
the convention that it is always positive and thus fix the sense of 
a displacement on the spherical mdicatnx 

7 Osculatmg plane Consider the plane through the tangent to 
a curve at a point M and thiough a pomt of the curve The 
limiting position of this plane as approaches M is called the 
osculating plane at M In deriving its equation and thus establish¬ 
ing its existence we assume that the arc s is the parametei, and 
take the coordinates of in the form (17) 

The equation of a plane through M (rr, y, z) is of the foim 

(32) (X~ x)a + {Y^y)h-^{Z^z)c^ 0, 

X, y, Z being the current coordinates When the pi me passes 
through the tangent at if, the coefficients a, 6 , c aie such that 

(33) x^a + y'i + ig'c = 0 

If the values (17) for y,, be substituted in (32) for A, i, 

and the resulting equation be divided by —, we get 

2 

(«"« + + z"e) + i; = 0 , 

where 77 represents the aggregate of the terms of first and higher 
orders in e As approaches M, ij approaches zero, and m the 
limit we have 

(34) 


a:"a + /'J + = 0 



OSCULATING PLANE 11 

natuig a, ^ from equations (82), (88), (34) we obtaili, as 
ition of the osculating plane, 

X—x Y—y Z—z 
a/ y’ z' = 0 
a/' f z" 

us we find that when the curve is defined by equations (4) 

I of a general parameter u, the equation of the osculating 

X—x Y—y Z—z 

fl fl fl =0 
fl' fH fl 

)lane defined by either of these equations is unique except 
e tangent at the point has contact of an order higher than 
In the latter case equations (33), (34) are not independent, 
7S from (24), and if the contact of the tangent is of the nth 
le equations ^ ^ 

T^alues of r up to and includmg n are not independent of 
ther But for r = n +1, this equation and (33) are inde- 
, and we have as the equation of the osculatmg plane at this 
point, jt —a; Y—y Z—z 

d s' = 0 

2;(»»+l) +1) jg(n+l) 

1 a curve is plane, and its plane is taken for the a^-plane, 
ation (36) reduces to Z = 0 Hence the osculating plane 
ne curve is the plane of the latter, and consequently is the 
r all points of the curve Conversely, when the osculating 
I a curve is the same for all its points, the curve is plane, 
he points of the curve lie in the fixed osculating plane 

luation of the osculating plane of the twisted cubic (§2) is readily 
to 

Zu^X-ZuY-\-Z-yP = 0, 

F, Z are curient cooidinates From the definition of the osculating plane 
act that the curve is a cubic, it follows that the osculating plane meets 
only at the point of osculation As equation (i) is a cubic in w, it follows 
igh a point (a:o, Vo, ^o) not on the curve there pass three planes which 
he cubic Let wi, wg denote the parameter values of these pomts 
n (i) we have 

Itl H- U2 + Mg = 3®o» Millg + MjMg -f UgUi = 3 yo, MiUaMg = Zo 




12 


CUEYES IN SPACE 


By' laeans of these relations the equation of the plane through the corresponding 
three points on cubic is reducible to 

(Z - ak>)3yo - (r-+ (Z - 2o) = 0 

This plane passes through the point (jco? V(h ^o) > hence we have the theorems 
Th& poiTVts of of tho tfiTeo 03cul(Xtw>ff plctYiss of ci twisted cubic throuffh a 

point not on the carve lie in a plane through the point 

The asctdatfng 'planes at three points of a tmsted cubic meet in a point which lies 
in the plane of the three points 

By means of these theorems we can establish a dual relation in space by mak¬ 
ing a point coire^Kind to the plane through the points of osculation of the three 
osoulatii^ planes through the pomt, and a plane to the point of intersection of the 
fiiree planes which osculate the cubic at the points where it is met by the plane 
In particular, to a point on the cubic corresponds the osculating plane at the point, 
and vice versa. 


8 Principal normal and hinormal Evidently there are an in¬ 
finity of normals to a curve at a point Two of these are of par¬ 
ticular interest the normal, which lies in the osculating plane at 
the pomt, called the / /// tta"* t f f and the noimal, which is 
perpendicular to this plane, called the hnormal 

If the direction-cosines of the binormal be denoted by X, fiy Vy 
we have from (35) 

X /X V := (z'a/^—so'z”) yV') 


In consequence of the identity 

2 ( 3 /'^''- zYf = (Lx^x^y 

the value of the common ratio is reducible by means of (19) and 
(28) to ±/7 * We take the positive direction of the binormal to 
be such that this ratio shall be 4- p, then 

(37) X = /? (2/'25"- zY), fi=:p(z'x"- xV'), 1/ = p {xY- 

When the parameter u is general, these formulas are 


(38) 

or in other form 






-P 




(38') dzdTy ^ ^__^ dzd?x~dxd^z dx^y-dyd 


ds^ 


ds^ 


* For Sa _ 0 as is seen by diffeientiating with respect to s 
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^fimtion the principal normal is perpendicnlar to both Hie 
and binormal We make the convention that its positive^ 
1 IS such that the positive direchons of the tangent, pnn- 
rmal and binormal at a point have the same mutual on- 
as the positive directions 
r-, y-, 2 f-axes respectively 
ireotions are represented m 
T the lines AfT, Af(7, MB 
if Z, n, denote the direc- 
ines of the prmcipal normal, 


a y 

I m n 

\ fl V 


= + 1 , 



nch it follows that 

■ I = X 7 , n = Xfi — fia^ 

A. = ySw ■— 7 ? 7 i, /A = 7 Z — aw, V = am —- ^Z ' 

ituting the values of a, / 8 , 7 , X, / a , v from (19) and (37) m the 
ons for Z, wi, w, the resulting equations are reducible to 

Z = po/', m = w = pz” Cx 

when the parameter u is general, we have 

aer form, 
dsd^x ~ dxcPs 




_cZscPy — dyd** 8 


w = ■ 


dsd^z — cZ2cF*« 


ds^ ' ds^ ' cZs® 

asequence of (29) equations (42) may be written 

dy 


, da 

eans of (27), 

, da 


di 

d£ 

da 




m = 




w = 


^7 

da 


he tangent to the spherical mdicatnx of a curve is parallel 
nncipal normal to the curve and has the same sense 

* C Smith, SoM Geometryy 11th ed , p 31 
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d. Osculating circle Center of first curvature We have defiiied 
the osculating pla^e to a curve at a point Jfef to he the limiting 
position of the plane determined by the tangent at M and hy a 
point ATj of the curve, as the latter approaches M along the curve 
We consider now the circle in this plane which has the same tan¬ 
gent at Jf as the curve, and passes through The limiting posi¬ 
tion of this circle, as approaches Jf, is called the osculating circle 
to the curve at JIf It is evident that its center is on the pnn- 
eip^ normal at Jf Hence, with reference to any fixed axes in space, 
the coordinates of denoted hy are of the form 

where the absolute value of r is the radius of the osculating circle 
In order to find the value of r, we return to the consideration 
of the circle, when does not have its limiting position, and we 
let JT, Y, Z, Zj, Wj, Tij, denote respectively coordmates of the cen¬ 
ter of the circle, the direction cosines of the diameter through M 
and the radius If be the coordmates of they have the 

values (17), and since is on the circle, we have 

If we notice that = 0, and after reducing the above equation 
divide through by we have 

l — = 0 , 

where n involves terms of the first and higher orders m e In the 

limit becomes r, l.x\ becomes 2a;'7, that is ^, and this equation 
reduces to ^ 



so that T IS equal to the radius of curvature On this account the 
osculating circle is called the circle of curvature and its center the 
center of first curvature for the point Since r is positive the center 
of curvature is on the positive half of the principal normal, and 
consequently its coordinates are 



(44) X^—x-\-pl, 1^0= 2/+ P®*) Zo=^ + pn 

' 
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be line nomal to the osculating plane at the center of curva- 
is called the pdar Ime or polar of the curve for the corro¬ 
ding point Its equations are w 

—pi __ y — y — p^ _ Z—z — pn Y 


fig 2 C represents the center of curvature and CF the polar 
for M 


curve may be looked upon as the path of a pomt moving under the action of 
em of forces From titiis point of view it is convement to take for ^parameter 
me which has elapsed since the point passed a given position Let t denote this 
leter As t is a function of «, we have 

^ dy _ dB ^ 


3 the rate of change of the position of the point with the time, or its velocity^ 

dtS 

le represented by the length •— laid oS on the tangent to the curve In like 

dt 

er, by means of (41), we have 

d^x _ d^8 I /dsy d^y _ d^s m /ds\^ d^z __ d^s n/dsy 


this it is seen that the rate of change of the velocity at a point, or the 
ration^ may be represented by a vector in the osculating plane at the point, 
gh the latter and whose components on the tangent and principal normal 



EXAMPLES 


Prove that the curvature of a plane curve defined by the equation Af(x, y)dx 
z,y)dy=0m r 

\cy czj 


MN{ 


cx cy 




Show tint the iioimal pi ines to the cur\e, 

x = a8iu2u, 2 /= a sillwcosu, 2 =:aCOSM, 
hiougli the oiigiii, and find the spherical indicatii'^ ot the curve 
The straight line is the only real curve of zero cunatiue at e\ei*y pomt 


Derive the following piopeities of the twisted cubic 

I In any plane there is one line, and only one, through which two osculating 
s can be drawn 

Four fixed osculating planes are cut by the line of intersection of any two 
iting planes m four points whose cross-ratio is constant 
Four planes through a variable tangent and four fixed points of the curve 
1 constant cross ratio 

I What IS the dual of (c) by the results of § 7 ? 
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^ Determine tine lorm of the ftmol^oxi f bo tlia-t principal normals to the 
carve a; = 14 , y = sm Bixo i^^lel to the yz plane 

6 Find the osculating plane and radins of first curvature of 

5 c = a cos It + & sm 2 ^ = a sin cos w, 2 = c sin 2 u 

10 Torsion Prenot-Serrot formulas It has been seen that, un¬ 
less a curve be plane, the osculating plane vanes as the point 
moves along the curve The change in the direction depends 
evidently upon the form of the curve The ratio of the angle 
between the bmormals at two points of the curve and their curvi¬ 
linear distance As expresses our idea of the mean change in the 
direcfeLon of the osculating plane And so we t^ke the limit of 
this ratio, as one point approaches the other, as the measure of 
the rate of this change at the latter point This limit is called 
the second curvature^ or torsion^ of the curve, and its inverse the 
radim of second curvature, or the radius of torsion The latter 
will be denoted by r 

In order to establish the existence of this limit and to find an 
expression for it in terms of the functions defining the curve, 
we draw radii of the unit sphere parallel to the positive bmormals 
of the curve and take the locus of the end points of these radii as 
a second spherical representation of the curve The coordinates of 
pomts of this representative curve on the sphere are X, //., v Pro- 
ceedmg m a manner similar to that m § 6 , we obtain the equation 

ds^ \ds / \d8 / \ds/ 

where dcr^ is the linear element of the spherical indicatrix of the 
bmormals 

In order that a real curve have zero torsion at every point, the cosines /i, p 
must be constant By a change of the fixed axes, which evidently has no effect 
upon the form of the curve, the cosines can be given the values X = l,/iz=p = 0 
It follows from (40) that a = 0, and consequently x = const Hence a necessary 
and sufficient condition that the torsion of a real curve be zero at every point is 
that the curve he plane 

In the subsequent discussion we shall need the denvatives with 
respect to « of the direction-cosines a, /3, 7 , 1, w, w, X, /*, v We 
deduce them now From (41) we have 




(47) 
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ier to find the values of X', i/, we differentiate with 

to 8 the identities, 

X^ 4* =1, cc\ 4" 4“ 'yy ^ 0, 

consequence of (47), obtain 

XX'4- A^/a^4“ vi/=^ 0, aX'4“ )8 /a^4“ 71 ^^= 0 

ese, by (40), follows the proportion 
TJ fjJ T^ = l m 

factor of proportion^ty is dbl/r, as is seen from (46) 
ebraic sign of t is not determined by the latter equation 
ts sign by writing the above proportion thus 
I j m f n 

X.'=-5 v'=- 

T T T 


‘ identity I = /My —vfi be differentiated with respect to s 
It IS reducible by (40), (47), and (48) to 



ir expressions can be found for m' and n' Gathering to- 
lese results, we have the following formulas fundamental in 
ry of twisted curves, and called the Frenet-Seriet formulas 





i example, we derive anothei expression for the torsion 

quation \ = p{t/'z"-zy) 

entiated with respect to s, the lesult may be written 

T p 


quation and similar ones for tw/t, n/r be multiplied by Z, wz, 
tively and added, we have, m consequence of (50) and (41), 



y 


z' 

2" 





X8 CUB^^ES IN SPACE 

The last three of equations (60) give the rate of change of the 
direction-oosmes of the osculating plane of a curve as the point of 
osculation moves along the curve From these equations it follows 
that a necessary and sufficient condition that this rate of change 
at a point be zero is that the values of 8 for the point make the 
determinant in equation (51) vanish At such a point the osculat¬ 
ing-plane IS said to be stationary 

11 Form of curve m the neighborhood of a point The sign of 
torsion We have made the convention that the positive directions 
of the tangent, principal normal, and binoimal shall have the same 
relative orientation as the fixed ah, y-, z axes respectively When we 
take these lines at a pomt for axes, the equations of the curve 
can be put in a very convenient form If the coordinates be ex¬ 
pressed m terms of the arc measured from we have from (19) 
and (41) that for « = 0 

d = y=2l'=0, 0, J35''=0 

When the values of I and X from (41) and (37) are substituted in 
the fourth of equations (50), we obtain 

( 62 ) a:'"=- (yV'- «'/) - d> 

From this and similar expressions for y’" and z"' we find that 
for 8 = 0 1 , H 


Hence, by Maclaurin’s theorem, the coordinates x, y, z can be ex- 
piessed in the form ^ ^ 

1 o' 

1 3 

Z=-^-S + , 

where p and r are the radii of first and second cuivature at the 
point 8=0, and the unwiitten terms are of the fourth and higher 
powers in a 

From the last of these equations it is seen that for sufficiently 
small values of 8 the sign of a changes with the sign of 8 unless 



THE SION OE TORSION 
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at Hence, unless the osculating plane is stationarj at 
the curve crosses the plane at the point ♦ FurthennoTe, 
point moves along a curve m the positive direction, it 
rom the positive to the negative side of the osculatmg 
t a point, or vice'versa, according as the torsion at the 
. positive or negative In the former case the curve is 
he m the latter dextrormm 

lother consequence of *this equation, we remark that as a 
point M on the curve approaches the distance from M 
3culating plane at is of the thud order of magnitude in 
son with MM^ By means of the other equations (63) we 
t the distance to any other plane through is of the 
order at most Hence we have the theorem 

Bculating plane to a twisted curve at an ordinary point ts 
by the curve^ and of all the planes through the point %t lies 
to the curve 

the second of (68) it is seen that y is positive for snflS- 
small values of s, positive or negative Hence, in the 
rhood of an ordmary pomt, the curve lies entirely on one 
the plane determined by the tangent and binormal — on 
of the positive direction of the principal normal 
) properties of a twisted curve are discovered, likewise, 
onsideration of the projections upon the coordinate planes 
approximate curve, whose equations consist of the first 
1 (53) The projection on the osculating plane is the 
L a:: = s, y = s^/2 p, whose axis is the pimcipal normal 
curve On the plane of the tangent and binomial it is 
lie i, = «, z = — 8^/6 pT^ which has the tangent to the 
)r an infliectional tangent And the curve projects upon 
le of the binormal and pimcipal normal into the semi- 
paiahold y = 8^J2 p, z=— 8^/6 pr^ with the lattei for 
tangent 

lesults are represented by the following figures, which picture the pro 
tlie cuive upon tlie osculating plane, nonnal plane, and the plane of the 
ad binoimal In the third figure the heavy line coiiesponds to the case 
I positive and the dotted hue to the case wheie t is negative 


*This result can be deiived leadily by geometrical considerations 
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*1316 preoedu^ lesults serve also to give a toeans of detenQinxng the variation in 
the osculating plane ae the point moves along the curve By means of (60) the 
direction cosines \ v can be given the form 

X = \o + -»+ , M = W + ^*+ . I' = «'0 + ^»+ . 

To ^0 0 



where the subscript hull indicates tlm value of a function for s = 0 and the un¬ 
written terms are of the second and higher terms in « If the coordinate axes are 
those which lead to (68), the values of X, p, v for the point ojf parameter ds are 

X = 0, /t = —1 v = l, 

TO 

to within terms of higher order, and consequently the equation of this osculating 
plane at this point Mi is 

r-+z=o 

9 TO. 

If we put T = po, we get the ^-coordinate of the point in which this plane is cut by 
the polar line for the point 5 = 0, it is — po8s/ro Hence, according as to is positive 
or negative at if, the osculating plane at the near-hy point Mi cuts the polar line for 
M on the negative or positive side of the osculating plane at M 


12 Cylmdncal helices 

As another example of the use of formulas (60) we derive several pioperties of 
cylmdncal helices By definition, a cylmdncal helix is a curve which lies upon a 
cylinder and cuts the elements of the cylinder under constant angle If the axis of 
z he taken parallel to the elements of the cylinder, we have y = const Hence, 


from (60), 


n = o, 

p r 


/ = 0, 


from which it follows that the cylindrical helices have the following properties 
The principal normal is perpendicular to the element of the cylinder at the pointy 
and consequently coincides with the normal to the cylinder at the point (§22) 

The radii of first and second curvature are in constant ratio 


Bertrand has established the conveise theoiem Fvery curve whose radii of first 
and second curvature are in constant ratio is a cylindrical helix In order to prove 
It, we put T = Ap, and remark from (60) that 

d(X _ d\ d/3 _ d/j. dy _ dv 

ds ds' ds ds' ds ds* 

from which we get a= k\ + a, ^3 = a/a + 6, y = kv c, 
where a, 5, c are constants Fiom these equations we find 

a2 + 62 + c2 = 1 + a 2, ao: + 6/3 + C7 = 1 



CYLlNDjaiCAlr HELICES tl 

ihe tangeints to ^ (jtzrre tiie ocmst&Bt angle 006-^ 

GL.h C V^l + J** 

30 direction-cosmoQ are > 7 ^ ■ Ckmseqpently tbe carre is a eyhndncal 
the elements of the hebz ha^e the above duectmn. 


BXAMPUSS 


id the length of the cnrvex = a (u — smu), ^ = a oosu, between the points 
u has the values — v and ir, show that the locus of center of curva- 
the same form as the given curve 

id the coordinates of the center of curvature of 

x = acosi£, y=:asaiu^ 2s=acos2u 
id the radu of curvature and torsion of 

X = a (u — sm u), y = a (1 — cos w), z = bu 
the principal normals of a curve are parallel to a fixed plane, the curve 
Incal helix 

ow that the curve x = e»*, y = e-«, « = V 2 u is a cylindnoal helix and that 
section of the cylmder is a catenary, also that the curve lies upon a cylin- 
nght section is an equilateral hyperbola Express the cofirdmates m terms 
and find the radii of first and second curvature 


Dw that if e and </> denote the angles which the tangent and bmonnaJ to a 

xt- £ j 1 smddd T 

e with a fixed line in space, then-= - 

sin <ftd^ p 

[len two curves are symmetric with respect to the ongin^ their radii of 
ture are equal and their radii of torsion differ only in sign 

e osculating circle at an ordinary point of a curve has contact of the sec- 
with the latter, and all other circles which he in the osculating plane 
ngent to the curve at the point have contact of the first order 

lecessary and sufficient condition that the osculating circle at a point have 
the third order is that p' = 0 and 1 /t = 0 at the point, at such a point 
IS said to auperoaculate the curve 


ow that any twisted curve may be defined by equations of the form 

y = il_lLas + ir(lY_i_±l^+ , 

2p 6 2il\p/ p» />T>J ’ 


6pT 
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r \p. 


id T are the radii of first and second curvature at the point 8 = 0 


lien the equations of a curve are in the form (4), the torsion is given by 


1 = -^ 
T 0'® 


fi fi fz 
fi' h U 
\f{' /r fi" 


as the signifioance of equation (12) 
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52 T^e locxis «f the certters of curvature of a tw lated curve of constant 
curvature js a curve of the same kmd 

la When all the osculating planes of a curve pass through a fixed point 
curve IS plane 

14 Determine f(u) so that the curve x = a cosu, y = a sinu, z^f(v) she 
plane What is the form of the curve ? 

13 Intrinsic equations Fundamental theorem Let and C 
two curves defined in terms of their respective arcs s, and let pc 
upon each with the same values of « correspond We assi 
furthermore, that at con espon ding points the radu of first cu 
ture have the same value, and also the radii of second curvat 
We shall show that and are congruent 

By a motion in space the points of the two curves for w 
8 = 0 can be made to comcide in such a way that the tang( 
pnncipal normals, and bmoimals to them at the point coin 
also Hence if we use tKe notation of the preceding sections 
indicate by subscripts 1 and 2 the functions of and Cg, we I 
when s = 0, 


(54) = x^, ?! = Zj, \ - 

and other similar equations 

The Frenet-Serret foimulas for the two curves are 


X,A d\ 

ds p ds \ P / ds T * 

do^2 _ dl^ f^2 , ^ 2 \ d^2 ^2 

ds p ds \p Tds T ’ 

the functions without subscripts being the same for both cu 
If the equations of the fiist row be multiplied by \ le 
tively, and of the second row by and all added, we 1 

(55) — [a^a^ + Z^Zg + X^\) = 0, 

and consequently + Z^Z^ + = const 

This constant is equal to unity for $ □= 0, as is seen from (54) 
hence for all values of s we have 


^1^2 "b hh "b ^1^2 = ^ 



INTBINSIO EQUASIONS ^ 

fining (this egnatton -intb the i<|^^taes 

ai + ^*+X^=l, aj + ^s + ^=l» 

in (oTj- a^*+(Z,-Z^*+(X,-\)»= 0 

9 a^= l^=lg, \=\ Moreover, since m like manner 

j^{x,~x^=0, |(y-y*) = 0, |(*,-*s)=0 ' 

squently the differences aji—constant 
« = 0 they are zero, and so we have the theorem 

^TVBB whoBe radix offirBt and Becmd curvature are the Barm 
e of the arc are congruent 

this it follows that a curve is determined, to withm its 
m space, by the expressions for the radii of first and second 
re m terms of the arc And so the equations of a curve 
written m the form 

p=/i(s)> 

e called its xntrxnBic equations 

aquire, conversely, whether two equations (56), in which 
re any functions whatever of a parameter b, are intrinsic 
IS of a curve foi which s is the length of arc 
swering this question we show, in the first place, that the 

IS 

du do ^ 

ds p dh \p rj ds T 

E three sets of solutions, namely 

a, V = 1, w = 'K, u = /3, v=:=m, w^/Jb, u = v = n, w^Vy 

ire such that for each value of a the quantities a, 7 , 
/X, V are the direction cosines of three mutually perpen- 
lines In fact, we know * that a system (57) admits of a 
set of solutions whose values for s = 0 are given arbitra- 
Dnsequently these equations admit of three sets of solutions 

d TraitC d*AnalysefVol II, p 313, Goursat Cours d*Analyse Math4matiquey 
356 
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M 


whose valti«s for « = 0 are 1 , 0 , 0 , 0 ,1, 0 , 0 , 0 , 1 raspecti 
By an argnment similar to that apphed to equation (55) we p 
^hat for all values of * the solutions (58) satisfy the condition 

( 68 ) afi + lm + \fi = 0 , ^y + mn + fiv = 0 , ya + nl + v\ = 

In like manner, smce it follows from (67) that 


du , dv , dw 
« —+ » —+ w-r- = 
di dg ds 


0 , 


we prove that these solutions satisfy the conditions 

( 60 ) <r*+l*+\® = l, + +/*" = !, rf+n^+v‘=l 

* 

But the conditions (59), (60) are equivalent to (40), and ck 
quently the three sets of functions a, l3, y, m, n, X, /a, j 
the direction-cosines of three mutually perpendicular lines fo 
values of s 

Suppose we have such a set of solutions For the curve 


(61) 





the functions a;, /S, 7 are the direction-cosines of the tangent, 
since dz\ 8 measures the arc of the curve I 

(61) and the first of (57) we get 

ds^ /)’ ds^ p’ ds^ p’ \d8V \d«V Wv 


Hence if p be positive for all values of s, it is the radius of ci 
ture of the curve (61), and I, m, n are the direction-cosines oJ 
principal normal in the positive sense In consequence of (40 
functions \ p, v are the direction-cosmes of the hinormal, h 
from (50) and the third of (57) it follows that t is the radn 
torsion of the curve Therefore we have the following the< 
fundamental m the theory of curves 

Ghven any two analytic function8yfj^{B)^f^{s), of which the fo 
18 jpoBitive for all values of s within a certain domain, there ex\ 
curve for which p =/i(s), r =/ 2 («), and 8 is the aro^for values oJ 
the given domain The determination of the curve reduces to the 
mg of three sets of solutions of equations (57), satisfying the cond\ 
(59), (60), and to quadratures 


EICCATI EQUATIONS 25 


We proceed now to tiie mt^ratioii of equations (57) Since each 
b of utegials of the desired kind must satisfy the relation 

2) u*+®*+«»*=l, 

* ♦ 

) introduce with Darboux * two functions <r and ©, defined by 


'u + ttj 

- ^ — (T, 

U—‘IV 

J) i 1.1 

U--%V L + V> _ 1 

1 •— u •{‘tv m 

\ 

IS evident that the functions a and — - are conjugate imagmanes 
Solving for ti, v, we get 


i) 


1 — <r® 1 + (Tco a* + <» 

I^s=-, Vast -, t£^=a- 

CT — <» or — a> <r—« 


these values be substituted in equations (57), it is found that 
) functions cr and cd are solutions of the equation 


j _ i Q _ ^ 

d9 2 t p 2 


id conversely, any two different solutions of (66), when substi- 
/od in (64), lead to a set of solutions of equations (57) satisfying 
* relation (62) Our problem reduces then to the integration of 
lation (66) 

14 Riccati equations Equation (65) may be written 
>) ^ = L + 2Md + M, 


ere L, JIf, N are functions of s This equation is a generalized 
m of an equation first studied by Riccati,! and consequently 
named for him As Riccati equations occur frequently in the 
ory of curves and surfaces, we shall establish several of their 
iperties 

Theorem When a particular integral of a Riccati equation le 
?W7i, the general integral can he obtained hy two quadratures 


‘ Le<}on8 tur la Thione Oinerale dea Surfaces Vol I, p 22 We shall refer to this 
tise frequently, and for brevity give our references the form Barboux I 22 
Cf Forsyth, JDifferentud Equations^ chap v also Cohen, Differential EquationSt 


17S-177 



V 


^ ’SPACTE 

T^rticillar mlegral of (66) !E£."^tmpiit 
u for the determmaciou of c6 ib ' * J 


. ^ + 2{JSf+iV0i)<#) + JV^=O 

«’ , ,v “* 

^teon IS linear and of the first order, it can be solved by 
irwy quadratures Since thfe general integral of (67) is of the form 
^=fi(s) + where a denotes the constant of integration, the 

ge^eiai integral of equation (66) is of the form 


m 


6 = 


aP + Q ^ 
aJ^ "1“ S 


■where P, Q, S are functions of 8 

Theorem When two particular integrals of a Biccati equation are 
known, the general integral can he found hy one quadrature 

Let 6^ and 6^ be two solutions of equation (66) If we effect the 

substitution 0 = -7 + ^29 equation in i/r is 
T 

^ + 2 (Jf + iV( 9 ,) f + if = 0 


If this equation and (67) be multiplied by l/i/r and l/<f> respec¬ 
tively, and subtracted, the resulting equation is reducible to 
d 

— (i/r/<^) Consequently the general integral of 

ds 

(66) IS given by 

(69) ^— j^z=-^ = ae 


t 

4 >' 




where a is the constant of integration 

Since equation (68) may be looked upon as a linear fiactional 
substitution upon a, four particular solutions 9^, 6 , 6^, 9^, cone- 
spondmg to four values a^, a^, a^ of a, are in the same cross-ratio 
as these constants Hence we have the theorem 


The cross-ratio of any four particular integrals of a Riccati 
equation is constant 

From this it follows that if three particular integrals are known, 
the general integral can be obtained without quadrature 





DETBRMIJrAiflON OF COOBBINATES ^ 

e detexiBSiafioa of tho coordinates of a. carve defined Isj 
1C eqaatums We xetom to tibe oossideratioii of equation 
indicate by 

‘ a.^ + >S’ '~b,S+S (»-l, 2, 8) 

ulax integrals of this equation From these we obtain 
t of solutions of equations (57), namely 


1—(Ti®! 

a==- —9 

<r, —©, 


l4- 




ax expressions in o-^, respectively for )8, ?», /t. 

These expressions satisfy the conditions (60) In order 
also may be satisfied we must have 


a ,— Cl. ®.— (Ti 






educible to 


’k '"k 


^k \ _^ 

K K 


= 2 , 
v* = l, 2, 


h two of the three pairs of constants Sg, ag, 6g, 

rmonic range 

he values (7 0) for are substituted in the expressions 
it is found that 


=-p (/+l 

1 i 

rr 1 t 

1 4" 

, U -f- i 

ct^ 


1 + 

7 


tf; 


v+ w, 

a-K 


the sake of brevity, we have put 

2{PS-QB) 

* 2{PS-QB) 

RS-PQ 

PS-QB 
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” The eoefiScients of U, V, and W m (73) are of the same form as 
&e expressions (71) for m, n, % n, v Moreover, the 

equations of condition (59) are equivalent to (72) Hence these 
eoeffieients are the direction-cosines of three fixed directions m 
space mutually perpendicular to one another If lines through the 
or^'in of coordinates parallel to these three lines he taken for a new 
set of axes, the expressions for a, y with reference to these axes 
reduce to ET, F, irrespectively * These results may be stated thus 

^ the general aolntion of equation (65) he 


aP + Q ^ 
alt " 1 “ 8 


tXe cwroe who»e radii of fret and second curvature are p and t 
respectively is given ly 


-f 




2{P8-QP} 


"-I 


ds, y 

BS-PQ 

PS-QB 


r {P^-B^) + {(f-8^ 


‘/ 


2(FS-QE) 


ds, 


dsf 


It must be remarked that the new axes of coordinates are not 
necessarily real, so that when it is important to know whether the 
curves are real it will be advisable to consider the general formulas 
(73) An example of this will be given later 


We shall apply the preceding results to several problems 

When the curve is plane the torsion is zero, and conversely h or this case equa¬ 
tion (65) reduces to ^ ^ of which the general integial is 

ds p 

rda 

S = ae P =z ae~ 

where a is an arbitrary constant, and by (27) cr is the measuie of the arc of the 
spherical indicatrix of the tangent This solution is of the form (08), with 

P = e-‘^ Q=i2 = 0, 8=zl 
Therefore the coordinates are given by 

(76) X z=:J* cos 0 *da, y = j *sin (rda, z = 0 

Hence the coordmates of any plane curve can be put in this form 


* This is the same thing as taking 

ai = — = 1 a2 = — 62 = i Os = 00, hz~ 0 

t Scheffers, Anwendung der JDijfermttal und Integral Bechnung auf Geometne, 
Vol I, p 219 Leipsic, 1902 » ^ , 
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29 


re seen tliat cykridricai Mieea are oharactenzed by the property that the 
at and second ourvatiue are m constant ratio If 'we pat r = pc^ eqoation 
oe written 

(to 2r' ' 


cular integrals are the roots of the equation ^ + 2c^ — 1 = 0 These 
eal and unequal if c is real , we consider only this case, and put 

= — c — "v/c^ +1) = — c 'n/c* “f* Ij ^ 1 ^ = — 1 


It follows that the general solution of the above equation is 


|7 = ' » 


have put 

Sj —^da Vc* + 1 fda 

‘— 2-J 7— r~J 7 

and — ~ lu (68) are conjugate imaginary, if we tahe 
ae^% — $1 

^ “ — - - - ~, fij SS " -■ - " ■ ■ » 

— 1 b&* — l 

b must be such that 


a&*d^ -• _ 6oe~«< -.1 

oe** — 1 boe~" — ^1 

enotes the conjugate imagmary of b This reduces, in consequence of 


oho = — 


(l + Oj *) 

(1 + 4) 


fT = — C'l 


ution of this IS given by taking oo and 0 for a and h , we put Us = co, 
these values be substituted in (72), we get a, + 6* = 0, where i = 1 , 2 So 
ion (79) becomes bfii o = where i = 1 , 2 The solutions of this equation 
, 62 = — ih From (77) P = Q = — ^ = — 1, so that 

v= + eie-"h w=-jJ= 

'^ + 1 2 Vc »+1 Vc »+1 

be foregoing values are substituted in (73), and the resultmg values of 
61), we get 

=--=L= fcosids, y = —:L= fsintds, z = — 

Vc2 + 1 ^ Vc^ -f 1 Vc2 + 1 

le last of these expressions we find that the tangent to the curve makes 
angle with the z-axis — the direction of the elements of the cylinder 
oss-seotion of the cylinder is defined by 



motes the arc of this section measured from a point of it If pi denotes 
Df curvature of the nght section, we find that pc* = pi(c* -f 1) 
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EXAMPLES 


1 Emd the csoordinates of the cylindrical helix whose intrinsic eqnations are 

p = T = 5 

3 Show that the helix whose intnnsic equations are p = r = ( 5 ^ + 4)/V2 lies 
upon a cylinder whose cross-section is a catenary 

3 Establish the following properties for the curve with the intrinsic equati<nas 
p = 05 , r = where a and b are constants 

(a) the Cartesian coordinates are reducible to x=A€^^ cos t, y=A^* sin t, 

where A^ functions of a and b , 

(b) the curve lies upon a circular cone whose axis coincides with the 2;-axis and 
cuts the elements of the cone under constant angle 

16 Moving trihedral In § 11 we took for fixed axes of refer¬ 
ence the tangent, principal normal, and bmormal to a curve at a 
point Mq of it, and expressed the coordinates of any other point of 
the curve with respect to these axes as power series m the arc 8 
of the curve between the two points Since is any point of the 
curve, there is a set of such axes for each of its points Hence, 
instead of considering only the points whose locus is the curve, 
we may look upon the moving point as the intersection of three 
mutually perpendicular lines which move along with the point, 
the whole figure rotating so that in each position the lines coin¬ 
cide with the tangent, principal normal, and binoimal at the point 
We shall refer to such a configuiation as the moving trihedral 
In the solution of ceitain problems it is of advantage to refei the 
curve to this moving trihedral as axes We proceed to the con¬ 
sideration of this idea 

With reference to the trihedral at a point the direction- 
cosines of the tangent, principal normal, and binoimal at M 
have the values 


a=l, /3 = 7 = 0, Z=0, m=l, 7i = 0, X =/x = 0, = l 

As the trihedral begins to move, the rates of change of these 
functions with 8 are found from the Frenet formulas (50) to 
have the values 


ds ' d8 p' ds~' ' ds^ p ’ ^ 
d8 t’ ds'^^^ 



MOVING TBlSEDBli 


sa 


? denote coordinates refemng to the axes at ifef, and 
hose with reference to the axes at ilT, and let 30f^=Aa 
) Since the rate of change of a is zero and a =1 at 3f, 
3 of the angle between the and f-axes is 1 to within 
higher than the first order in Aa Likewise the cosine of 
between the and ^^'-axes is — As//) We calculate the 



be a point whose coordinates with respect to the trihedral 
|=, 97, f Suppose that as M describes the given curve 
0S a path r It may happen that m this motion P is fixed 
to the moving trihedral, but in general the change in the 
)f P will be due not only to the motion of the trihedial 
o a motion relative to it In the Utter general case, if P' 
he point on V corresponding to JP on C, the coordinates 
tive to the axes at M and may be wiitten 


A,I, 97+A,97, ?+A,?, ? + A^, 97 +A 97, f+Af 


* indicates the variation of a function 6 relative to the 
rihedral, and A^^ the variation due to the latter and to 
)n of the trihedral 

bhm teims of highei order the coordinates of JP are 
with respect to the axes at JH, and with the aid of (81) 
;ions of the transformation of coordinates with lespect 
VO axes are expressible thus 




As + (f+ A 
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These reduce to 


A« A« p 


As As T 


Ag At ^ p T 

In Uxe limxt as M' approaches M these equations become 

(82) H=2+i_ 2, ^ = |!+l+f, S=f-2, 

' ds ds p ds ds p T ds ds r 

^0 dS 

thus ^ denotes the absolute rate of change of 0 ^ and th 

relative to the trihedral* 

If t denotes the distance between P and a point f 

that is 'jyf+(?i—“leans of ti 

formulas (82) that 

da ds 


If a, J, c denote the direction-cosines of PiJ with respect 
the axes at Jf, then 

17i=‘7 + i^, 


When we express the condition that 77 ^, 5*^ as well as f, 77 , 
satisfy equations (82), we are brought to the following fundament 
relations between the variations of a, 6, c 


(83) 


ha ^ da b 
ds ds p 


^ _ d6 a (7 he ^dc h 
ds ds p T ds ds t 


If the point P remams fixed in space as M moves along th 
curve, the left-hand members of equations (82) are zero an 
the equations reduce to 


(84) 


ds p 



ds T 


Moreover, the direction-cosmes of a line fixed m space satisf 
the equations 


(85) 


da 

ds 


h 

P 



dc 

da"" T 


* Of Cesaro, LezMim di Geometna Intnnseca^ pp 122-128 Naples, 1896 



MOVING TEIHEDEAL S8 


3 are the Frenet-Serret formulas, as might have been 
i 

ball show that the solution of these equations carries with 
olution of (84) Suppose we have three sets of solutioiis 
a, X, 7? w, 1/, whose values for a = 0 are 

1 , 0 , 0 , 0 , 1 , 0 , 0 , 0 , 1 

8 the direction-cosines, with respect to the moving trihedral 
rtex JIf, of three fixed directions m space mutually perpen- 
to one another Let 0 be a fixed point, and through it 
e Imes with the directions just found Take these hues 
dmate axes and let z denote the coordmates of M 

spect to them If ^ denote the coordmates of O 

jpect to the moving trihedral, then — f— (T are Ihe 
ites of M with respect to the trihedral with vertex at 
dges parallel to the correspondmg edges of the trihedral 
Jonsequently we have 

^ = — {ax+Py-\-yz), 

• (te + Tny + W2J), 

* —(X2; + Aty+w?) 

I values be substituted m (84) and we take account of 
I (85), we find that the equations are identically satisfied 
, denote the values of i;, ? for a = 0, it follows from 
[ (87) that they differ only m sign from the mitial values 
z Hence if we wiite, m conformity with (21), 


r=jr — 






stitute these values m (87), they become the general solu 
equations (84) We have seen that the solution of equa- 
)) reduces to the integration of the Riccati equation (65) 


istrative examples As an example of the foregoing method we consider 
which IS the locus of a point on the tangent to a twisted curve O' at a 
listance a from the point of contact 

ordinates of the point ilfi of the curve with reference to the axes at M 
In this case equations (82) reduce to 

Sv_ a 

ds ds p ds 
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Hence if denotes the length of arc of Oj from the point corresponding to s= 
(m O, we have , 

(u> + 

and the direetion-cosines of the tangent to Ci with reference to the moving ax( 
onvAn hv ^ 

ai= /3i = -7=> ^1 = 0 

t to Cl IS parallel to the osculating plane at the oorrespondir 


(83) we find 

d f P \ ^ _ aV _ a 

^ \ Va2 + pV p-Va^ + (a2 + p2)f ^ Va** + p2 

e manner with and 71 , and making use of ( 11 ), we have 
dCTi _ a^pp' _ a 5^1 ___ — ap V p ^ 

‘ST’" (a2 + /}2'“a2 + p 2 ' 5si ~ (a2 + p 2)2 a^ + p^’ 

571 __ ap 

dSi T {a 2 + p^) 

From these expressions and (27') we obtain the following expression for the squa: 
of the first curvature of Ci 

1 _ I ( app' y a 2 p 2 

Pll o2 + /)2 W + J ^ (a® + P^Y 


The direction cosines of the principal normal of Cx are 


Zi = pi 


Sofi 

dSx 


mi = pi 


^1, 

dSi 


YLx = Pi 


hi 

dsi 


By means of (40) we derive the following expressions for the diiection cosines < 
the hinormal 

Xi=—“/>/> p< 

T(a2 + p2)i T(a2 + p^)^ \ + P / Va2 p2 

In order to find the expression foi ti, the radius of toision ot Ci we h ive only 1 
substitute the above values 111 the equation 

bu — hl— P / dXi _ M 
Ti 5si Va2 + p*^ \ ds p/ 

We leave this calculation to the reader and proceed to an applieation of tl 
piecedmg results 

We inquire whether theie is a curve C such that Ci is a stiaiglit lint II 
necessaiy and sufficient condition is that 1/pi be zeio (Ex 3, p 15) iroiu ( 111 ) 
follows that we must have 


o^PP 

a2+ p2 


-1 = 0 , 


= 0 


T 



ILLUSTRATIVE EXAMPLES 


second of these equations it follow that C wuset he pla^, &oiti 
r we get, by integration, 

log(a2 + p2) = ?£ + c, 
a 

a constant of integration If the point s = 0 be chosen so that we may 
og a®, this equation reduces to 


-/i* 

) = a \c — 1 


QOtes the angle which the line Oi makes with the f-axis, we have, from (i), 

1 


tand = — i = - rr 
p 


-s/jr, 


Siting this equation with respect to s, we can put the result in the form 


tiy (§ 6 ), 


ds” p* 



= cr 


Be values are substituted m equations (76), we obtain the coordinates of C 
m 

X = 

[IS of P, 



X 



+ cosP 


’]• 


y = asinff 


I, with these equations, is called the tractrix As just seen, it possesses 
•ty that theie is associated \Mtli it a stiaight line such that the segments 
gents between the points of tangency and points of inteisectiun witli the 
are of const int length 

n The orthogonal t) ajettoi ics of the ostulating plant of a hoisted curve tan 
y quadratures 


eference to the moving axes the cooidinatcs of a point in the oscuhting 
($, 17 , 0) The necessiiy and sufhcKiit condition th\t this point clesciibe 
oiial tiajectoiy of the oscuUtiiig plane is M mo\es alon^ the auen tuiie 


9 

and -- in (82) be zeio 
ds 


Hence wt ha\c toi the deteimination of ^ and 17 


ons 


- “J? + P = 0, 
d(T 


da- 


4-^ = 0, 


gi\en by (80) 


riimniatiiig we ha\e 



P 


an be found by quaili atures is a function of c, and consequently of s, 
IS given diiectly 
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PzobleBL. Fvnd a necessary and sufficient condition that m curve he wpon a ^here 

If f, i;, f denote the coordinates of the center, and It the radina of the sphere, 
we have + + = Since the center is fixed, the derivatives of if, t are 

^ven by (84) Consequently, when we differentiate the above equation, the result- 
equation reduces to f = 0, which shows that the normal plane to the curve 
at point passes through the center of the sphere If this equation be differen- 
^ted, we get 1 ? = p, hence the center of the sphere is on the polar line for each 
point. Another differentiation gives, together with the preceding, the following 
coordinates of the center of the sphere 

i&l} 1=0, ^=p, i' = “Tp' 

When the last of these equations is differentiated we obtain the desired condition 

{ m ) ^+(tpO'=o 

Conversely, when this" condition is satisfied, the point with the coordinates (91) is 
fixed m i^ace and at constant distance from points of the curve A curve which 
lies upon a sphere is called a spherical curve Hence equation (92) is a necessary 
and sufficient condition that a curve be spherical 


EXAMPLES 

1 Let C be a plane curve and Ci an orthogonal trajectory of the normals to C 
Show that the segments of these normals between C and Ci are of the same length 

^ 2 Let C and Ci be two curves in the same plane, and say that the points corre- 
^ond in which the curves are met by a line through a fixed point P Show that 
if the tangents at corresponding points are parallel, the two curves are similar 
and P IS the center of similitude 

S The locus of the point of projection of a fixed point P upon the tangent to 
a curve C is called the pedal curve of C with respect to P Show that if r is the 
distance from P to a point M on (7, and 6 the angle which the line PM makes 
with the tangent to C at iH, the aic Si and radius of curvature pi of the pedal 
curve are given by „ 

*1 — I T Pl — Z -^» 

P 2r — />sind 

where s and p are the arc and the radius of curvature of C 

4 Find the intrinsic and parametric equations of a plane curve whiCh is such 
that the segment on any tangent between the point of contact and the projection 
of a fixed point is of constant length 

5 Find the intrinsic equation of the plane curve which meets under constant 
angle all the lines passing through a fixed point 

6 The plane curve which is such that the locus of the mid-pomt of the seg 
ment of the normal between a point of the curve and the center of curvature is 
a straight line is the cycloid whose intrinsic equation is p® + «« = cH 

7 Investigate the curve which is the locus of the point on the principal normal 
of a given curve and at constant distance from the latter 


OSCULATING SPHEEE 


Sft 

ulatmg sphere Consider any curve whatever referred 
ving trihedral The point whose coordinates have the 
1) lies on the normal to the osculating plane at the 
curvature, that is, on the polar line Consequently 
Q g sphere whose center is at this pomt, and whose 
cuts the osculating plane m the osculating 
bis sphere is called the oicvlattng sphere to the curve at 
We shall derive the property of this sphere which 
for its name 

the tangent to a curve at a pomt M is tangent likewise 
e at this pomt, the center of the sphere lies in the normal 
he curve at If ^ denotes its radius and the curve is 
3 the trihedral at Jf, the coordmates of the center C of the 
3 of the form (0, and ^ Let P(a;, y, z) 

b of the curve near Jf, and Q the pomt m which the hne 
he sphere If P© be denoted by S, we have, from (58), 

+(*■+ 6 ^**+ )• 

luces to 

is of the second order, in comparison with MPy unless 
at IS, unless the center is on the polar line, then it is 
lid order unless 2^ = —p'r, m which case the sphere is 
iting spheie Hence we have the theorem 

ulating sphere to a curve at a point has contact with the 
the third order, other spheres with their centers on the 
, and tangent to the curve^ have contact with the curve of 
I order, all othei spheres tangent to the curve at a point 
2 ct of the first order 

Jius of the osculating sphere is given by 

Dordmates of the center, referred to fixed axes m space, are 
= a; + pZ — p'tX, 2/1 = y + P^ — P't/x, = 2 + pn — p^rv 
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H 611 C6 when p is constant the centers of the osculating sphere 
the osculating circle coincide Then the ladius of the sphere is 
necessarily constant Conversely, it follows from the equation (93) 
that a necessary and sufficient condition that It be con¬ 
stant IS Fn I 

+(T/)y|=o, 

that IS, either the cuivature is constant, or the curve 
IS spherical 

If equations (94) be differentiated with respect to s, 



1 

11 


if 

1 

j+(V)'] 


}+(ri>y] 


Fiom these expies- 
sions it is seen that 
the center of the 
osculating sphere is 
fixed only in case 
of spheiical cuivtb 
Also, tlie tangent to 
the locus of the cc n 
ttr is p uallcl to the 
binoinuil Combin¬ 
ing Uus lesult with 
a pievious one, wc 
^ liive the tluorcm 

The polar line for a point on a curve is tangent to the lo( us of flu 
center of the osculating sphere to the curve at the eorrthpondingpoint 

This result is lepiesented m fig 5, m which the cuive is the 
locus of the points M, the points C, (7^, are the coriespond- 

ing centers of curvature, the planes MCN, aie normal 

to the curve, the lines CP, C^P^, are the polar lines, and the 
points P, Pj, Pg, are the centers of the osculating spheres 
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trand curves Bertraad proposed the following problem 
me the curves whose prmeipcJ, normals are the principal 
another curve In solving this problem we make use of 
g tnhedial We must find the necessary and sufficient 
that the point = 0 , t; :p= f = 0 ) generate a curve 

QCipal normal coincides with the ^-axis of the moving 
Smce the point remams on the moving 97 -axis, we 
df = 0 And since tends to move at right angles to 
= 0 KTow equations (82) reduce to 

ds /3 ’ da ^ ds T 


second we see that i is a constant Moreover, if co denotes 
which the tangent at makes with the tangent at AT, 
!rom the first and third of these equations, 


tan© = 




Tcp 

T(]e-p)' 


Sin © cos© __ sin© 

p T k 


^e seen (§ 11 ) that according as r ib positive or negative, 
iting plane to a cuive at a point If neai M cuts the 
for M below or above the osculating plane at If Fiom 
nderations it follows that when t > 0 , © is in the third, 
first quadrants uc 01 ding as A>/), 0 <i</}, orir< 0 , 
T<0, © is 111 the second, fiist, or fouith quadrant, 
ly It IS readily found that these results are consistent 
tion (97) 

ns of (97) it IS found fiom (96) that 



ive sign being taken so that the left-hand member may 
e 

ar we have expressed only the condition that the locus 
the moving tj axis orthogonally, but not that this axis 
he principal normal to the curve also For this we 
the moving trihedral for and let a^, c^ denote the 
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40 


diMction-oosines with respect to it of a fixed direction in, space, 
as M^D m fig 6 They satisfy equations similar to (86), namely 

^ f Pi dsi \pi V '^1 

If a, J, c are the direction-cosmes of the 
same direction, with respect to the mov- 
mg trihedral at we must have =a cos ©+c sin o), 
6i= 6, = — a sin g) + c cos co, for all possible cases, 

as enumerated above When these values are sub 
stituted in the above equations, we get, by means 
of (98), 



riQ 6 


“cos ft) 

sm ft) , h 

-r 

L p 

1 

T p{r sm ft) 


T 


sm (o cos ft) 


hp 


Pi 


sm ft)! , [i 
- a+ ■ 


sin ft) siuft) 


cos ft) 

-c = 

•^1 . 


0 , 


sm a> 

cos ft) 

k 

, P 

T 

TjT sm CO 


6 + (<? sm ft) + « cos ft)) ^ = 0 


Since these equations must be true for every fixed line, the coeffi¬ 
cients of a, J, c in each of these equations must be zero The 
resulting equations of condition reduce to 

^ ¥ 


( 100 ) 


ft) = const, 
sm ft) 


sm ft) 


Pi 


cos ft) sin ^ 

Tj h 


Since ft) IS a constant, equation (97) is a linear relation between 
the first and second curvatures of the curve C And the last of 
equations (100) shows that a similar relation holds for the curve 
Conversely, given a curve C whose first and second curvatures 
satisfy the relation 
(101) 


P 7- 


where C are constants different from zero, if we take 
k: 


A 

'c^ 


cot ft) —* , 

A 
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and the values given by (100), equations (99) are sat- 
intically, and the point (0, i, 0) on the pnncipal normal 
i the curve G^, conQugate to C We gather these results 
3 curves of Bertrand into the following theorem 

»88ary and 8uffic%mb condition that the prmcipal normaU 
vrve he the principal normaU of a 8eeond t8 that a linear 
*xi8t between the firet and eecond aarvaturee, the distance 
orreeponding pointe of the two curvee i8 ccmstant^ the 08 CfUr 
ine8 at theee points cut under constant anglcy and the torsions 
DO curves have the same sign 

insider, iGlnally, several particular cases, which we have 
m the consideration of equation (101) 

(7=0 and 4 ¥= 0, the ratio of p and t is constant Hence 
B IS a helix and its conjugate is at infinity When 4 = 0, 
rhen the curve has constant torsion, the conjugate curve 
\ with the onginal When 4 = C' = 0, i is indeterminate, 
ane curves admit of an infinity of conjugates, — they are 
es parallel to the given curve The only other curve 
IS more than one conjugate is a circular helix, for since 
ire constant, 4/(7 can be given any value whatever, both 
1 helix and the circular helices conjugate to it are traced 
lar cylinders with the same axis 

mgent surface of a curve For the further discussion of 
erties of curves it is necessary to introduce certain curves 
aces which can be associated with them However, in con- 
these surfaces we limit our discussion to those properties 
ive to do with the associated curves, and leave other con¬ 
ns to their proper places in later chapters 
)tality of all the points on the tangents to a twisted curve C 
be the tangent surface of the curve As thus defined, the sur- 
3 ists of an infinity of straight lines, which are called the 
s of the surface Any point P on this surface lies on one 
lines, and is determmed by this line and the distance t from 
point M where the line touches the curve, as is shown in 
f the coordinates a;, zoi M are expressed in terms of the 
B coordmates of P are given by 

I = r)^y + y% ? = « + 
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•whiere the accents denote difEerentiation with respect to « "W 
the equations of the curve have the general form 

^ =/i (w). y =/2 («)’ ^ =/» (“)« 

the coordmates of P can be expressed thus 
(103) |=/i(m)+v//(m), ’?=/*(«)+<(«). 

From this it is seen that is equal to the distance MF only wl 
IS the parameter 

As given by equations (102) or (103), the coordinates of a p 
on the tangent surface are functions of two parameters A 

tion between these parame 
such as 

(104) /(s, t) = 0, 

defines a curve which lies i 
the surface For, when 
equation is solved for t in t( 
of % and the resulting exj 
Sion is substituted in (102), the coordinates 77 , f 
functions of a single parameter, and consequently 
locus of the point (^, 77 , f) is a curve (§ 1 ) 

By definition, the element of arc of this curve is given 
This is expressible by means of (102) 

(41) in the form 

(105) d(F = ^1 + c?s + 2 c?s 

where t is supposed to be the expression in s obtained from (1 
and p IS the radius of curvature of the cuive C, of which the 
face IS the tangent surface This result is true whatever be 
relation (104) Hence equation (105) gives the element of ler 
of any curve on the surface, and da is called the linear elemen 
the mrface 

According as t in equations (102) has a positive or nega 
value, the pomt hes on the portion of the tangent drawn in 
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direction from the curve or in the opposite direction It 
our purpose to get an idea of the form of the surface in ttie 
irhood of the curve 

nsequence of (53) equations (102) can be written 




’ Up 6p- 






me f = 0 cuts the surface m a curve T The point of U, 
h s = 0, is also a point of T Fiom the above expression 


. IS seen that for points of T near 
parameters « and t differ only in 
Hence, neglectmg powers of s and 
jher orders, the equations of F m 
ghborhood of are 


= 0 , 




nmating t from the last two equi¬ 
ne find that in the neighborhood of 
curve r has the form of a senn- 
parabola with the rj axis, that is 
mcipal normal to C, for cuspid il 
t Since any point of the cuive C 



taken foi JI/^, we hive the theorem 1 


tangent smfact of a cm ve constats of tiio slu f ^6, to i < sponiling 
ivthj to positiiu and mgative values oj- nhtth aie tangent to 
)thei along the curve, and thus foim a sharp edge 


this account the curve is called the tdgt of regression of the 
An idea of the foim of the suiface may be had from fig 8 
Involutes and evolutes of a curve When the tangents of a 
C are norm il to a curve the latter is called an involute of 
C IS called an evolute of As thus defined, the involutes 
wisted curve lie upon its tangent surface, and those of a 
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plaii6 cTirve in its plane The latter is only a particular case of t 
former, so that the problem of findmg the involutes of a curve 
that of finding the curves upon the tangent surface which cut t 
generators orthogonally 

We write the equations of the tangent surface in the form 
^=:x+at, 

liming that s is the parameter of the curve, the problem reduc 
le determmation of a relation between t and 8 such that 
^di] + f/cZf = 0 

; of (50) this reduces to dt + = 0, so that t — c — 

i an arbitrary constant Hence the coordinates 
lute are expressible in the form 

, ^^=^x + a(c-8), z^=z + y(c — s) 


Correspondmg to each value of c there is an mvolute, consequent] 
a curve has an infinity of involutes If two involutes correspon 
to values and of <?, the segment of each tangent between tl 
curves is of length <7^— Hence the involutes are said to form 

system of parallel curves on tl 
tangent surface 
When 8 is known the involute 
are given directly by equatior 
(106) Hence the complete d( 
termination of the involutes of 
given curve lequires one quae 
rature at most 

From the definition of t an 
its above value, an involute ca 
be generated mechanically in the following manner, as lepresente 
in fig 9 Take a string of length c and bring it into coincidenc 
with the curve, with one end at the point s == 0, call the othe 
end A If the formei point be fixed and the string be unwouni 
gradually fiom the curve beginning at A^ this point will trace ou 
an involute on the tangent surface 

By differentiating equations (106), we get 



p p ^ p 
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be tangent to an involute is paraUd to the pnncipal noiv 
be curve at the cor^ponding point, and consequently tibe 
at these points are perpendicular to one another 


kxample of the foregoing theory, 'we determine the involxites of the oir- 
, whose equations are 


x=acostc, y = aBmu^ z = aucot0, 

the radius of the cylinder and 0 the coi^tant angle which the tangent to 

makes with axis of the cylinder Kow 

_ . ^ >-smu, cosu, cot^ 

8 = a cosec $ u, oc. B.yps - - - -2 - 

equations of the involutes are 

a + Cau — csin^nu, yi = asina — (oa — C8in^)G0Stt, «i = coos^ 


last of these equations it follows that the involutes are plane curves 
les are normal to the axis of the cylinder, and from the expressions for 
t IS seen that these curves are the involutes of the circular sections of 
sr 


poceed to the inverse problem 
a curve (7, to find its evolutes 

iroblem reduces to the determination of a succession of 
to G which are tangent to a curve Cq If be the point 
rresponding to on C, it lies m the normal plane to C at 
onsequently its coordmates are of the form 

=zx+]pl + q\ }/o = }/+pni^qfi, zpn + qv, 

and q are the distances from to the bmormal and pnn- 
rmal respectively These quantities p and q must be such 
line M^M is tangent to the locus of at this point, that 
lUst have 

denotes a factor of proportionality When the above 
ire substituted m these equations, we get 

► other equations obtained by replacing a, Z, X by A »». /* 
V Hence the expressions m parentheses vanish From 



CUEYES IN SPACE 



46 

the first it follows that p is equal to p, consequently lies on 
the polar line of C at ilf The other equations of condition can be 

dp q ^ dq p , . 


Eliminating /c, we get 

T p^ + f P 

For the sake of convenience we put co =J' 


ds 


and obtain by 


integration 


- = tan (co + c), 
P 


where c is the constant of integration As c is arbitrary, there is 
an infinity of evolutes of the curve (7, they are defined by the 
following equations, in which c is constant for an evolute but 
changes with it 

XQ^x-Jrlp -i-Xp tan (co + c), 2/0 = 2/ + + O’ 

Zq = z np vp tan (co -f- c) 


From the definition of q it follows that q/p is equal to the tangent 
of the angle which MM^ makes with the pimcipal normal to C at M 
Calling this angle 0, we have 6 = co c The fortgoing lesults give 
the following theorem 

A curve C admits of an infinity of evolutes ^ ivlun (adi of the 
normals to C, 'which are tangent to one of its (volute^ is tmmd 
through the same angle in the corresponding normal plaw to (\ fhsi 
new normals are tangent to another evolute of C 

In fig 5 the locus of the points A is an evolute of tho given 
curve 

Each system of normals to C which are tangent to an evoluU 
constitute a tangent suiface of which is the edge of legitssion 
Hence the evolutes of C are the edges of regiession of an lufinity 
of tangent surfaces, all of which pass through C 


Fiom the definition of w it follows that w is constant only when the curve C 
IS plane In this case we may take w equal to zeio Then when c = 0 we have 
the evolute Co m the plane of the curve The other evolutes he upon the right 
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rmed of Doxmals to the plaxie at points of C7«, and cat the elements 
mder under the constant angle 00° — c, and consequently are helices 
have the theorem 

2utes of a plane curve (zre tke hdiees traced on the rtgki cylinder vsTme 
plains eoolute Conversely, every cylindrical Tidtx is the eoohcte of an 
plane curves 


EZAMPLSS 

' the coordinates of the center of the osculating sphere of the twisted 

angle between the radius of the osculating sphere for any curve and the 
ie center of the sphere is equal to the angle between the radius of the 
circle and the locus of the center of curvature 

locus of the center of curvature of a curve is an evolute only vrhen the 
ane 

I the radii of first and second curvature of the curve a; = asinu cosw, 
u, 2 = a sin u Show that the curve is spherical, and give a geometrical 
on Fmd its evolutes. 

ive the properties of Bertrand curves (§ 19) without the use of the moving 


i the involutes and evolutes of the twisted cubic 

ermine whether there is a curve whose bmormals are the binormals of a 
rve 

ive the results of § 21 by means of the moving tnhedral 


[inimal curves In the preceding discussion we have made 
)n of th^ curves, defined by 

y =/ (“)> =/» (“)> 

lese functions satisfy the condition 

+^' =0 


e imaginary curves are of inteiest in certain parts of the 
)f surfaces, we devote this closing section to then discussion 
equation of condition may be written in the form 


fA±^n _ n 

-K ’ 


w IS a constant or a function of u 
ent to the following 


(l + n”) 

pi -pi pi =- I i— —- 


fl fl /*' = ■ 


These equations aie 


2 


2 


V 



Vi: 
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At mostt tJiA eominon ratio is a function of u, say f (Vi) Ar 
if we disregard additive constants of integration, as they ca 
removed by a translation of the curve m space, we can re] 
the above equations by 

(109) x=j'^^f(u)du, ^ = ij^^f{u)du, 

We consider first the case when v is constant and call it o 
we change the parameter of the curve by replacingJ/(“) du 
new parameter which we call u, we have, without loss of gener® 
1 — 1 +^^ 

( 110 ) z^au 


For each value of a these are the equations of an imagi 
straight line through the origin Eliminating a, we find thai 
envelope of these lines is the imaginary cone, with vertex at 
ongm, whose equation is 
( 111 ) ^ + 

Every pomt on the cone is at zero distance fiom the vertex, 
from the equations of the lines it is seen that the distance bet\ 
any two pomts on a line is zero We call these generators 
cone minimal straight lines Through any point in space ther€ 
an mfinity of them, their direction-cosines are proportional to 





where a is arbitrary The locus of these lines is the cone w 
vertex is at the pomt and whose generators pass thiough the c 
at infinity For, the equation in homogeneous coordinates of 
sphere of unit radius and center at the origin is = 

so that the equations of the circle at infinity are 

z^=0y w = 0 

Hence the cone (111) passes through the circle at infinity 
We consider now the case where v in equations (109) is a func 
of u If we take this function of u for a new parameter, and 
convemence call it u, equations (109) may be written in the i 

(112) X — J F{u)duy y=ziF(u)duy uF{n 
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B 18 seen from (108), J'(u) can be any fanebon of u different 


replace ^(«) by the third denvabve of a fanebon /(«), 
t) =/'"(«)> equabons (112) can be integrated by parts and pat 
>rm f ■* 

1 a: = - (1 - + uf(u) -/(«), 


y = ^ (1 + «*)/"(«) - + tf(u), 


must be different from zero, f(u) can have any form other 
*+ H- <?8> where are arbitrary constants 


examples 

w that the tangents to a minimal cuive are minimal lines, and that a 
)se tangents are minimal lines is minimal 

w that the osculating plane of a minimal curve can be written (X — z) A. 
J? -f (Z — j?) (7 z= 0, where A.2 + i5® + C®=s0 A plane whose equation is 
t IS called an isotropic plane 

w that through each point of a plane two minimal straight lines pass 
in the latter 

ermine the order of the mmimal curves for which the function/in (118) 
le condition 4/ /▼ — 6 /i ^2 — o 

w that the equations of a minimal curve, for which/in (118) satisfies the 
4/"/'^ — where a is a constant, can be put in the form 

8 8 

a; = - cos y = - sin t, z = — t 
a ’ ^ a ’ a 


G£Io:hal examples 

w that the equations of any plane curve can be put in the form 
x=Jcoa <pf((f>)d(t>, y= j*sin <pf(<p)d<p, 

mine the geometrical significance of ^ 

ve that the necessaiy and sufficient condition that the parameter u in the 
X =/i (m), y =/a (u) have the significance of 0 in Fx 1 is 

ve that the general projective transformation transforms an osculating 
a curve into an osculating plane of the transform 
I principal normal to a cuive is normal to the locus of the centers of 
at the points where p is a maximum oi minimum 
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5 A certain plane curve possesses tlie pioperty that if C be its center of curva¬ 
ture for a point P, Q the projection of P on the x-q;ki8, and T the point where the 
tangent at P meets this axis, the area of the triangle (7QPis constant Pind the 
equations of the curve m terms of the angle which the tangent forms with the a>axis 

6 The hmormal at a point if of a curve is the limiting position of the common 
perpendicular to the tangents at M and if', as if' approaches if 

7 The tangents to the spherical indicatnces of the tangent and hmormal of a 
twisted curve at corresponding points are parallel 

8 Any curve upon the unit sphere serves for the qiherical indicatnx of the 
hmormal of a curve of constant torsion Pmd the coordinates of the curve 


9 The equations 

/ Idk — kdl 

-1 

h^ + k^ + 

wheie a is constant and h, k, 
whose radius of torsion is a 


y = af- 


hdl —“ Idfh 




kdJt hdk 


I are functions of a smgle parameter, define a curve 


10 If, m Ex 9, we have 
h = cos fid - cos k = sm fi9 -f- 


4 


smX^, I = 21-] cos 


X + /X 


0 , 


where X and fx are constants whose ratio is commensurable, the integrands are 
expressible as linear homogeneous functions of sines and cosines of multiples of e, 
and consequently the curve is algebraic 


11 Equations (1) define a family of circles, if a, h, r are functions of a parameter 
t Show that the determination of their orthogonal trajectories requires the solution 
of the Riccati equation, 


where d =tanw/2 


dd da 
dt~ r dt 


1 db,. 


12 Find the vector representing the rate of change of the iccelciation of a 
moving point 

13 When a cuive is spherical, the center of curvature for the point is the foot 
of the perpendicular upon the osculating plane at the point fiom the center of the 
sphere 

14 The radii of first and second curvatuie of a curve which lies upon a splieie 
and cuts the meridians under constant angle are in the relation 1 -f ur + bpH = 0, 
where a and b are constants 


15 An epitrockoidal curve is generated by a point in the plane of a circle which 
rolls, without slipping, on another circle, whose pi me meets the plane of the lii*st 
circle under constant angle Find its equations and show th it it is i spheric il curve 

16 If two curves are m a one to one coiiespondence with tin tangents at 
corresponding points parallel, the principal normils at these points tie piiallel 
and likewise the binormals, two curves so related are said to be deducible from 
one another by a transformation of Combescure 

17 If two curves are m a one to one correspondence and the osculating planes 
at corresponding points are parallel, either curve can be obtained fiom the other 
by a transformation of Combescure 
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w that the radius of the osculating sphere of a carve is given by 
"'2 + ' 2 ] _ where the prune denotes differentiation with 

the arc 


corresponding points of a twisted curve and the locus of the center of 
ing sphere the pnncipal normals are parallel, and the tangent to one 
irallel to the binormal to the other also the product of the radii of 
the two curves is equal to the product of the radu of first csurvature, 
n the sign, according as the positive directions of the pnncipal normals 
ne or different 

ermine the twisted curves which are such that the centers of the inheres 
the curve of centers of the osculating spheres of the given curve are points 

bV 

>w that the bmormals to a curve do not constitute the tangent surface 
curve 

termme the directions of the pnncipal nornlal and binormal to an mvolute 
curve 


)w that the equations 

a j* ^{u)Bmudu, y = a J<f>(u)coBudu, z = aj* 4>(u)^{u)du, 

) = (1 + (1 + ^ 2 )-j and f (u) IS any function whatever, define a 


onstant curvature 


3 ve that when ^(u) = tanu, in example 23, the cuirve is algebraic 

Dve tliat in order that the principal normals of a cui\e be the binor 

lothei, the lelation a/—+ —\ = - must hold, where a and b are con 
W ‘T / p 

low that such curves aie ilthncd by equations of example 23 when 

)" + (1 + f m + i'V 

t Xi, Pi, vi be the cooidinates of a point on the unit sphere expressed as 
of tiie arctri ot the cui\e Show that the equations 


x = ekj\id<ri — A: cut w 
y =: ek Jy-idffI — ktotu) 
z = ekj" vidcTi — A, t ot w 


y (vi\l - i'i\i)dcru 
J (XiPi - >^iPi) dixi, 


ind w aic constant, e = ± 1, ami tlit piimts imlicatc diffeientiition with 
) <ri, define a Beitrand ciuac toi which p uul t sxtist\ the nUtioii (07) 

I tint Xi, pi, VI aie the diiection cosines, ot the biuoimil to the conjugite 



CHAPTER II 

CURmmEAR COORDINATES ON A SURFACE ENVELOPES 

23 Parametric equations of a surface In the preceding chaptei 
■we ha've seen that the coordinates of a point on the tangent surface 
of a curve are expressible in the form 

(1) y =/*(“)+^/»(“). 2=/8(«)+^/8(«). 

where f=/i(“)> V 

axe the equations of the curve, and v is proportional to the distance 
between the points (^, 17 , generator Since 

the coordinates of the surface are expressed by ( 1 ) as functions ol 

two independent parameters w, v, 
the equations of the surface may 
be written 

(x=^f^{u, v\ 

( 2 ) 

{z=f,{u, v) 

Consider also a sphere of radius 
a whose center is at the origin 0 
(fig 10) 11 V denotes the angle, 

measured in the positive sense, 
which the plane thiough the z axis 
and a point M of the sphere makes 
with the xz plane, and u denotes the angle between the ladius OM 
and the positive ; 2 f-axis, the coordinates of M may be written 

(3) a sin u cos v, y == a sin u sin v, z = a cos u 

Here, again, the coordinates of any point on the sphere are ex¬ 
pressible as functions of two parameters, and the equations of the 
sphere are of the form ( 2 )* 



* Notice that in this case is a function of u alone 
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Le two preceding cases tlie functions /j, /, have par- 

forms We consider the general case where /j, are 
ctions of two independent parameters w, v, analytic for all 
)f u and Vy or at least for values within a certain domain 
us of the point whose coordinates are given by (2) for all 
>f u and V in the domain is called a mrface And equa- 
) are called paraTmtnc eqaaUonB of the turfaee 
bo be understood that one or more of the functions f may 
a single parameter For instance, any cylinder may be 
by equations of the form 

® =/i («)> y =/» (“)» «=/» («>») 

) replace u and v m (2) by independent functions of two 
irameters v^y thus 

^ = -^1 ^ 
ilting equations may be written 

»=</>! ®i)> («i. «i)> «=(«i» '>i) 

3ular values of and be substituted in (4) and the result- 
les of u and v be substituted m (2), we obtain the values 
z given by (6), when and have been given the par- 
v'alues Hence equations (2) and (5) define the same sun- 
ovided that and F^ aie of such a form that <f>^y <^3, <f>^ 
bhe general conditions imposed upon the F’s Hence the 
is of a surface may be expressed in parametric form in 
iber of ways of the generality of two arbitrary functions 
3se the first two of equations (2) solved for u and v in 
f X and t/y and let u — F^{Xy y)y v^F^{Xy y) be a set of 
s When these equations aie taken as equations (4), 
is (5) become 

X^Ql^y 3^ = y, 

nay be replaced by the single relation, 

« y) 

IS only one set of solutions of the first two of equations (2), 
L (6) defines the surface as completely as (2) If, however, 
e n sets of solutions, the surface would be defined by n 
IS, 2 =:f{xy y) 
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whfire a and b denote constants Unless m or v is absent from 
either of these equations the curves are necessanly distinct from 
the parametric curves u =const and v = const Suppose, now, that 
V does not appear m then is constant when u is constant, 
and vice versa. Consequently a curve Mi= const is a member of 
the family of curves u = const Hence, when a transformation of 
parameters is made by means of equations of the form 

or 

the two systems of parametnc curves are the same, the difference 
bemg in the value of the parameter which is constant along a curve 



EXAMPLES 

X 1 A surface which is the locus of a family of straight lines, which meet another 
straight line orthogonally and are arranged according to a given law, is called a 
ngM conoid , its equations are of the form x = u cos r, y = w sin z=z<p (v) Show 
that when 0 (v) = a cot r 4- h the conoid is a hyperbolic paraboloid 

-jC 2 Find the equations of the right conoid whose axis is the axis of z, and which 
passes through the ellipse x = a, ^ + 

3 When a sphere of radius a is defined by (3), find the relation between u and 
V along the curve of intersection of the sphere and the surface x* + -f «* = -J- a* 
Show that the curves of intersection are four gieat circles 


4 Upon the surface x = -j-1 cosr, y = sin 'o.z^u, determine the 

curves whose tangents make with the z-axis the angle tan-i V2 Sliow that two 
of these curves pass through every point, and find their radii of firat and second 
curvature 

25 Tangent plane A tangent line to a curve upon a surface 
IS called a tangent line to the surface at the point of contact It is 
evident that there are an infinity of tangent lines to a surface at a 
point We shall show that all of these lines lie in a plane, which 
IS called the tangent plane to the surface at the point 

To this end we consider a curve C upon a surface and let 
Vi 2) be the point at which the tangent is drawn The 
equations of the tangent are (§ 4) 

%-x ri-y f-z 
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’?> ? *16 the coordinates of a point on iiie line, depending 
values upon the parameter \ If the equation m ourvi- 
Kirdinates of the curve G is the above equations 


svntten 


i-x 



fl-y = \ 



du 

is’ 


Xdu^^dvjds 


le prime indicates differentiation In order to obtain tbe 
these tangent lines, we eliminate and X from these 
s This gives 

S—x n—y * 

— ^ I? 

du du = 0, 

^ ^ ^ 

dv dv dv 


sridently is the equation of a plane through the point M 
mal to this plane at the pomt of contact is called the 
n the surface at the point 

xample, we find the equation of the tangent plane to the tangent suiface 
at any point If the values from (1) be substituted m equation (11), 
ng equation is reducible to 

f—/s 

/i A fs -t> 

/i fi fz 

equation of the tangent plane is independent of u, and depends only 
n consequence of (I, 86)* we have the theoiem 

\ger\t plane to the tangent surface of a curve is the same at all points of a 
it ts the osculating plane of the curve at the point where the generator 
curve 

the surface is defined by an equation of the foim F{x, z) = 0, we 
lat aj, y, z are functions of u and u, and diffeientiate with respect to 
This gives 

+ + —0 

bx bu by du dz du * dx dv dy dv dz dv 


^ In references of this sort the Roman numerals refer to the chapter 




§S CUEVUilNEAB COORDINATES ON A SUBEACE 

By means of a»ese equations the equation (li) of the tangent plane can be given 
the form „ 

When the Monge form of the equation of a surface, namely z=f(x,y)^ is used, 
It IS customary to put 
(14) 


Bz 

Bx 


^=3 

dy 


Consequently the equation of the tangent plane is 
(16) - ^)P + 

In the first chapter we found that a curve is defined by two equations of the form 
(16) Fi (X, y, z) = 0, F 2 (X, y, 2 ) = 0 

Hence a curve is the locus of the points common to two surfaces The equa¬ 
tions of the tangent to the curve are 

^-x _ v-y _ ^-z ^ 
dx dy dz 

where da;, dy, dz satisfy the relations 


— dx + — dy + — dz = 0, 
Bx By Bz 


^dx + ^dy + ^dz = 0 
Bx By Bz 


Consequently the equations of the tangent can be put in the form 


(17) 


l-g _ v-y f-z 

BFi BF2 BFi BF2 BF\ BF2 BF\ BF2 BF\ 0^2 Bl^ 

By Bz Bz By Bz Bx ox Bz Bx By cy cx 


Comparing this result with (13), we see that the tangent line to i ( ui vi il i point 
IS the intersection of the tangent planes at M to two suif lets which iiilc isi (t ilong 
the curve 


EXAMPLES 

^1 Show that the volume of the tetrahedron f 01 mod by tlif (001 dim I ( pi uk s uid 
the tangent plane at any point of the surface x = u, y = v, z = a^/uv is (oust iiit 

2 Show that the sum of the squares of the intercepts of the ixcs by the t ui 
gent plane to the surface 

a; = sin3?j, y = u^ cos^v, z = {a^ - 
at any point is constant 

8 Given the right conoid for which 0(v) = asin2r Show tint any tangent 
plane to the surface cuts it in an ellipse, and that if perpendiculais be drawn 
to the generators from any point the feet of the perpendiculars lie in a plane 
ellipse 
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5^ 


hat &e ta ngent planes, at points of a generator, to the nglit con<»d for 
a y/tamv, meet the plane jk = 0 m parallel lines. 

le equations of the tangent to the curve whose equations are 
aa^ + &y® + C2* = l, hx^-h cy* ^ aafi:=zl 

^e equations of the tangent to the curve whose equations are 
*(aj + «)(»- a) =: a8, z{y + a?) (y - a) = a«, 

It the curve is plane 

stance from a pomt 3r of a surface to the tangent plane at a near-by 
I the second order when MW is of the first order, and for other planes 
tie distance from M' is ordinarily of the first order 

i 

-parameter families of surfaces Envelopes An equation 
n 


F{x, y, s, a) = 0 

infinity of surfaces, each surface being determined by a 
he parameter a Such a system is called a one parameter 
mrfaces For example, the tangent planes to the tangent 
a twisted curve form such a family 
0 surfaces coi responding to values a and a' of the param- 
in a curve whose equations may be written 

/y ' __ n 


iroaches a, this curve approaches a limiting form whose 
are 


F{x, y, 25, a) = 0, 


dF{x, y, g. 
da 


3 thus defined is called the characteristic of the surface of 
a Asa vanes we have a family of these characteristics, 
locus, called the envelope of the family of surfaces, is a 
hose equation is obtained by eliminating a from the two 
(19) This elimination may be accomplished by solvmg 
d of (19) foi a, thus 

a = (f)(x, y, 25), 

atuting m the first with the result 
F{x, y, z,(}>)=0 


I 


j. 


I 


t 
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The equation of the tangent plane to this surface is 


+ 


d((> dx 


+ 




icular value of a, say %, equations (19) define the curv< 
ae surface F{x, y, 2 , a^) = 0 meets the envelope, and fron 
of (19) it follows that at all points of this curve equa 
j) of the tangent plane to the envelope reduces to 


dF s.^F -\ n 


s, however, is the equation of the tangent plane to the surfact 
M{Xy 55 , aQ) = 0 If we say that two surfaces with the same tan 
gent plane at a common point are tangent to one another, we have 

The envelope of a family of surfaces of one parameter is tangen 
to each surface along the characteristic of the latter 

The equations of the characteristic of the surface of parameter a^ ar 

(dF} 

\da^ 


( 21 ) 


F{x, y, 2 , flj) = 0, 


= 0 


This characteristic meets the characteristic (19) in tlie point whos 
coordinates satisfy (19) and (21), or, what is the same thing, equs 
tions (19) and 

F{x, y, 2 , a^ — F{x, y, 2 , a) 


a, — a 


= 0 , 


dF_ 

da 


da 


a,~ a 


-=0 


As dj approaches a, this point of intei section appioaches a limitin 
position whose coordinates satisfy the three equations 


( 22 ) 


F=0, 



d^F 

da‘- 


= 0 


If these equations be solved for a;, y, s, we have 
(23) a:=/i(a), y =/,(«), 2 =/, (a) 

These are parametric equations of a curve, which is called tb 
edge of regression of the envelope 
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! 


iirection-oosines of the- tangent to <iie edge of regreesion 
. n , dx dy (& 

lortional to —, — If we imagine that x^y^zm (19) 

aced by the values (28), and we differentiate these equar 
th respect to a, we get, m consequence of (22), 

dx da dy da^ dz da"^ ^ 

tF dx ^ dy ^ dz 
da dx da dady da"^ dadz da^ 

lese we obtain 

dx dy dz 
da da da 


m (17) it follows that the minors of the ngbt-hand mem 
proportional to the direction-cosines of the tangent to the 
19) Hence we have the theorem 

haracteriBtics of a family of surfaces of one parameter are 
to the edge of regression 


££, 


dF 

dx 

dy 

dz 


^F 

^F 

\dadx dady dadz\[ 


)evelopable surfaces Rectifying developable A simple ex- 
3f a family of surfaces of one parameter is afforded by a 
of planes of one parameter Their envelope is called a 
%hle surface^ the full significance of this term will be 
later (§43) The characteristics are straight lines which 
^ent to a curve, the edge of regression When the edge of 
Lon is a point, the surface is a cone or cyhnder, according 
point is at a finite or infinite distance We exclude this 
r the present and assume that the coordmates x, y, 2 of a 
n the edge of regression are expressed in terms of the arc s 
may wnte the equation of the plane 

(X-a;)a + (y-y)6 + (^-J2)c = 0, 

6, c also are functions of s The characteristics are defined 
equation and its derivative with respect to «, namely 

(X- x)a^+ (r-y)6'+(^- «)^'- cud- 0 
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Since these equations define the tangent to the curve, they mi 
be equivalent to the equations 

X-x ^ Y-y 

d 

Hence we must have 

(26) 0, aV+6y+oV=0 

If the first of these equations he differentiated with respect to 
the resulting equation is reducible, in consequence of the seco 
of (26), to 0 

From this equation and (26) we find 

a I c^{y^z^^—z^y^^) {z^d'—dz'^) (a/y"—y^;") 

Hence by (§ 7) we have the theorem 

On the envelope of a one-parameter family of planes the plan 
osculate the edge of regression 

We leave it to the reader to prove that the edge of regre 
Sion of the osculating planes of a twisted curve is the cur 
itself 

The envelope of the plane normal to the principal normal 
a curve at a point of the curve is called the rectifying develo 
able of the latter We shall find the equations of its edge ^ 
regression 

The equation of this plane is 

(27) (X- a:)Z + (F- y)m + (Z~ z)n = 0 

If we differentiate this equation with respect to the arc of the curv 
and make use of the Frenet formulas (I, 50), we obtain 

(28) + + + + 

From tFese equations we derive the equations of the characte 
istio m the form 


X X -j- 






Z=z + 



t. 



REOTIFYIHG DEVELOPABLE 


bhe parameter of pomts on the characteristic In <nder to 
value of t corresponding to the point where Ihe chaiacter- 
iches the edge of regression, we combine these equations 
) derivative of (28) with respect to «, namely 



iie coordinates of the edge of regression of the rectifying 
ible are 


, ap — \T 

= ®+-f- -T, 

rp—p'r 




fip—/XT 

r'p—p'r ’ 


r=24 


rfp — vT 

r'p—p'r 


1 Under wliat conditions does the equation F(x, 2 ) = 0 define a devel- 
rface ? 

mme that x, z are functions of two parameters such that the curves 

are the generators, and r = const are any other lines The equation of 
at plane is 




Ltion should involve u and be independent of u Its characteristic is 
(i) and 

du du du 

I have put, foi the sake of brevity, 

^ = + + 12 -.) — 
j,.,j _ - ,1 ?? + (z - ilf - ®, 

cxdy ' cy cy tz cy 

c^F c’F c^F dF 

C = (X - X) — + (Y - y)— + (Z - 

dxdz cycz dz 


lation (i) is independent of e, we have 

4?5 + B^ + C- = 0 
eu dv dv 


ig equations (ii) and (iii) with (13), we see that 
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i 



where X denotes a factor of proportionality If we eliminate X «, F y, Z 
and X from these equations and (i), we obtain the desired condition 


d^F 

d^F 

B^F 

BF 

dx^ 

dxdy 

BxBz 

Bx 


d^F 

B^F 

BF 

dxBy 

6y2 

ByBz 

ay 

^F 

d^F 

B^F 

BF 

dxdz 

dyBz 

Bz^ 

Bz 



BF 

0 

dx 

By 

8z 



examples 

1 Fmd the envelope and edge of regression of the family of planes norma 
a given curve 

2 Fmd the rectifymg developable of a cylindrical helix 

8 Prove that the rectifymg developable of a curve is the polar developabL 
Its involutes, and conversely 

4 Fmd the edge of regression of the envelope of the planes 

a; sm u ~ y cos + 2 — aw = 0 

5 Determine the envelope of a one-parameter family of planes parallel t 
given line 

6 Given a one-parameter family of planes which cut the xy plane under c 
stant angle, the intersections of these planes with the lattei plane envelo] 
curve C Show that the edge of regression of the envelope of the planes is 
evolute of C 

7 When a plane curve lies on a developable surface its plane meets the tang 
planes to the surface m the tangent lines to the cuive Deteimine the develops 
surface which passes through a parabola and the circle, clesciibed in a perpendicii 
plane, on the latus rectum for diameter, and show that it is a cone 

8 Determine the developable suiface which passes through the two paiab( 

y2 = 4cKC, 2 = 0 , a;2 ~ 2 = 6 , and show that its edge of regicssion lies on 

surface yH = x® (6 — z) 

28 Applications of the moving trihedral Problems conce 
mg the envelope of a family of surfaces aie sometimes me 
readily solved when the surfaces are referred to the movi 
tnhedral of a curve, which is associated in some manner wj 
the family of surfaces, the parameter of points on the cur 
bemg the parameter of the family 
Let 
(30) 


V, «) = 0 



PPLIOATIONS OP THE MOVDSTG TEIHEDEAL 6S 


ich a family of sur&ces Smoe i), ? are ftmctaons of «, 
ktions of the characteristics are (30) and 

d» ds h) d» d» ds 


characteristics being fixed in space, we hare (I, 84) 


ds~ ’ 




(f+f), «_s 

\p TJ 09 T 


p ds 

he equations of the characteristics are 

«{(? V 5?U+;)+8?;+85'“" 


le sake of brevity, we let ^ (f, % £ «) = 0 denote the second 
equations, the edge of regression is defined by (32) and 



T ds 


ample, the family of osculating planes of a curve is defined with refer 
e moving trihedral by i*= 0 In this case the second of (S2) is 17 ss 0, and 

~ = 0 Hence the tangents are the characteristics, and the edge of regres- 
) curve, for, we have { = 17 = f = 0 

manner the family of normal planes is defined by ^ = 0 Kow the second 
—p= 0 , consequently the polar lines are the characteristics Fquation ( 88 ) 
) ^ + p r = 0 , hence the locus of the centers of the osculating spheres is 
)f regression (cf § 18) The envelope is called the polar developable 


osculating spheies of a twisted curve constitute a family 
ices which is readily studied by the foregoing methods 
118) it follows that the equation of these spheres is 

ond of equations (32) for this case is 

?[?+(’■/’')']=0. 

since spherical curves are not considered, reduces to f = 0 
uation (33) is 17 = 0, so that the coordinates of the edge of 
Lon are f = 77 = f = 0 Hence 

jsculating circles of a curve are the characteristics of its oscu- 
pheres, and the curve itself is the edge of regression of the 
e of the spheres 
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29 Envelope of spheres Canal surfaces We consider now anj 
family of spheres of one parameter Refeired to the moving tn 
hedral of the curve of centers, the equation of the spheres is 

mans of (32) we find that a charactenstic is the circle m 
1 a sphere is cut by the plane 
^ + 0 

'he radius of this circle is equal to rVl —r'-* Hence the char 
'tenstic IS imaginary when reduces to a point wher 

= ±s +const, and is real for r'^<l 

By means of (33) we find that the coordinates of the edge oi 
egression are given by 

(34) ^ = ^ = [1 -(rr')']/), f^ = r^(l~/^)-p^[l-(rr')T 

Hence the edge of regression consists of two parts with corre 
spondmg points symmetrically placed with respect to the oscu 
lating plane of the curve of centers (7, unless 
r2(l-r'®)-p2^1-(r/)7=0 

When this condition is satisfied the edge is a single curve, and it^ 
points he in the osculating planes of (7 We have seen that tlii^ 
IS the case with the osculating spheies of a curve Wc sliill shov 
that when the above condition is satisfied the spheics oscuhih 
their edge of regression 

We write the above equation in the form 

(35) p [1 — (rr'Y] == erVl — r ', 

where e is +1 or —1, so that p may be positive 

We have seen (§ 16) that the absolute and lelative latos of < h uig( 
with 8 of the coordinates t), f of a point on (\ ait in Ihi u I ition 

Ss ds p 8s ds p T 8s d*i T 

When the values (34) are substituted in the iiglitliuid lueinbci 
of these equations, we obtain, in consequence of (15), 

M-o h-n erVT^V'^ 

Ss ’ 8s~ ’ Ts^ 


T 



ENVELOPE OP SPHEEBS 

* 

linear element of is given by 


5^ grVl — r'® 

6gj=:- ds^ 


if_o i2=o 1 

8., ’ S., 8.,' 

3 are the direction-cosmes of the tangent to (7j, we see 
mgent is normal to the osculating plane to the curve of 
Moreover, these direction cosines must satisfy (cf I, 88) 
)ns 


— 

b 

Bb 

dl a . c 

Be 

ds 

— — 5 

P 

S»" 

= — i-h -» 

ds p T 

B» 

have 





!l 

^1 

! 0 


1 

s*r 

s$i 

V, 

Ssi 

srVl — 



ds 


b 

T 


h it follows that the radius of curvature Pj of is 


I +1 or 1, so that may be positive Since, now, the 
osines of the principal normal have the values 




S^fj , 

'■■8^ —'• 




that the principal normals to C and are parallel 
ire, since these quantities must satisfy equations (37), 


T 




a«» ppI 






Pi 


lenotes the derivative of p^ with respect to By means 
we find that the radius of torsion of is given by 

38) we find pi = » so that the radius R, of the oscu- 

PP 

ere of is given by R^ = pi + p'i t*= r*, and consequently 
iting spheres of are of the same radius as the given 
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Xli6 direction cosines of the tangent, principal normal, and bine 
malto are found from (36) and (39) to be 

Hence the coordinates (I, 94) of the center of the osculating sphe 
of Cl are reducible, in consequence of (34), to 

I + + m^p^-p[T^PT,= 0, n^Pi-p[r^Vi=^ ( 


Therefore we have the theorem 

When the edge of regression of a family of spheres of one para 
eter has only one branch^ the spheres osculate the edge 
Since T does not appear in equation (35), it follows that wh 
r IS given as a function of s, the intrinsic equations of the curve 
centers are 




crVl — 

l-(rry ’ 


T =/(«), 


where the function/(s) is arbitrary Moreover, any curve will ser 
for the curve of centers of such an envelope of spheres The det 
nnnation of r requires the solution of equation (35) and consequeni 
involves two arbitrary constants 

When all the spheres of a family have the same radius, t 
envelope is called a canal surface From (34) it is seen that 
this case a characteristic is a great ciicle Moreover, equation ([ 
reduces to p = r Hence a necessary and sufficient condition tl 
the edge of regression of a canal suiface consist of a single cur 
IS that the curve of centers be of constant curvature and the radi 
of the sphere equal to the ladius of first curvatuie of the cuive 


GENERAL EXAMPLES 

1 Let JkfJV be a generatoi of the light conoid 

a; = w cos 1 ?, y = wsinu, z = 2k cohcc 2d, 

M being the point in which it meets the z axis Show that the tangent jilane a 
meets the surface in a hyperbola which passes through Jlf, and tli it is N me 
along the generator the tangent at Jlf to the hyperbola describes a pi me 

2 A point moves on an ellipsoid — so that the diiection of 

a® 62 c2 

motion always passes through the perpendicular from the center on the tang 
plane at the point Show that the path of the point is the curve in which the ellipi 

IS cut by the surface = const, where I m JL_i. 

62 c2 c2 a* a2 6^ 
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each of the generators of a developable surface be revolved through the 
e about the tangent to an orthogonal trajectoiy of the generators at the 
Qtersection, the locus of these lines is a developable surface whose edge 
ion 18 an evolute of the given trajectory 

ow that the edge of regression of the family of planes 
(1 — + + 2uz+f{u) = 0 

lal curve 


le developable surface which passes through the circles + ^=0, 

2^ = 0 meets the plane a; = 0 m an equilateral hyperbola. 

ad the edge of regression of the developable surface which envelopes the 
= xy along the curve m which the latter is cut by the cylinder = hy 

nd the envelope of the planes which pass through the center of an ellipsoid 
m sections of equal area 


e first and second curvatures of the edge of regression of the faamly of 
+ /3y + 72 where or, 7, p are functions of a single parameter 
+ i?* + 7® = 1, are given by 


1__ A8 


A = 


a 

o' 

o' 





, -0 = 

7 

7 ' 

V 



P 

a 

7 


A« 


p' p" p" 
O' o' or" 

y y' 7 ' 


inve the equations of the edge of regression of the rectifying developable 
thod of § 28 

rive the results of § 29 without the aid of the moving trihedral 


nd the envelope of the spheres whose diameters are the chords of a circle 
point of the latter 

nd the envelope and edge of regiession of the spheres which pass through 
int and whose centers he on a given curve 

nd the envelope and edge of regiession of the spheres which ha\e for 
planes one family of circuHi sections of an ellipsoid 

nd the envelope and edge of 1 egression of the family of ellipsoids 

-1-1— = 1, where a is the paiametei 
aP ' 

nd the envelope of the family of spheres whose diameters aie parallel 
an ellipse 

nd the equations of the canal surface whose curve of centers is a circular 
whose edge of regression has one branch Determine the latter 


nd the envelope of the family of cones 

(oa 4 - a; + y + 2 - l)(a 2 / + 2) “ aa(a; + y + 2 -1) = 0 , 
3 the parameter 
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TTURAP element of a surface differential parameters 

CONFORMAL REPRESENTATION 

30 Linear element Upon a surface S, defined by equations in 
the parametric form 

(1) x=f^(u,v), z=f^{u,v), 

w€ select any curve and write its equations ^ (w, v) = 0 From § 3 
we have that the Imear element of the curve is given by 

( 2 ) d8^ d'f + 

where dx^~du + ^dv^ dy =^^du + ^dv, dz^~du + ^dv^ 
du dv ^ du dv ' du ’ 

the differentials du^ dv satisfying the condition 


dv 


If we put 

(3) 


— dw + — civ = 0 
du dv 

^=/^Y+/^y+/^Y, 

\du/ \duj \duj 
dudv du dv dudv'^ 




dx\ 


dv/ 


dv 


or, in abbreviated form, 

equation (2) becomes 




dx dx 
— , 
m dv 


a-X 


€ 0 / 


(4) 


=Edu^+ 2 F dudv + G do“ 


The functions E, F, G thus defined were first used by Gauss * 
When the surface is real, and likewise the curvilinear coordinates 

*Duqumtwnes generaXes area svperficiei, curva^ (English translation by Morehead 
and Hiltebeitel), p 18 Pnnceton, 1902 Unless otherwise stated, all references to Gausa 
are to this translation 
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tl 

inctioiis y/Q are real We shall understand also that 
are positive There is, however^ an important excep- 
, namely when both IS and G are zero (cf § 86) 
other curve equation (4) will have the same form, but 
)n between du and dv will depend upon the curve 
itly the value of ds, given by (4), is the element of arc 
rve upon the surface It is called the l%near element of 
(cf § 20) However, m order to avoid circumlocution, 
cequently call the expression for the linear element, 
3 nght-hand member of equation (4), which is also called 
undamental quadratic form The coeflScients of the lat- 
y are called the fundamental quanUtiee of the 

he sake of brevity, we put 

^d^l^^dudu ^ ^ a(g, x) ^ y) ^ 

d(u, v) ^ ^ ^ 
dv dv 

from (3) and (6) that 

FG-^F^=-A^^JS^+a 

when the surface is real and likewise the parameters, 
ity EG~~F^ IS different from zero unless and 0 

But if A^ B, and C are zero, it follows fiom (5) that u 
not independent, and consequently equations (1) define 
ind not a suiface However, it may happen that for 
dues of u and v all the quantities -4, R, C vanish 
spending points are called eingular points of the sur- 
Bse points may be isolated or constitute one or more 
)on the surface, such curves are called singular lines 
dlowmg discussion only oidinary points will be con- 


he preceding lemaiks it follows that for real surfaces, 
0 real coordinate lines, the function H defined by 


d it IS positive by hypothesis 
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tsotropic developaWe The exceptional case, where the surface is imagina 
iS zero, is afforded by the tangent surface of a minimal curve The equ 
such a surface are (cf § 22) 

2 = y* u<i>(u) du + u4> (u) V, 

rhere 0 (m) is a function of u different from zero It is readily found that E=vl^<l>^(v 
(? = 0, and consequently EG — F^ = 0 This equation is likewise the sufBlcie 
mdition that the surface be of the kind sought For, when it is satisfied, the equ 
Aon of the Imear element can be written ds^ = {VEdu If X denote j 

integrating factor of VEdu + VOdv, and a function ui be defined by the equath 

X (VEdu + VQdvi) = dui, the above equation becomes ds^ = ~ du^ Hence, if \ 

take for parametric curves Ui = const and any other system for Vi = const, -v 
have = 0, = 0 In other form these equations are 

dui aui dui dvi dui dvi ’ \0ri/ \dvj \dvj 


In accordance with the last equation we put 


dx 1 - v 

— =: A;—^5 
dVi 2 

where k is undetermined 
By integration we have 


dvi 


dvi 


= fcui, 


« 


-j*kdvi-{-\, 


y = % 




J k dvi + 




:Ui 


J kdvi-hp, 


X, /i, V being functions of wi alone When these values are substituted in the fir 
of the above equations of condition, we get 

to be satisfied by X, /u, and v 

The equation of the tangent plane to the surface (i) is reducible to 

(l-uf) (X~x) + ^(l + ^^^)(r-y)^-2wl(Z-2)=:0 

Hence the surface is developable Since its edge of regression is a minimal cur 
(Ex 4, p 69), the theorem is pioved The surface is called an isotropic deoelopabl 


32 Transformation of coordinates It is readily found that tl 
functions G are unaltered in value by any change of tfc 
rectangular axes But now we shall show that these functior 
change their values when there is a change of the curviline« 
coordinates 
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le transformatioii of coordinates be defined by the eqoations 

= W (Wj, v^), V = v{u^, v ^), 


du^ du dUy^ dv du^ 


dx _^dx du ^ dxdv 
dv^ dudVj^ 


.* a-X(Q' ®.-X(D’ 


the relations 


\du^/ dUj dUj^ \^i/ 

j-= ^ Il ++ ff — —. 

=^/£!iY+2i^--+«('-Y 

\^^l/ ^^1 \^^l/ 


he fundamental quantities of the first order assume new 
hen there is a change of cumlmear coordinates 
(8) we have, by differentiation, 

du = — au. + — av., dv = — du.-h — dv. 
du^ ^ dv^ ^ du^ ^ dv^ ^ 

these equations for du^, dv^y we get 

S\dv^ dv^ ) " S\ du^ du^ / 


ve have 


d{Uy V) 
d(U,y V,) 

du^^l dv du^_ 1 du 

du h dv^ dv S dv^ 

^ dv 1 ^ 

du S du^ dv S dUj^ 

d(u,y v,) _l 
d{Uy v) S 


i (9) we find the relation 
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By means of this equation and the relations (11), we can transform t 
equations (9) into the following 

\2 /»<.! \2 


(13) 


-P, 


i ___ 


fdvX 

\dv / 


. dv. dv. 
'2.F-^-^ + G 
du dv 


Xd'U,) 


E,G-Fl 


-F, 


EG-F^ 


E 


!!^i _ jf ^ ^ — A + (? ^ ^ 


dv dv \du dv dv duj 


du du 


E,G,-Fl 

g. - 


EG~F^ 


^\dv) du dv ^^\du) 


E,G,-Ft 


EG-F^ 


33 Angles between curves The element of area Upon a para- 
metiic line = const we take for positive sense the duection 
in which the parameter u increases, and likewise upon a curve 
u = const the direction in which v increases If and denote 
the elements of arc of curves v = const and u = const respec¬ 
tively, we find, from (4), 

(14) ds^ = du^ d8^ = dv 

Hence, if iS„, % and y8„, denote the diicction-cosincs of the 
tangents to these curves respectively, we have 


1 dx 

^ =J_ 

Va du 

1 

7 , = ' 

VA cu 

du 

1 dx 

1 

11 

1 dz 

■\/'G dv' 

7 u = -7- 
V(r dv 


We have seen that through an ordinary point of a suifice 
there passes one curve of parameter u and one of paiainetei v 
If, as in fig 11, 0 ) denotes the angle, between 0° and ISO'^, 
formed by the positive directions of the tangents to these eiuves 
at the point, we have 

cos G) = + /3^/3„ + y^y^ = ■ 


(15) 
and 

(16) 




sin G) = - 


’VJEG-F^ H 





AJJTGLES BETWEEN OXJEYES 




two families of curves upon a surfeoe are such tiiat 
any pomt a curve of eacli family, aud but one, passes, 
tt, moreover, the tangents at a pomt to the two curves 
it are perpendicular, the curves are said to form an 
il %y%Um Prom ( 15 ) we have tihe theorem 

^%%aTy and sufficient condition that the parametric lines upon 
form an orthogonal system is that F^O 

ler the small quadrilateral (fig 11) whose vertices are 
ts Tvith the curvilinear coordinates {v^ o), (t^-f dti, r), 
;), (w + V + dv) To withm terms of higher order the 
sides of the figure are equal Consequently it is approxi- 
parallelogram whose sides 
agth ^Edu and '^fGdv and 
ided angle is <o The area 
parallelogram is called the 
of area of the surface Its 
)n is 

= sin (o “s/FG dudv = IT dudv 

s any curve on a surface, the direction-cosines tr, jS, 7 of 
nt at a point have the form 

ds ds dv ds) ds ds dv ds) 

^/dz du 

^ ds \du di dv ds) 



it dv/du = \ and lepldce ds by the positive square root of 
t-hand member of (4), the above expressions can be written 


dx ,^dx 

— 

o_ du^ cv 
^E^2F\ + GX^* 


7 = 


dz . ^dz 

— "r ^ T~ 

du dv 


ViS'+2J>X + (?\’ 
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From these results it is seen that the direction-cosines depend| 
not upon the absolute values of dv, and dv, but upon their * 
ratio X The value of X is obtained by differentiation from the 
equation of C, namely ‘ 

(19) <f>(u,v) = 0 

Let Cj be a second curve meetmg C at a point Jf, and let 
the direction cosines of the tangent to at M be a^, 

They are given by 

dx hi , dx he 


and similar expressions for and 7 ^, where S indicates variation 
in the direction of 

If 0 denotes the angle between the positive directions to C and 
at Jf, we have, from (18) and (20), 


JEJduSu-}-F(duSvdv GdvSv 

(21) cos0«a;cr,+^/3,+ 7'yi-- dif^ --’ 


and 


sin 0 = ± Vl — coB^O == db jor ^ 

\o8 da 


Sv du 
Sa da t 


This ambiguity of sign is due to the fact that 6 as defined is one 
of two angles which together are equal to 360° We take the 
upper sign, thus determining 6 This gives 


( 22 ) 


sm ^ = JT 


Sw dv 
Sa da 


Sv du\ 
Sa daj 


The significance of the above choice will be pointed out shortly 
When in particular is the curve v = const through J/, we 
have Sv = 0 and Sa = Vf Suy so that 


(23) = 


da da/ 


a If dv 


From these equations we obtain 


(24) 


tan^(j = 


Hdv 

F du -f“ F dv 


The angle © between the positive half tangents to the para¬ 
metric curves has been uniquely defined Hence there is, in 
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Tl 


only one sense m which the tangent to the cnrve t^=: const, 
irought into coincidence with the tangent to the curve 
t by a rotation of amount a> We say that rotations m 
ction are pontive, in the opposite sense negaJbw>e From 
i seen that 6 ^ is the angle described in the positive sense 
3 positive half tangent to ^e curve v =: const is rotated 
cidence with the half tangent to 0 And so in, the general 
efined by (22), is the angle descnbed m the positive rota- 
1 the second curve to the first, 
equations ( 15 ), ( 16 ), and ( 23 ) we find 






4-G 


sm(® —0^) 


S du 


[nations follow also directly from (20) and (21) hy consid- 
\ curve u = const as the second line 
immediate consequence of equation (21) we have the 


ssary and mfflcient condition that the tangenU to two curves 
urface at a point of meeting he perpendicular is 

JBJdu Su + F(du 8 v + dv Su) GdvSv^^O 


EXAMPLES 

r that when the equation of a surface is of the form z =/(x, y), its linear 
n be written 

ds* = (1 + -{■ 2pqdzdy -{■ {I + q^) dy"*, 

dz/dz, and q = cz/dy Under what conditions do the lines x = const, 
form an oithogonal system? 

r that the parametric curves on the sphere 

X = asmi6 cosu, y = «sinusinr, 2 = acost4 

thogonal system Determine the two families of curves which meet the 
const under the angles v/i and 8 7r/4 Find the linear element of the 
en these new curves are parametnc 

i the equation of a curve on the paraboloid of revolution x = u cost?, 
z = which meets the curves v = const under constant angle a 
through two points {uq, Uo), {^i, Vi) Determine cr as a function of 

Vi 

the differential equation of the curves upon the tangent surface of a 
h cut the generators under constant angle a 
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5 Show that the equations of a curve which lies upon a right cone and cuts all 
the generators under the same angle are of the form x = ce«“ cos u, y = ce«« sin u, 
2 = 6e«*, where a, 6, and c are constants What is the projection of the curve upon 
a plane peipendicular to the axis of the cone ? Tind the radius of curvature of 
the curve 

6 Find the equations of the curves which bisect the angles between the para¬ 
metric curves of the paraboloid in Ex 3 


34 Families of curves An equation of the form 

(27) 

where c is an arbitrary constant, defines an infinity of curves, or a 
family of curves^ upon the surface Through any point of the sur¬ 
face there passes a curve of the family For, given the curvilinear 
coordinates of a point, when these values are substituted in (27) 
we obtain a value of c, say , then evidently the curve ^ = (?o 
passes through the point We inquire whether this family of 
curves can be defined by another equation Suppose it is possible, 
and let the equation be 

(28) '\[r(u^v) = fC 


Since 0 and /c are constant along any curve and vary m passing 
from one curve to another, each is necessarily a function of the 
other Hence is a function of </> Moicover, if i/r is any 
function of 0, equations (27) and (28) define the same family of 
curves 

From equation (24) it is seen that the direction, it iny point, of 
the curve of the family through the point is determined by tlie 
value of dv/du We obtain the latter fiom the equation 


(29) 


du 


du - 


dv 


dv = 0, 


which IS derived from (27) by differentiation 
Let <l> 2 ^) = c be an integral of an ordinary differential equation 

of the first older and first degree, such as 

M(u^ v) du + iV’(w, v)dv 0 

The curves defined by the former equation are called integral curves 
of equation (30) From the integral equation we get equation (29) 
by differentiation It must be possible then to obtain equation (30) 
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7® 


> integral equation and (29) But e does not appear m 
sequently the latter equation diflEers from (80) by a factor 

Hence ^ ^ 0 Suppose, now, that we have 

dv du ^ ^ 

integral of (30), as -^(w, v)=:e Then —jV^ = 0 


dv 


ination of Jf and iT from these equations gives =0; 

d(uy v) 

Loh it follows that ^ is a function of <f> Moreover, can 
unction of ^ But we have seen that if ^ is a function 
families of curves ^ = const and ^ = const* are the same 
11 integrals of equation (30) of the form or ^ = e 
iC same family of ciyves However, equation (80) may 
an integral m which the constant of integration enters 
r, as F(Ui v, c) =: 0 But if this he solved for o, we obtain 
ore mtegrals of the form (27) Hence an equation of the 
) defines one family of curves on a surface Although 
•mination of the curves when thus defined requires the 
in of the equation, the direction of any curve at a point 
directly by means of (24) 

lach point of intersection of a curve with the curves 
ly the tangents to the two curves are perpendicular to 
ler, Cj is called an orthogonal trai^ectory of the curves Sup- 
; the family of curves is defined by equation (30) The 
dv Sv 

letween the ratios — and > which determine the direc- 
du ou 

he tangents to the two curves at the pomt of intersection, 
ly equation (26) If we replace ^ by —y’ we obtain 


{EN- FM) du + {FN- GM) rfv = 0 


ntegral curve of this equation is an orthogonal tra 3 ectory 
ren curves Hence a family of curves admits of a family 
fonal trajectories They are defined by equation (31), 
I differential equation of the curves is m the form (30) 

1 the family is defined by a finite equation, such as (27), 
ion of the orthogonal trajectories is 
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I 


As an we conader the family of circles m the plane with centers 

on liie x-azis whose oquation is 

x2 4-y®“2waj=:a2, 

where w is the parameter of the family and a is a constant In order to find the 
orthc^onal trajectories of these curves, we take the lines x = const, y = const 
for parametric curves, m which case 

= = :p=o, 

and write the equation (i) in the form (27), thus 


Now equation (82) is 2 xy dx - (x^^ - + ^2) = 0, of which the integral is 

x2 + a2 


y 


- + y = 2v. 


where u is the constant of mtegration Hence the orthogonal trajectories are circles 
whose centers are on the y-axis 


An ordinary differential equation of the second degree, such as 

(33) jK (w, v) + 2 /S(tt, v) du dv + T{u^ v) dv^ = 0, 

IS equivalent to two equations of the first degree, which are found 
by solving this equation as a quadratic in dv Hence equation (33) 
defines two families of curves upon the surface We seek the con¬ 
dition that the curves of one family be the orthogonal trajectories 
of the other, or, in other words, the condition that (33) be the equa 
tion of an orthogonal system, as previously defined If and k^ 

denote the two values of ^ obtained from (33), we have 
, 2 ^ R 


From (26) it follows that the condition that the two directions at 
a point corresponding to and be perpendicular is 

E + F{k^ -f- -f = 0 

If the above values are substituted in this equation, we have 
the condition sought, it is 

(34) 


ET+GR---2FS=0 
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imal curves ou a surface An equation of the form (88) 
i by equating to zero the first fundamental form of 
This gives 

iFdudtf + Odi^s= 0 , 

5nes the double family of imaginary curves of length 
L lie on the surface In this case equation (84) reduces 
^==0^ hence the minimal hues on a surface form an 
L system only when the surface is an isotropic develop- 

I 

ortant example of these hues is furnished by the system 
lere If we take a sphere of unit radius and center at 
, its equation, 3?+ ^*4* z*=l, can be written m either of 

+ 1 + z _ 

1—s — 

x — %y _ 1 + s 

ad V denote the respective ratios, and evidently are conju- 
nanes If these four equations are solved for y, s, we find 

14 4-v i(i; —14) i4i;—1 

a* 5--, jj; -r- 

i4i;+l 141;+1 14U+1 

se expressions we find that the linear element, m terms 
ameters i4 and v, is given by 

, o _ 4 di4 dv 
" (14- wi;)* 

B curves t4 = const and v = const are the hues of length 

atmg 14 from the first two and the last two of equations 
get 

I i(v*4-l)2;-f (1 —i;^)y —2ii; = 0, 

I i(i;^4-l)« 4- 2i;y 4-1(1 — v®) = 0 

1 the pomts of a curve v = const lie on the line 
%{v^+l)X+{l-v^)Y-2iv:=^Q, 
i(ir*4-l)-2'+2i;F4-i(l-t^)= 0, 
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where X^Y,Z denote current coordinates In consequence of (35)^ 
these equations can be written 

Y—y^ _Z—%^ 

1^—1 —2ti 

are the coordinates of a particular point In hke 
le curves w = const are the minimal lines 


X-x, _ Y-% _ F-g, 
1-u^ *(!+«') 2 m 


EXAUPIES 

1 Show that the most general oirthogonal system of circles m the plane is that 
of the example m § 84 

2 Show that on the right conoid sc = w cos v, y = m sin u, z = av, the curves 
du^ — (w2 + a^dv^ = 0 form an orthogonal system 

3 When the coefficients of the linear elements of two surfaces, 

dsf = Eidu^ + 2 Fxdudv + Qidv^ ds^ = E^du^ + 2 F^dudv + G 2 dv^, 

are not proportional, and points with the same curvilinear coordinates on each of 
the surfaces are said to correspond, there is a unique orthogonal system on one 
surface corresponding to an orthogonal system on the other, its equation is 

{FxFi — J? 2 ^i)dw* -{- {E^Gx — E 1 G 2 ) dudv ’\~{GxF 2 — G 2 Fx)dv^ = 0 

4 If and $2 are solutions of the equation 

0a e/3 2 ea 0/3 ’ 

where X is any function of a and /3, the equations 

define a surface referred to its minimal lines 

36 Variation of a function Let aS be a surface referred to any 
system of coordinates u, v, and let (j) (w, v) be a function of u and v 
When the values of the coordinates of a point M of the surface are 
substituted in we obtain a number e , and consequently the curve 

(38) <^(m, v) = (? 



VAEIATION Off A FmrCTION 


8$ 


arough Jf In a displacement from M aloiog tins corre the 
^ remains the same, but m any other direction it changes 
rate of change is given by 

gy __ du dv _ 

~Vjr+2J?A + Gj5:*’ 

= dvjdu detenomes the direction As thus written it is 
lod that the denominator of the nght-hand member is 


he present we consider the absolute value of and write 

ds 


A=: 


dv 


^ __ 


IS ± 1 according as the sign of the numerator is positive or 
3 The minimum value of A is zeio and corresponds to the 
Q along the curve (S8) In order to find the maximum value 
tte to zeio the deiivative of A with respect to Tc This gives 


\ dv du/ \ dv duj 


\2) it follows that this value of Tc determines the direction 
angles to the tangent to <^ = <? at the point By substituting 
ue of h in (39) we get the maximum value of A Hence 

lifferential quotient of a function <f> (w, v) at a point on a 

vanes in value with the direction fiom the point It equals 
^he direction tangent to the curve c^ and attains its greatest 
value in the direction noimal to this curve^ ths lahie heing 


d4> 


ds 


\ \du) dudv ^cu) 


ans of lepiesenting graphicall} the magnitude of the difter- 
uotient A foi any direction is given by the following theorem 

the tangent plane to a surface at a point M the positive half 
j at Jf, corresponding to all values of positive and negative^ 
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h drcem, and on them the correeponding lengths A be laid off from M, 
the locus of the edremihes of these lengths %s a circle tangent to the 

CUTVB (f>= COTlSt 

The proof of this theorem is simplified if we effect a transfor- 
matiou of cumlinear coordmates Thus we take for the new coor¬ 
dinate Imes the curves tf>= const and their orthogonal trajectories 
We let the former be denoted by const and the latter by 
const, and mdicate by subscript 1 functions m terms of these 
parameters Now -Fj= 0, so that 

_ ^ 

~ ds ~ Vi\+ GJef 

where \ denotes the value of dvjdu^ which determines a given 
direction, and the maximum length is From (23) we have 


cos d. = ■ 


■v^ 


sin d. 


yfG.k, 


where 0,, is the angle which the given direction makes with the 
tangent to the curve = const Hence if we regard the tangents 
at Jf to the curves Vj= const and const as axes of cooidinates 
in the tangent plane, the coordinates of the end of a segment of 


length A are 


E^+GJcf E,+ G,k^ 


The distance from this point to the mid-point of the maximum 
segment, measured along the tangent to = const, is readily 

found to be —which proves the theorem 

2 Vi^; 

37 Differential parameters of the first order If we put 


E 




(41) 

equation (40) can be written 




dcf) d<f> 
du dv 


+ G 


EG-F^ 


(d4>y . . 


where now the differential quotient corresponds to the direction 
normal to the curve <f) = const The left-hand member of this 
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s evidently independent of the nature of Uie parameters 
► which the surface is referred Consequently the same 
the right-hand member Hence A^<f> is unchanged in 
3 n there is any change of parameters whatever The 
Bicance of this result is as follows Given a new set of 
8 defined by let 

0 result of substitutmg these expressions for u and v m 
id write the linear element thus 


d8^==JS^du^+2F^du^dv^~{- G^dvJ 

lance of under this transformation is expressed by 
cal equation 



V Vb VU UU-y 

EG-F^ “ F^G^-^F^ 


it to the reader to venfy this directly with the aid of 
(9) The invariant is called the differential parame- 
first order, this name and the notation are due to Lam6 * 
3 r for the moment the partial differential equation 

A,<#>=0 

tion = const From the latter we get, by differentiation, 


^±du + ^Adv = Q 

du dv 


lace — and — in (42) by dv and — dw, which are evi- 
du dv ^ 

)portional to them, we obtain 

Edu+ 2 Fdudv -\-Gdv = 0 


» integral curves of equation (42) are lines of length zero, 
irsely if <^ = const is a line of length zero, the function 4> 
on of equation (42) 

r particular case is that in which Aj<^ is a function of say 


r les coordonniea curvihgnes et leurs diverses applications^ p 6 Pans 1859 
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<(■ 






From (41) it is seen that when we put 


equation (43) becomes 
(44) 



A,0==1 


1 

1 

I 


As dejaned, ^ is a function of , hence the family of curves 
0 = const IS the same as the family = const Suppose we have 
such a family, and we take the curves 0 = const for the curves 
u = const and their orthogonal trajectories for v = const, thus 
effecting a change of parameters Since = it follows from 
(41) that jE^=l, and consequently the Imear element is 

dii^ + Gdv^ 


omce now the hnear element of a curve v = const is rfw, the length 
of the curve between its points of intersection with two cuives 
u==Uq and u —is Moreover, this length is the same for 

the segment of every curve v = const between these two curves 
For this reason the latter curves are said to be parallel Con¬ 
versely, in order that the curves u = const of an orthogon il sys 
tern be parallel, it is necessary that the linear element of the 
curves v = const be independent of v Hence E must be a func 
tion of u alone, which, by a transformation of coordinates, can be 
made equal to unity Hence we have the theorem 

A necessary and sufficient condition that the curvts of a faimly 
(j) =z const he parallel is that A^(p be a function of cf) 

Let <jf) = const and = const be the equations of two cuivcs 
upon a surface, through a point Jf, and let 0 denote the ingle 
between the tangents at M If we put 


(46) 




dv dv \dv du du dv) ^ ou du 


the expression (21) for cos 9 can be written 
(47) oose = 
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)S B IS an. inyanant for transformations of coordinates, it 
)m this equation that also is an invariant. It is 

mixed differential parameter of the first order An imme- 
3 quence of (47) is that 

V") = 0 

idition of orthogonality of the curves ^ = const, and 


nation (22) can be written 


sm^ 


/ d(f> ^ ^ ^ 


neans of the function @(w, v), defined thus by Darboux,* 

IT \du dv dv du) 
itten in the abbreviated form 


Va^<^ vAjI^ 

1 the functions in this identity except & (<jb, are known 
inants, we have a proof that it also is an invariant It 
i differential parametei of the first order From (47) 
b follows that 

A(<#>, '^) + ® (0, '^Ir) = A^(j> A^i/r , 

tly the three inv uiants defined thus far are not inde- 
f one anotliei 

11) and (46) it follo\Ab that 

these we find 

@ (u, v) = A^u A^v — Af (u, ^ 

iiently 

P A,v -A,(m, t>) \u 

®-{u,v)' &^{u,v) &‘(u,v) 

F, and G are differential invariants of the first order 


•Xe(OJi»,Vol in, p 197 
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Another result of these equations is the following If the param¬ 
eters of the surface are changed in accordance with the equations 

= Ml(«,»), V,= ei(M, »), 

and the resulting linear element is written, 

dul + 2 du^dv^+ i iw ®, 
the value of is given by 


'^\dv) 


2F^^ + G 


/^y 

\duj 



'a (Ml, Mi)y 


a(M, v) _ 


and and 0^^ are found in like manner In consequence of (51) 
these equations are equivalent to (13), which were found by direct 
calculation 

38 Differential parameters of the second order Thus far we 
have considered differential invariants of the first order only We 
introduce now one of the second order, discovered by Beltrami * 
To this end we study the integral 

n= 'K[r)d2=JJ\^(cl>, ^lr) Hdudv^ 

for an ordinary portion of the surface bounded by a closed curve C 
(cf § 38) For convenience we put 




dyjr 


(53) 




du 


dv 


H 


iV"=. 


dv 


du 


so that, in consequence of (46), we have 


" ■//( 


du 


dv 


11 


dudv 


This may be written 

If we apply Green’s theorem to the first integral, this equation 
reduces to 

(54) Il^J^<f>{Mdv~Ndu)-jJ 

* Bicerche di analisi applicata alia geometria, OtovnolB dz vnctemoXiche, Vol II 
(1864), p 366 
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le first integral is cnrvilmear and is taken about O xn the 
ry manner Evidently du and dv refer to a displacement 
If we indicate by S variations m directions normal to C 
»cted toward the interior of the contour, then from (28) 

I it follows that 


Edu-\‘Fdv Fdu^^ Gdv JSCSu 


ds 




ds 


Ss 


le terms in this equation, with the exception of 


ipendent of the choice of parameters Hence the latter is 
nant It is called the differential parameter of the second 
id IS denoted by In consequence of (58) we have 



du 


du dv 




3 foregomg discussion it has been assumed that only real 
es appear But all these results can be obtained directly 
gebraic considerations of quadratic differential forms* 
any hypothesis regarding the character of the variables, 
be differential parameters can be used for any kind of 
ear coordinates 

dition to Ao<jf) there are other differential invariants of the 
irder, such as 

A,A,<#>, A,((#>, A,<#>), ©(<#», A ,< t >) 

Aj(AAAi^), @(AAA,Vr) 

ed invariants of the second order In like manner we can 
roup of invariants of the third order, for instance, 

AiAiAi<^, AA(</', AjAA W4>, 


Bianchi, Ijezioni di geoimtna dij^erenzicUet Vol I, chap n Pisa, 1902 
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Itese inTanants and others, which can be obtained by an evident 
extension of this method, involve functions , -A, F", and 

their denvatives 

Conversely, we shall show * that every invariant of the form 
dE 


I=f{E, F, G, 


du 


dG . d<f> 


'*'h' 


). 


where <^, ■f', are mdependent functions, is expressible by means 
of the symbols A and @ Already we have seen that E, F, and G 
can be expressed m terms of AjM, AjV, and Aj («, v) Moreover, from 
(48) it follows that 


when X is any function whatever Hence all the terms in I can be 
expressed in terms of the symbols A and apphed to 

Uy Vy fy 


Since u and v do not appear explicitly in /, we can effect a change 
of parameters, replacmg u and t; by and i/r respectively, and con¬ 
sequently we express I in terms of </>, , and the differential 

invariants obtained by applying the operators A and @ to these 
functions In case is the only function appearing in 7, we can 
take for in the change of parameters, any invariant of <;f), such as 
Ai^ or A 2 <^, so long as it is not a function of (j&, Ey oi (Jl 


EXAMPLES 

1 When the linear element of a surface is in the foim 

d8^-\{dy?‘ + ffu"), 

where \ is a function of u and u, both u and u xrc solutions of tlu c(iu it ion ^,^6 ^ 0, 
the differential parameter being formed with respect to the light hand mciiibci 

2 Show that on the surface 

x — ucosv, y = uBinVy 2 = au4-0(u), 
the curves u = const are parallel 

8 When the linear element is in the form 

ds^ = coB^adu^ + sin** a dv% 

where or is a function of u and Vy both u and v are solutions of the cqu ition 
Ai(d, Ai0) = 2A20(Ai^-1) 


* Of Beltrami, ^ c , p 367 
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le carves ^ = coast, ^ = const, form aa ortiiogomd intern on a sarfaoe, 
tion on the x-axia of any displacement on the surface is given by 

ds Va^ d(r 

md d(r are the elements of length of the carves 0 = const., ^z= const 

y 


and 0 are any functions of u and v, then 


Ai/ 


\du/ 






, 0 /M, , , . 0 /a^, 


A»/=^A»tt + ^2 
du dv 


, + g A,„ + 2^ Ai(«, c) + gAie 


ymmetnc coordinates We have seen that through every 
a surface there pass two minimal curves which he entirely 
arface, and that these curves aie defined by the differential 

Edu^-i- 2 Fdudv + Gd'i?=^ 0 
ute equations of these curves be written 

a (w, v) = const, /S (u, v) = const, 
s from (42) that 

A,(^)=0, A,(^=0 

r any parameters 

g=.-.V—, (j = _A!L_, 

v) & (tt, v) @ (w, v) 

e curves cc = const, 13 = const, are taken as parametnc, 
3 spondmg coefficients E and G are zero, and consequent!} 
LI element of the surface has the form 
= X dad^^ 

n general, X is a function of a and p Conversely, as fol- 
m (58), when the linear element has the form (59) equa 
7 ) are satisfied and the parametric curies are minimal 
he only transformations of coordinates iihich pieseiie this 
the linear element are those which leave the minimal lines 
nc, that IS 


or 


a,^F{a), P,^F,(P), 

a,^F{p), P, = F,{a), 





f > 
^ *■ 



4 


^ f 
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where F and F^ are arbitrary functions Whenever the linear ele-^ 
ment has the form (59), we say that the parameters are symmetric 
The above results are given by the theoiem 

When a and /3 a/re symmetric coordinates of a surface, any two 
arbitrary functions of a and /9 respectively are symmetric coordi¬ 
nates, and they are the only ones 

The general LnAar element of a surface can be written as the 
product of two factors, namely 

( 61 ) + 

If t and t, denote integrating factors of the respective terms of the 
right-hand member of this equation, a pair of symmetric coordinates 
is given by the quadratures 

t(^Edu + dv\ = da, 

F-iir \ 

t, ^VFdu -f ^ j ~ 


When these values are substituted in (61), and the lesult is com¬ 
pared with (59), it IS seen that \ 

tt/^ 

The first of equations (62) can be replaced by 


du 


}< + Z/A 

V K 


d(t 

dv 


Eliminating t fiom these equations, have 


(63) 


dv 


da 

du 


H 




da 

du 


If this equation be multiplied by 
reduced to 


Jb-ilT 

E 


? the lesult can be 


_ c? — 

dv du 


i 


da 

dv 


(b4) 


if 
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ese equations it follows that 



A^(z = 0 

eadily found that J3 also satisfies this condition 
othennic and isometnc parameters When the surface is 
I the coordinates also, the factors in (61) are conjugate 
y Hence the conjugate imaginary of t can be taken 
n this case a and j3 are conjugate imaginary also In 
lows we assume that this choice has been made, and write 

a = ^ 4- 

36 values be substituted in (59), we get 
d8^=X(d<f>^+df^) 

we see that the curves (f) = const and y/r = const form 
)gonal system Moreover, the elements of arc of these 
I Vxdyjr and Vxd<jf) respectively Consequently when the 
its d(f> and dy^ are taken equal, the four pomts (c^, yjr)^ 
yfr)^ (</), y[r + dy[r), (0 4- d(f), y/r 4- dy/r) are the vertices of a 
uare Hence the curves <f> = const and y/r = const divide 
ace mto a netwoik of small squares On this account 
rves are called isometric curves^ and <f> and yfr isometric 
rs These lines are of importance in the theory of heat, 
termed isothermal or isothermic, ’which names are used 
onnection as synonymous with isometric 
ever the linear element can be put in the symmetiic form, 
s similar to (66) give at once a set of isometric parameters 
versely, the knowledge of a set of isometric parameters leads 
3 a set of symmetric parameters But we ha'v e seen that when 
em of symmetiic parameters is known, all the others are 
equations of the form (60) Hence u e have the theorem 

any fair of real isometric parameters <f>, yfr for a surface, 
'er pai 7 (j>^, yjr^ is given hy equations of the j'orm 

4>i + ± 1 = ^0 (<#> =F 

andF^ are any functions covgugate imaginary to one another 
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Consider, for instance, the case 

( 68 ) = + 

From the Cauohy-Riemann differential equations 

/fiQ\ 

( / d(f> 

it follows that and are functions of both <f> and ^jr Hence 
the curves </>^= const, const are different from the system 
^ = const, i/r= const Similar results hold when +z is replaced 
iyy^i in the argument of the right-hand member of (68) Hence 

There is a double infinity of isometric systems of lines upon a sur 
faee^ when one system is known all the others can he found directly 

If the value (66) for a be substituted in the first of equations (57)^ 
the resulting equation is reducible to 

—2zAj^((^, yjr) = 0 

Since ^ and ^|r are real, this equation is equivalent to 
(70) A^<^ = Ai(<jf), i/r) == 0 

From (58) it is seen that these equations are tlie condition that 
(9, i^=0, when </> and are the paiameters I knee equations 

(70) are the necessary and sufficient conditions that and t/t be 
isometric parameteis 

Again, when a m (65) is replaced by ind all the fuiu- 

tions are leal, we have 

(71) A(^ = 0, A,^ = 0 

Conversely, when we have a function ^ satisfying the fust of these 
equations, the expression 


IS an exact diffeientiil Call it dyjr , then 


du dv d^jr 
H 


gA-j,A 



ISOTHERMIC ORTHOGONAL SYSTEMS 


e equations be solved for —» —» we get 

^ 0M a» ® 


dv du _d<f> 


dv 


s 


du 


du _ d<f> 
dv 


e express the condition — 

dv 


iduj du\dvj^ 


we find that 


Moreover, these two functions (f> and satisfy (70), 
][uence of (72) and (73), and therefore they are isometnc 
irs Hence 


*S8ary and sufficient condition that ^ he the isometnc param- 
e family of an isometnc system on a surface is that \<f> = 0, 
tnc parameter of the other family is given hy a quadrature 

ntally we remark that if u and v are a pair of isometnc 
)rs, equations (72) and (73) reduce to (69) 
othermic orthogonal systems If the linear element of a 
s given in the form (67) and the parameters are changed 
lance with the equations 

4 > =/i(«). («’)» 

r element becomes 


ds^==^\{f[^du H-f' dv\ 

le accents indicate diffeientiation However, this trans- 
n of parameters has not changed the coordmate lines , 
Gicients are now no longei equal, but in the relation 


L 

G 


U 


and V denote functions of u and v respectively 

rsely, when this relation is satisfied the linear element 

vritten 

dv\ 

he transformation of coordinates, 
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xt IS brought to the form (67), whatever be U and V, and the coorJ 
dinate lines are unaltered Hence ^ 

A necessary and sufficient condition that an orthogonal system <f\ 
parametne lines on a surfcuie form an isothermic system is that tU\ 
coefficunts of the corresponding linear element satisfy a relation of 

the form (74) | 

We seek now the necessary and sufficient condition which a ^ 
function (»(«, v) must satisfy in order that the curves ® = const 1 
and their orthogonal trajectories form an isothermic system | 
Either o), or a function of it, is the isothermic parameter of the 
curves <» == const We denote this parameter by ^, then ^ =/(w) 
Smce must be a solution of equations (71), we have, on substitution, 

A.a) f'(a>)+A,a> f'(a>)= 0 , 


ere the primes mdicate differentiation with respect to a If this 
equation is written in the form 

^ _/!M, 

AjO) /V) 

we see that the ratio of the two differential parameters is a func¬ 
tion of w Conversely, if this ratio is a function of w, the function 
/(ffl), obtained by two quadratures from 

Will satisfy equations (71) Hence 

A necessary and sufficient condition that a fannUf of curves 
const and their orthogonal trajectories form an isothermic sys¬ 
tem IS that the ratio 0/AgO) and A^cw he a function of <0 

Suppose we have such a function 00 , then the 01 thogonal tra 
jectones of the curves <0 = const can be found by quadrature , for, 
the differential equation of these trajectories is 


(78) (E^^-F^-f)du-\-(F^-^-G^f)dv==ti 

^ ^ \ dv duf \ dv duj 


If equation (76) be written in the form 


d_ 

dv 


E 


dot) ^do) 


f'(a>). 


dv 


du 


H 




/'(®) 


du dv 
H 


=0, 
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n that an integrating factor of equation (78) is 
'(a) 18 given by (77) Hence /(») and tie function 
by the quadrature 






dv du 

- H -’ 


O^-F^ 
dv H ’ 


ir of isometnc parameters From these equations and (77) 

S ijllStt; /» A-^ 

A * A 

Aj®, 

sequentlj, by means of (52), the linear element can be 
le form 

id(x? 4 . 

Aj® ^ 


ear element of the plane referred to rectangular axes is = (2x> + 

Ltly z and y are isothermic parameters, and we have the theorem 

im curoes whose equations are obtained by equating to constants the real 
nary parts of any function of x + iy or x^ty form an isothermal orthog- 
n, and every such system can be obtained in this way 


imple, consider 
any constant 




x^xy 

From this it follows that 
c^x 




x* 4- 2/* 




x® H- y^ 


\ circles 0 = const, ^ = const form an isothermal orthogonal system, 
f are isothermic parameters 

ove system of circles is a particular case of the system considered in § 34 
e whether the latter also form an isothermal system If we put 

"=®+=(j'® - 

X 


at 


Aiw = — (w® + 4 a**), 
x’* 



ratio of Aiw and A2W is a function of w, and consequently the system of 
isothermal From (77) it follows that the isothermic pai’ameter of the 

y IS 0 = _Ltan-i —, and the parameter of the orthogonal family is 
2a 2a 




— tanh-i 
2a 


Ja 



5 = y + 


y 
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ki ' 

/i 


f 


1 




EXAMPLES 

1 Show that the meridians and parallels on a sphere form an isothermal orthog 
onal system, and determine the isothermic parameters 

2 Show that a system of confocal ellipses and hyperbolas form an isotherma 
orthogonal system in the plane 

3 Show that the surface 


I (a^ — u) (efi - -uj y 

I (62 - -u) (62 - v) z _ ^ 

1 (C2 — U) (C2 — U) 


V(i)2—a2)(6“-c*)' e 

\(c2-a2) (C2-62) 


IS an ellipsoid, and that the parametric curves form an isothermal orthogonal system 

4 Find the curves which bisect the angles between the parametric curves oi 
the surface x u + v y _u ~ v _ uv 

ow that they form an isothermal orthogonal system 

6 Determine (p {v) so that on the right conoid x = u cosv, y — u smv, z — (p (v 
the parametric curves form an isothermal orthogonal system, and show that th« 
curves which bisect the angles between the parametric curves form a system o 
the same kind 

6 Express the results of Ex 4, page 82, in terms of the parameters tp and ^ 
defined by (66) 

42 Conformal representation When a one-to-one correspond 
ence of any kind is established between the points of two sur 
faces, either surface may be said to be repiesented on the other 
Thus, if we roll out a cylindrical surface upon a plane and saj 
that the points of the surface correspond to the lespective poiiib 
of the plane into which they are developed, we have a repicsenta 
tion of the surface upon the plane Fuitheimore, as thcie is nc 
stretching oi folding of the suiface in this dcvclopiiH nt of it upoi 
the plane, lengths of lines and the magnitude ol ingles *uc unal 
tered It is evidentlv impossible to niikc such a icpicscnt ition o 
every suiface upon a plane, and, in general, two suifaces of thn 
kind do not admit of such a representation upon one' another 
However, it is possible, as we shall see, to lepiescnt one suifac( 
upon another in such a way that the angles between coiiespond 
ing lines on the surfaces aie equal In this case we say that on( 
surface has conformal representation on the othei 

In order to obtain the condition to be satisfied for a conforina 
representation of two surfaces S and we imagine that they ar( 
referied to a corresponding system of real lines in terms of the 
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rameters u, v, and that corresponding points have the same 
ear coordinates We vmte their linaar elements m the 
ve forms 

Edu*+2Fdudv+ Gdt?, d»'*’=B'dij?+2P'diudv+G'^ 

le angles a and a' between the coordinate lines at cotre- 
g points must be equal, it is necessary that 

F _ F' 

y/lm ■'JWg' 


i d' denote the angles which a curve on 8 and the corre- 
g curve on S' respectively make with the curves v = const. 
8 of the former curves, we have, from (23) and (25), 


smdj 


H dv 
Ve d» 


, ». H du 


\ 


Sin dj = 


H' dv 

■/s' 


/ / ^/\ ^ dvi 


Dthesis fl)'= ± fi) and 0[^± 6^^ according as the angles have 
e or opposite sense Hence we have 

— 4. ^ ^ ^ _ 4. ^ ^ 

dB' V!* d% ’ di’ yfQ ds ’ 

ig to the sense of the angles From these equations we find 

VT_ VP 

^”V^’ 

in combination with (81), may be wiitten 



^ denotes the factor of propoitionality, a function of u and 
leial Fiom (83) it follows at once that 

d8'^=-eds^ 


when the proportion (83) is satisfied, the equations (81) 
) follow Hence we have the theorem 

cessary and Bufficient condition that the representation of two 
] referred to a corresponding system of lines le conformal is 
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that the first fundamental coejfieients of the two surfaces be propor--^ 
tional, the factor of proportionality being a function of the param- | 
eters f the representation is direct or inverse according as the relatue 
positions of the positive half tangents to the parametric curves on the | 
two surfaces are the same or symmetne ^ 

Later we shall find means of obtaining conformal representations 

From (84) it follows that small arcs measured from correspond¬ 
ing points on 8 and 8^ along correspondmg curves are m the same 
ratio, the factor of proportionality bemg in general a function of 
the position of the point Conversely, when the ratio is the same 
or all curves at a point, there is a relation such as (84), with t a 
unction of u and v at most And since it holds for all directions, 
we must have the proportion (83) On this account we may say 
that two surfaces are represented conformally upon one another 
when m the neighborhood of each pair of homologous points corre¬ 
sponding small lengths are proportional 

43 Isometric representation Applicable surfaces When in par¬ 
ticular the factor t is equal to unity, corresponding small lengths 
are equal as well as angles In this case the representation is said 
to be isometric, and the two surfaces are said to be applicable The 
significance of the latter term is that the portion of one surface in 
the neighborhood of every point can be so bent as to be made to 
coincide with the corresponding portion of the othei surface with¬ 
out stretching or duplication It is evident that such an applica¬ 
tion of one surface upon another necessitates d continuous an ay of 
surfaces applicable to both 8 and 8^^ This process of tiansloim ition 
IS called deformation, and 8^ is called a deform of 8 and vice versa 
An example of this is affoided by the rolling of a (ylinder on 
a plane 

' Although a conformal representation can be ost iblished between 
any two surfaces, it is not true, as we shall see lat( r, that any two 
surfaces admit of an isometric representation upon one another 
Fiom time to time we shall meet with examples of applicable sui- 
faces, and in a later chapter we shall discuss at length problems 
which arise concerning the applicability of surfaces However, 
we consider here an example afforded by the tangent surface of a 
twisted curve 
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idi 


'all that if tc, y, 2 axe the coordinates of a point on the 
iressed in terms of the arc, tlie equations of the surface are 

“ f = a: + a/t, 5;=y + y<, ?=2 + A 
near element of the surface is 


da^ 



d^ *4“ 2 d$dt -f* d^j 


Lenotes the radius of curvature of the curve, 
his expression does not involve the radius of torsion, it 
hat the tangent surfaces to all curves which have the 
msio equation p =/(«) are applicable m such a way lhat 
the curves determined by the same value of a correspond. 
IS a plane curve with this equation, the sur&ce is apph- 
bhe plane in such a way that points of the surface corre- 
points of the plane on the convex side of the plane curve 
ngents to a curve are the characteristics of the osculating 
the point of osculation moves along the curve, and con- 
they are the axes of rotation of the osculating plane as 
enveloping the surface Instead of rolling the plane over 
nt surface, we may roll the surface over the plane and bring 
points into comcidence with the plane It is m this sense 
surface is developable upon a plane, and for this reason 
d a developable surface (cf § 27) Later it will be shown 
y surface applicable to the plane is the tangent surface of 
§b4) 

nformal representation of a surface upon itself We return 
nsideration of conformal representation, and remark that 
onsequence of equations (83) is that the minimal curves 
id upon S and S' Conversely, when two sui faces are 
0 a coirespondmg system of lines, if the minimal lines on 
.urfaces correspond, equations (83) must hold Hence 
88ary and sufficient condition that the representation of two 
upon one another he conformal is that the minimal lines 
d 

minimal lines upon the two surfaces are known and taken 
etnc, the linear elements are of the form 


df?^\ dadjS, ds'^^\daftp^ 
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Hence a conformal representation is defined m the most general 
way by the equations 


(86) 

a^=F{a), 

A = -P’x(^). 

or 



(87) 

a,=F(0), 



where F and are arbitrary functions which must be conjugate 
imaginary when the surfaces are real 

Instead of interpreting (85) as the linear elements of two sur¬ 
faces referred to their minimal lines, we can look upon them as 
the linear element of the same surface in terms of two sets of 
parameters referring to the mmimal lines From this point of 
view equations (86) and (87) define the most general conformal 
representation of a surface upon itself If we limit our considera 
tion to real surfaces and put, as before, 

a=ct> + iyjr, — a^= (f>^^ A == ~ 

the functions 0, and are pairs of isothermic parameters 
Now equations (86), (87) may be written 

( 88 ) + iyjr^ = F(<p ± lyjr) 

Consequently we have the theoiem 

When a pair of isothermic parametei ^ (f)^ of a surface are laiowi 

and the surface is referred to the huts const, ^ unist ^ tin 

most general conformal representation of th< suit an upon ifsdf i 
obtained by making a point {41,^1^) comspoud to tin point 
into ivhich it can be transformed in atiordunii with i (pintion ( 8 S) 

As a corollary of tins theorem, wt li i\c 

When a pan of isothermu jjarariutiis is known for nuh of tn 
surfaces^ all the (onj-ornial niirtsentations oj ont sin fan upon th 
other can he found diuctly 

Consider two puis of isothuinie piiaincteis -^r uid c/)„ fo 
a suiface and suppose then lelatioii is 

(89) l'ylr^^F{(f> + lyjr) 

If two curves C and aie in coriebpondenco in this icpresenh 
tion, their parametric equations must be the same funetional rel 
tion between the parameters, namely, 

/(<^, V") = 0, /(<^^, '^i) = 0 
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by d and 6^ the angles which C and make with the 
Jr = const and '^ 1 = const respectively If we write the 
[ement of 8 in the two forms 

s from (28) that 


cos 0 = • 


d<f> 


cos^. 


■ 

"f” 


sin 6 = 


sin ^1 = 


d^fr 


"y/d<j>^ 




Vd^* -f dyjr^ 


ese expressions we derive the following 

d^ — t dyfr d(f>^ — % dyfr^^ 

n consequence of (89) we have 

Q lb the function conjugate to and the accents indicate 
biation with lespect to the argument If T and are 
pair of coirespondmg curves, and their angles are denoted 
i it follows from (90) that 


) right-hand member of (90) is meielj a function of the 
of the point and is independent of diiections Hence in 
formal lepresentation defined by an equation of the form 
angles between coriesponding curves have the same sense 
1 , now, the coriespondence satisfies the equation 

ition analogous to (90) is 

g‘>t(fl,+0)_ ^'(4^ — lyjr) 

ently the corresponding angles are equal in the inverse sense 
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45 Conformal representation of the plane For the plane the 
preceding theorem may be stated thus 

The mo»t general real conformal representation of the plane upon 
itself IS obtained by making a point {x, y) correspond to the point 
{Xy, y^, where Xy-k-iy^ is any function of x + iy or x — iy 


We recall the example of § 41, namely 

(i) = 


c2 


x — iy 


where c is a real constant This equation is equivalent to 


( II ) a; = 

and also to 

(III) 


c^i 


y = 


a;i = 




(** + »**)(*!+yi) = c*, 


a;2 4-y2 


yi = 


a;2-}.y2 


Hence the parallels x = const and y = const, in the a^z-plane, are represented 
in the xiVi-plane by circles which pass through the origin and have their centers 
on the respective axes Conversely, these circles in the xy plane correspond to 
the parallels in the rcij^i-plane 
If we put 


cc2 + 2/2 = 

equations (ii) and (iii) may be written 


+ y{ = 


(IV) 


® __ Xi 

r~' r\ 


r ri ’ 


rri = c2 


Hence corresponding points are on the same line through tlio origin, and their 
distances from it are such that rri = c2 On this a( count equ itioiis (iv) are 
said to define an inversion with respect to the circle oi, since ri = c^/r, 

a transformation by reciprocal radii vectored 

From § 44 it follows that conesponding angles aie equal m the inverse sense 
For the case 


(V) 


Xi + lyx - 


c2 

x+iy 


the equations analogous to (iv) are 


r n r Ti 

Hence the point Pi(xi, yi) corresponding to P(x, y) lies on the line which is the 
reflection in the x-axis of the line OP, and at the distance OPi = c2/r I vidently 
this transformation is the combination of an invei’Sion and the transformation 
xi = X, yx^-y 

One finds that the transformations (i) and (v) have the following properties 

Every straight line is transformed into a circle which passes through the origin, 
and conversely 

Every circle which does not pass through the origin is transformed into a circle 
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[Topose now the problem of finding the most general conr 
ransformation of the plane into itself, which changes 
-ot pas9%ng through the origin into circles In solving it 
the plane to symmetric parameters yS, where 
a^x+iy^ y8=a: —ly 

lation of any circle which does not pass through the 
. of the form 


c(xfi + cut + ip 4* d = 0, 

, 5, c, (7 are constants, when the circle is real a and i 
conjugate imaginanes and e real Equation (91) defines yS 
Lction of a If we differentiate the equaUon ihree times 
pect to and eliminate the constants from the resulting 
s, we find 

3;3""-2y8'/9"'=0, 

he accent mdicates differentiation with respect to a 
ir, as equation (91) contams three mdependent constants, 
I general integral of (92) 

mow that the most general conformal representation of 
le upon itself is given by 

a^=:B{P), P^==A(a) 

iblem reduces, therefore, to the determination of functions 

?, such that the equation 

3y3''^^2y8'/Sf=0, 

he accent indicates differentiation with respect to can 

jformed by (93) or (94) into (92) 

onsider first equations (93), which we write 

«=A,(a,), P, = B(P) 


da da, ' 


manner we find y8j[' and y8[" When their values are sub- 
in (95) we get, since A[ and B' are different from zero, 

B' A^ 
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Since equation (95) mubt be directly transformable into (92), it 
follows that 


(96) 


320, SAl'^— 2 Ai'A("= 0 


As these equations are of the form (92), their general integrals 
are similar to (91) Hence the most general forms of (93) for 
our problem aie 
(97) 

' ^ a^a + a^ DiP+o^ 


Moreover, when these values are substituted in an equation in 
/Sj of the form (91), the resulting equation in « and yS is of 
this form 

Equation (91) may likewise be looked upon as defining a in 
terms of /9, so that a, as a function of /S, satisfies an equation of the 
form (92), similarly for as a function of /3j Hence if we had used 
(94), we should have been brought to results analogous to (97), and 
therefore the most geueial forms of (94) foi oui pioblem aie 


(98) 

Hence 


_ h,B+K Q _ + (I 

‘ b,f3+b,' a,a+a, 


When a plane is defined in symmetric parann h rs (x, /3, the most 
general conformal representation of the plane npon for which 

circles correspond to circles or straight hnes^ is gnu n hf/ (97) or (98) ^ 


EXAMPLES 

1 Deduce the equations which define the most gciu i il < onfoinul k pn s( iil iiion 
of a suiface with the liiitai elcmuit ds^ = dv? -f (a^ — a )do^ uixoi iK( II 

2 Show that the suifices 

x = uco^v, y = ?^siiio, ^ ~ ai\ 

x = ucosVy ^ = us\iiv z = n (()s}i I 

a 

are applicable inul the cm vc in whidi i pi im tlnoiuii tin ^ i\is (ills (Ik lilid 
suiface, and deduct the cquitions of tlic i onfoiin il upusi id it ion ot (Ik si suit ucs 
on the plane 

8 When the repicsenUtion IS dchiud by {<)7), wlnl ui tin ( ooidiii ili s of llu 
center and radius of the circle in the iti pi iiu which toiii spomls to tin iinU of 
center (c, d) and radius r in the a plane 

*The transformations (97) and (08) play an important roU in tin (hooiy of fnni tions 
For a more detailed study of them the reader is referred to the treatises of Picard Daiboux, 
and Foisyth 
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7 that in the conformal representation (97) there are, m general, two 
nnts, each of which correi^nds to itself, also that if 7 and d are the 
ct at these points, then 

= ir- «1 + ««- «*)*+ 

ri-5 a-5 ai + Oi +\/(4ii - 04 )*+ 4a*a* 

the condition that the origin be the only point which corresponds to itself, 
that if the quantities ai, os, 04 are real, a circle in the or-plane through 
0 correi^nds to a circle in the ori-plane through O and touching the other 
0 that a circle touching the te-azis at 0 corresponds to itself 

equation 2ai = (a —b) a + »where a and b are constants, defines a 

representation of the plane upon itself, such that circles about the ongm 
It lines through the latter m the a-plane corre^nd to confooal elUpses 
bolas in the ai plane 

he conformal representation cti = logo: to lines parallel to the x- and 
the OTi-plane there correspond lines through the origin and circles about 
ar-plane, and to any orthogonal system of straight lines in the ori-plane 
inal system of logarithmic spirals m the 0 : plane 

iirfaces of revolutioii By definition a surface of revolution 
irface generated by a plane curve when the plane of the 
made to rotate about a line in the plane The various 
i of the curve are called the meridians of the surface, and 
es described by each point of the curve m the revolution 
d the parallels We take the axis of rotation for the s-axis, 
^axis and y axis any two lines perpendiculai to one another, 
he j 2 -axib, and meeting it in the same point For any posi- 
he plane the equation of the curve may be wiitten s = ^(y), 
denotes the distance of a point of the cul^ e fiom the z axib 
; denote the angle which the pi me, in iny of its positions, 
ath the it 5 :-plane Hence the equations of the suiface aie 

iC = rcosv, 2 / = rsinv, z=^(j>{r) 

‘ar element is 

It 



ar element is transformed into 

ds"* = X{du^ dv)^ 
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■where \ is a functioa of w, which shows that the meridians and ^ 
parallels form an isothermal system As this change of parameters ^ 
does not change the parametric lines, the equations 

a: = «, y = % 

define a conformal representation of the surface of revolution upon 
the plane in which the meridians and parallels correspond to the 
straight Imes x = const and y = const respectively 

By defimtion a loxodromic curve on a surface of revolution is a 
curve which cuts the meridians under constant angle Evidently 
it IS represented on the plane by a straight line Hence loxodromic 
curves on a surface of revolution (99) are given by 




dr + hv+c = 0, 


where 5, c are constants 

Incidentally we have the theorem 

When the linear element of a surface ts reducible to the form 
dB^^\{du^-\- dv^)^ 

where X le a function of u or v alone, the surface is applicable to a 
surface of revolution 

For, suppose that X is a function of n alone Put r = Vx and 
solve this equation for w as a function of r If the lesulting 
expression be substituted in (101), we find, by a (piadiatiire, the 
function <f>{r), for which equations (99) define the suiface of 
revolution with the given linear element 

When, in particular, the surface of revolution is the unit splieie, 
with center at the origin, we have 


r = sin u. 


z =v 1- 


r = cos ?/, 


where u is the angle which the radius veetoi of the point makes 
with the positive z axis Now 


—J* ~ + (j>'^dr = log tan ^ 


Hence the equations of correspondence are 
a; = logtan|, 
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resentation is called a Mereator chart of the sphere apon 
i It IS used in making maps of the earth for manners 
ipresented by a straight line on the chart cuts the mendians 
nt angle 

informal representations of the sphere We have found 
at when the umt sphere, with center at the ongm, is 
to minimal Imes, its equations are 


a/S+l’ 




a ^+1 ’ 


aj3^1 




and yS are conjugate imaginaiy Hence the paiametnc 
of any real circle on the sphere is of the form 

€a/3+ aa + J = 0, 


and h are conjugate imagmaiy and e and d are real 
IS it follows that the problem of finding any conformal 
tation of the sphere upon the plane with circles of the 
n correspondence with circles or straight lines of the 
the same problem analytically as the determination of 
i of representation of the plane upon itself Hence, from 
Its of § 45, it follows that 


mformal repreaentattons of the sphere (103) upon a plane^ 
les of the former corresponding to circles or straight lines 
tter^ are defined hy 


x,±iy^^ 


a^a -f a<, 
a^a -h 






* 


ish to consider in particular the case in which the sphei e 
>ented on the xy plane in such a way that the great cir- 
rmined by this plane corresponds with itself point for 


(103) we have that the equations of this circle are 


a;/3 = l. 


a^l 

X = -7;—1 

2 a 


y = 


l-« 
^ 2a 


ipresentation with the lower signs is the combination of the one 'w ith the upper 
le transformation cti =j3, = a, which from (103) is seen to transform a figure 

}re into the figure symmetrical with respect to the zz plane 
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Wb 0 B these values are substituted m (104) it is found that V8!fe| 
must have j^=0, 

so that the particular form of (104)* is equivalent to 

*j=|(a + /8), y,= \{P-«) 

From these equations and (103) we find that the equations 
of tiie straight lines joining corresponding points on the ‘-pluie 
< ^T»d plane are reducible to 

X r - _ l--^ 

a; + y3'"t(/3—a) 2 

For all values of a and yS these lines pass through the point (0,0,1) 
Hence a point of the plane corresponding to a given point P upon 
the sphere is the point of intersection with the plane of the hne 
joining P with the pole (0, 0, 1) This form of representalaon is 
called the stereographic projection of the sphere upon the plane 
It IS evident that a line m the plane corresponds to a circle on 
the sphere, this circle is determined by the plane of the pole and 
the given line 

We will close this chapter with a few remaiks about the con 
foimal representation of the sphere upon itself From the fore 
going results we know that every such representation of the 
sphere (103) is given by equations of similar form in cTj, wheie 
the latter are given by (86) or (87), and that for conformal repre¬ 
sentations with circles in correspondence and have the values 
(97) 01 (98) 

We consider in particular the case 
apc + a 

(105) ^1= ^1= 


ajx + a^ 


■ a ^ 


The expressions of the linear elements of the sphere are found 
to be reducible to 


4 dadfi 

*-(TTW’ 




4 4 dadjB 


(l + nA) (l + «/3)" 


* Heie we have used the upper signs in (104) 







sxsBsooEunaio imacnov lu 

iqoiitMMMi (105) d«flM m ill—>fifa of tho 

tpoa iteell Si^ ong^ on is tte omm a —m 

k, tbs lopns—ioti— —7 Imi loohod wifm m ibt—ioiiig 
n of o onfignn tfaoo vpm IIm spl—• arto —v -rd^rr:^ 

The —dM— 17 goiiili Is Urn g—onl aMlba, it thpo 
, oomqpond to vilMi of m m$A 0, wkUk on noli of 
teotive eqoote— 

I ^ an fte looto of iiie ft— mb; liw—of tib loMor an 
/ty. Hei—th«n«i ft—pDiBlo:^'!—r^jr in tfto anti—* 
iribuMr eo9idinotas an 

{.-}} (.-1). (.-i> 

103) it IS seoD that fiiat two on at uftaify, aod tho 
0 detename points on the qiheio, so tihot the laotMMi is a 
about these points. If tho *«zi8 mi token inr the axis of 

l, we have ftom (103) that the roots ol (106) most be oo oad 
e a^= 0, so that (105) becomes 



otation IS real, these equations most be of the form 
0 IS the angle of rotation 



If 


f 


EZAKPLSS 

id the equationb of the surfat-e uf rtM lulion ^ith tlit hucir tiemtiit 
+ (a - 

id the loVKlrumic cunet* on the surfut 

x=ucosr y = M'•in r 2 = <i i o'!! 

tilt equitions of the urfnt wluii riftm-d t in irtht^<iitl \ t* in <f 
veb 

id the Gfeneril eqiiTtions of tht tinforuiil njn'^iiiti 1 ft' »1 ti* 
upon the plane 

o\% th-it for the siirfue ^tmriud b\ th* re\nhiu n f tht \ ini f 
iiirv about the bate of the laiur iJie linear tUiuLiit 1 it i 1 1 It- i * 

2 + 
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^ nita tike mendian u = 0 in latitude a under 

^ Bteieograpbic projection 

i; IMkImIso ®>® ateieogEaphic projection of the curve a? = asmx4^cosw, 

^buerax examples 

* 

*jt WftffBt Hgra Iff Ifr pQ^T^t correspondence between two surfaces, the 

% lif ^3®® SQrfaoe at a point is equal to the cross-ratio of 

sto^other 


J jr=46««n», * = 2«?>(o cos*t) + 6sin»i)), 

kw* -rm*— the equation of the carves on the surface, 
■> ^ carve saake a constant angle with the xy-plane 

9|b^ ^ dev^opable E, enveloped by these planes, make a 

MZ 3 «, and express the coordinates of the edge of regression 


f. 9M the <»E«bogoDal trsqdctones of the generators of the surface E in £z 2 
SUmf fbaor plane curves and that their projections on the x^-plane are 
.Ipiciniwii if Ibe projeetian of the edge of regression 


i. Lei C be a curve on a cone of revolution which cuts the generators under 
aonslanl angle, and Ci the locus of the centers of curvature of G Show that Ci 
ties upon a oone whose elements it cuts under constant angle 


ir developable of a curve is developed upon a plane, the curve 
- *,-mt 

he rectifying developable of a curve is developed upon a plane, the 
a straight line 


T Determine <p (v) so that the right conoid, 

® = ucos«, y=u8mv, z — <f){y)^ 
shall be applicable to a surface of revolution 


S Determine the equations of a conformal representation of the plane upon 
itself for which the parallels to the axes in the ai plane correspond to lines through 
a point (a, 6) and circles concentric about it m the a plane 

9 The equation ui = c sin or, where c is a constant, defines a conformal lepre- 
sentation of the plane upon itself such that the lines parallel to the axes in the 
a plane correspond to confocal ellipses and hyperbolas in the ai plane 

10 In the conformal representation of the plane upon itself, given by ai = a:®, 
to lines parallel to the axes in the ori plane there correspond equilateral hyperbolas 
In the a-plane, and to the pencil of rays through a point in the ori-plane and the cir¬ 
cles concentnc about it there corresponds a system of equilateral hyperbolas through 
the corresponding point in the cr-plane and a family of confocal Cassini ovals 

11 When the sides of a triangle upon a surface of revolution are loxodromic 
curves, the sum of the three angles is equal to two right angles 

18 The only conformal perspective representation of a sphere upon a plane is 
given by (104) 
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ow that eqizatioits {lOS) and the eqaalaoiw o&taioed fim ( 106 ) bj the 
2;e of a: and p define the most generai leometnc lepinsentatioii oi the 
on Itself 

t each of two snif aces fill be defined m terms of parameters a, and 

on each with the same -valnes the parameters oorrespcmd. If J? = Hi, 
latter is the function for fii anaiogons to JS for fi, ocnreqxmding elements 
e equal and the representation is said to be egvlsateat * If JSf Hi and 
leters of fil are changed in acooxdanoe wifili the equatmoss^s a), 
i)f the condition that the equationsit, v'sa define an eqnnalent 
a of Sand Si w 3^3^ 8»8»_ B(*,v) 

du dt 89 du Hi{^, 

ider what conditions do the eqnatums * 

aj'=ai» +dsy + ot, y'ss bix+ hg 
equivalent representation of the plane upon ztsdf f 
ow that the equations 

X =y* r VT+^dr, y = d, 

I an eqmvalent representation of the surface of revolution ( 9 Q xqpon the 

ven a sphere and circumscribed circular cylinder If the points at which 
Licular to the axis of the latter meets the two surfaces correqiond, the 
ition is equivalent 

nd an equivalent representation of the sphere upon the plane such that 
lei circles correspond to lines parallel to the y axis and the meridians to 
>r which the extremities of one of the prmcipal axes are (a, 0), (— a, 0) 


* Qeman writers call it" flachentreu * 




CHAPTER IV 

m A SCBSACS IN THE NEIGHBORHOOD OF A POINT 


^ ffmmfffnitiffn^Tt* oae^teients of tha second order In this chapter 
< Ifee form of a saifeoe m the neighborhood of a point M 

lil 4 l, aill 4 of the cnrves which lie upon the surface 

imt the point We recall that the tangents at M to 

4ft Cbm lie m a plane, — tTte tangent plane to the surface at 

#» jpBt^ 

THw ec^udiUm of the tangent plane at M[x, y, 2), namely (II, 11 ), 
May bevTitt^ 

( 1 ) {^-x)X+{7i-y)Y+{^-z)Z=Q, 

wfaexe we have put 


/0\ 


X== 


H 



dz 


dz 

dx 


dx 

dy_ 

du 

du 


du 

du 

z-^ 

du 

du 


dz 


dz 

dx 

’ ^ H 

dx 


dv 

dv 


dv 

dv 


Tv 

dv 


We define the positive direction of the normal (§ 25) to be that 
for which the functions Jl, F, Z are the direction cosines From this 
definition it follows that the tangents to the curves v — const and 
u = const at a point and the normal at the point have the same 
mutual orientation as the x-^ y~^ and z axes 
From (2) follow the identities 

w 2 a-|.o, 

which express the fact that the normal is perpend.icular to the tan¬ 
gents to the coordmate cuives In consequence of these identities 
the expression for the distance p from a point (u + du^ v + dv) 
to the tangent plane at M is of the second order in du and dv 
It may be written 

(4) p = ^Xdx = ^(D 2D’dudv+D^^dv^) + e, 
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I « denotes the aggregate of terms of the third and highear 
1 in du and dv, and the fnnotions D, I/, If am defined 




i)«=VxE 


lations (3) be differentiated: with respect to w and v leepeo- 
, we get 


ft V-r^» ,^dXdx . 
^ ^ d^x , ^ dX dx v' V . XT' ^X dx 


^ aw gy 


50 equations (5) may be wntten 


D ^ = —2) 


aw aw’ 


^ a ^_ ^s^dX dx ^aJT dx 

dudv'^'^^lu dv 

7)"=V 1 ^=:—V?:^ ~ 

ai»^ ay dv 

e quadratic differential form 

<I> = 2) + 2 Pdudv + D'^dv^ 

led the second fundamental form of the surface, and the func- 
D, 2)', i>" fundamental coefficients of the second order We 
it to the reader to show th it these coefficients, like those of the 
rder, are invariant foi an} displacement of the surf ice in space 
ter we shall have occasion to use ti\o sets of formulas i\hich 
low be derived 

)m the equations of definition, 


A = 2 ; 


^=V£i! 

ru 


■sCi 


t, by diffeieiitiation and simple leduction, the following 
ex 0 X 1 a^ cx c 1 cl* c }l 

^cu cu ^ 1 cu" ^ci CM ~ cn 2 cv ’ 


^ cu cu 2 cu ^ 

cx c Jt _ \ ch/ 

^ cu duev 2 cv 


^ dx d"* X cF 1 cG Cl 

^ du dv^ ^ dv 2 dll' ^ ci 





ar Of i. 0O1£EA£!E ABOUT A POIFT ; 

(&) be sabetifcuted in the left-hand mem- 
4rf! jjhp-e(p*ti<®8» reduced results may be written 
in ^ fonn indieated 

\^9v ^ iru, \ 8 m 8 «/ 

3t» 8 m \ 8i> Zv) 

dan be found by permutmg the letters x, y,z, 

£l 

' olitiillTr. by difterentiation with respect to u and v respectively, 

_s and (7) constitute a system of three equations 

ZY ZZ , .1 ZX ZY ZZ ^ , 

I —, —, —, and a system Imear in -—5 — > — Solving 
•=- ■' dv Zv Zv ° 


on 


Zu 3u Zu 
ZX 


for — and for — ? we find, by means of (11), 
8 m Zv 


as) 


Zu 

!£. 

Zv '' 


FB'-GDZx , FD-ED'Zx 
-I-’ 


The expressions for ^ i 
and z respectively 


Zu 

FD"~6I>'Zx 
Zu 
ZZ 


+ 


Zv 

FjD'-FD"Zx 

Zv 


Zv 


are obtained by leplacing xhy y 


By means of these equations we shall prove that a real surface whose fiist and 
second fundamental coefficients are in proportion, thus 

(U) ® 


= ?^z= — --\ 

E" F'^ Q " 


where X denotes the factor of proportionality, is a sphere or a plane We assume 
that the minimal lines are parametric In consequence we have 


so that equations (13) become 
dX 


E = G = D = jD = 0 , 


(16) 


- = x?? 

du d% 


01 ? 01 ? 
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nctian X must satijsfy the ooi^tion 



- . d\dx d\d!C ^ ^ ^ ^ 

reduces to —= Moieow, we have two other eqoatiosttof 

of) du ou dt> 

on, obtained from the above by replaomg a by y and z reepeettvely Smoe 
)portion ^ ^ ^ ^ 

bft du du~'df) d® do 

3X 0X 

possible for a real surface, we must have ^ = — = 0, th^ is, X is a oon- 

01* a® 

When X is zero the functions X, T, Z given by (15) are oonstant, and 

uently the surface is a plane When X is any other constant, we get, 

jgration from (16), 


X=Xa: + a, y' = Xy + &, 2; = Xz + c, 


a, 6, c are constants From these equations we obtam (Xx + a)* + (^ ^ 
f c)3 = 1 Smce this is the general equation of a i^ihere, it follows that tlm 
ondition is necessary as well as sufficient 


Radius of normal curvature Consider on a surface S any 
C through a point M The direction of its tangent, MT^ 
ermined by a value of dv/du Let S denote the angle which 
ositive direction of the normal to the surface makes with the 
ve direction of the principal normal to C at -df, angles being 
ired toward the positive hmormal If we use the notation of 
rst chapter, and take the arc of C for its parameter, we have 

cos 5 = A7 + Ym + Zn = p(x^+ Y^ + 

ds dr ds^/ 

ims of ^ and ^ the deiivatives m the parenthesis have 
da da 

orms 

d^x _() X /duV o cx du dv /dv^ ^ 

da' du^\da/ "" cu<iv da ds cvxda)^ 

it the above equation is equivalent to 

cos G) Ddii + 2 D^dudv + D^^dv 
p Ldw-^- 2Fdudv Gdv 

le right-hand member of this equation depends only upon 
urvilinear coordinates of the point and the direction of MT^ 
the same for all curves with this tangent at M Since p is 
ve, the angle m cannot be greater than a right angle for one 
) tangent to MT^ if it is less than a nght angle for any other 


0^10/ 





about a point 

liiiMt to XTt «A J 1 C 6 ■versa. We consider in particulai 
^ ^ snrfeoe is ent by the plane determined by 

vsKsaAl to toe sarface at JW We call it the normal 
to XT, and let p, denote its radius Since the 
K|l||hl4itoA «£ eqaabon (16) is the same for C and the 

toifctol tougent to it, we have 
cofica e 

4$^ 4*1 or —1, ^leoordmg as ® is less or greater than a right 
ftir ^ aud are positive Equation (17) gives the follow- 
>of Member 

^ cuirva^ure of any curve upon a surface is the pro- 
igOT osculatmg plane of the center of curvature of the 
taangmt to the curve at the point 



M to avoid the ambignous sign in (17), we introduce a 
Hit# fnnotaon which is equal to when 0 < o) < 7r/2, and to — 
when w/% < S < -TT, and call it the radius of normal curvature of the 
«ur&oe for the given direction MT As thus defined, B is given by 

1 _ i) du^ 4 2 B'dudv + D" dv^ 

^ ' B Edu^ 4 2 Fdudv 4 G dv^ 


Now we may state Meusnier’s theorem as follows 

If a segment,^ equal to twice the radius of normal curvature for a 
given direction at a point on a surface^ he laid off from the point on 
the normal to the surface^ and a sphere he described with the segment 
for diameter,, the circle in which the sphere is met hy the osculating 
plane of a curve with the given direction at the point is the circle of 
curvature of the curve 

50 Principal radii of normal curvature If we put ^ ^» equa¬ 

tion (18) becomes 

(19) i = 

\\ hen the proportion (14) ib satisfied, B is the same for all values 
of being x for the plane, and the constant —1/X for the sphere 
For any other surface B varies continuously with t And so we 
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) values of t for 'vlueh JS is a maxiiBum or muumum 
end we differentiate the above expression with respeet 
I put the result equal to zero This gives 

)'+ I>"t) (JET+2 + <?t») - (JP+ Gt){p +2i>'<+=0, 

{FD” - GB') t®+(AD" - {?D) t+ {ZJ^-FD )=0 

t any loss of generaUly we can assume that the psrametnc 
lie such that D#: 0, so that we have tiie idmitity 

ED"-GDf- 4 {FD"-D'G) {EP-FD) 

{BD^-FD^ 

he suiface is real, and the parameters also, the right-hand 
of this equation is positive Since the left-hand member 
iscriminant of equation (21), the latter has two real and 
roots * When the test (III, 34) is applied to equation (21), 
ind that the two directions at a point determined by the 
(21) are perpendicular Hence 

*ry ordinary point of a surface there is a direction for which 
us of normal curvature zs a maximum and a direction for 
za a minimum^ and they are at right angles to one another 

) limiting values of R are called the principal radii of 
cxu vature at the point They are equal to each other for 
le and the sphere, and these are the only real surfaces 
lb pioperty 
(20) and (19) we have 

F (jt JbFt R 

he following relations hold between the piincipal radii and 
esponding ^ alues of t 

L^l^t-R{D^P^t)^Q, 

Ici tint the two loots be (.qinl the disciiniinant must ^anlsh This is impos- 
al sill 1 K cs othc r tlnn spheics 'ind planes *is seen fiom (Jrl) For an ima^inar\ 
tins kind leferred to its lines of length 7ero we ln\ e fiom (Jl) that IJ or D 
1 he vaiiibliing of the disc i immant is al&o the nei essarv and sufticient 
hat the uumeiatoi and denominator in (19) have a common factor 


= 4 ^ (ED’~FDf+ AD"- GD— 


2F 

B 



IM OF A StJBFAC® ABOUT A K>33frT 

IHmk * fc ^SoHwt*^ feooa tfceoe eqtiatioDs, we get the equation 

PI) 2FD')Ii + {JSG-F^)=0, 

irihMB 3»c#» •» ^16 pruMSipal radu If these roots be denoted by 

fl . 1 BP"+GI)-2FD' 

-1- ’ 

i9S\ 

W 1 DD"—D'® 


jllHirt a!^ equations (14) hold at all points of a sphere and a 
9BsA 33^ other surface} it may happen that for certain par- 
peijoti of a surface they are satisfied At such points 
m fef (t9)» IS the same for all directions, and the equa- 

ISm (81) WftWies identacally When points of this kind exist they 
msb mJbihcal points of the surface 


EXAMPLES 


1 Wh&& tile equation of the surface is z =/(«, y), show that 

X, r,z= 

Vl + p* + g8 

=-=44L=. 

Vl+J>3+ 

dz dz d^z d^z , 


AD'.JD = 


2 Show that the normals to the right conoid 

X = U cost, y =r w sin D, 2 = 0(v) 
along a generator form a hyperbolic paraboloid 

8 Show that the principal radii of normal curvatuie of a right conoid at a 
point differ in sign 

4 Find the eiqiression for the radius of normal cuivatuie of a surface of levolu 
tion at a point in the direction of the loxodromic curve through it, which makes the 
angle or with the meridians 

5 Show that the meridians and parallels on a surface of revolution, x = u cos v, 
y = u Sint? z = ^(w), are the directions in which the radius of normal curvature is 
maximum and minimum, that the principal ladii are given by 

1 ^ <f>"(u) 1 __ <p'(u) 

Pi (1 + 0 2)!’ p2 it(l + 0 2)!’ 

and that is the segment of the normal between the point of the surface and the 
intersection of the normal with the z axis 

6 Show that Aix = 1 — X® and Ai (x, y) = — XF, where the differential param¬ 
eters are formed with respect to the linear element of the surface 
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mes of cttrvature Sqtiadons of Sodngaes. We li&Te seen 
curves defined by equation (21), written 

W-FD) {ED^--GD)dudt) + {FIf- Glf)dt^^ 0 , 

orthogonal system As defined, the two curves of the sys- 
>ugh a point on the surface determine the directions at the 
which the radii of normal curvatore have their Tnaxnmnn 
imum values These curves are called 
? of curvature^ and their tangents at 
the prtnetpcd diredtMiM for the point, 
ssess another geometnc property which 
now find 

normals to a surface along a curve 
ruled surface In order that the suiv 
developable, the normals must be 
to a curve (§ 27), as m fig 12 If 
-dmates of a point on the normal 
nt ilf be denoted by a?!, we have 

denotes the length MM^ If be a point of the edge of 
on, we must have 

' + r Xdr _dy^r dY^ Y dr _ dz + rd Z+Zdr 
X ~~ Y Z 

ying the numerators and the denominators of the lespec 
mbers by JT, F, Z, and combining, we find thit the common 
dr Hence the above equations i educe to 

h-hrdX==0^ dy-\-rdY=0^ dz + rdZ=0, 

Q the paiametric coordinates aie used, 

dx j , ox j , (dX j dX j\ « 

^du + ^ilv+ rl^du + ^ dn^ = 0, 
du dv \du cv j 

du dv \0tt dv J 




.'m m % mswMB about a point 

il#W» ^Iwifeoo® be ia«Itiplied ^ J respectively mi 

Xiiiill. lidi b» — tespeefavely and added, we get 

^ 99 9v dtr 

Sdtt^Fdv — r(Ddu+I>'dv)=0, 

Fdu -^€rAv — r{Pdu + D^^dv) = 0 
^ipMifaQais are the same as (23) Hence 
mmak io a ^wtfae^ dong a curve of it form a ruled surfac 
I b 0 imHopdfU otdy when the curve is a line of curvature ^ u 

edge of regression are the centers of norma 
) ^Ae swtfaee m the direction of the curve 




■iH# of the principal centers of curvature are 

\x^-=ic-hp^, y^=y + p,Y. z^=^ + P,z 
Whm the parametnc curves are the lines of curvature, equc 
lioa {26) IS neoessanly of the form 
(S9) X dudv = 0, 

aad consequently we must have EP—FD = 0, FP'— GP=^ 0 
Since EP— GD ¥= 0, these equations are equivalent to 

(30) X=0, P=Q 

Conversely, when these conditions are satisfied equation (2( 
reduces to the form (29) Hence 

A necessary and sufficient condition that the lines of curvature i 
parametric is that F and P he zero 

Let the lines of cuivature be parametnc, and let p^ and p, deno 
the pnncipal radii of normal curvature of the suifiicc in the due 
tions of the lines of curvature v = const and u = const lespectivel 
From (19) we find 

(31) 


1-^ 
p.’^E 

and equations (13) become 
( dx 


P 


P’ 


{32) 


du~ 
dx 


V dv 




dX 


dY 


dZ 

du ’ 

_ 

du 


du 


dx 


dY 

dz _ 

dz 

dv ’ 

dv 

— Po —^ 

dv 

dv 

^"dv 


These equations are called the equations of Rodrigues 
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S. Total and mean cnmEtnie. Of fnndameniai unportanoe in 
discussion of the nature of a sorfoce m the neighboihood of 
lint are the product and the sum of tiie principal curvatares at 
point They are called the totei mtrvatxtre * of the onrfaiso at 
point and the meam curvature reepeetiTely If they be <iATi«tod 
T and we have, from (25), 

( 1 JDiy-D>* 

—5*-’ 


Pi />2 


H* 


tThen K is positive at a point the two principal radu have 
same sign, and consequently the two centers of principal cnrva- 
I lie on the same side of the tangent plane As all the caters 
urvature of other normal sections lie between these two, the 
aon of the surface in the neighborhood of M lies entirely on 
side of the tangent plane This can be seen also m another 

Since is positive, we must have > 0 Hence 

distance from a near-by point to the tangent plane at since 
s proportional to the fundamental form <I> (§ 48), does not 
age sign as dvjdu is vaned 

7hen K is negative at Jf, the principal radu differ in sign, and 
sequently part of the surface lies on one side of the tangent 
le and part on the other In particular there aie two directions, 

by 2D'dudv-\-P^dv^^ 0, 


which the normal curvature is zero In these directions the dis¬ 
cs of the neai by points of the suiface from the tangent plane, 
fiven by (4), are quantities of the thud ordei at least Hence 
je lines are the tangents at M to the curve m which the tangent 
le at M meets the surface 

Lt the points for which K is zeio, one of the pimcipal radii is 
cute At these points 4> has the foim and 

ishes in the direction dit 4* dy = 0 'But Bjb dv/du passes 
)ugh the value given by this equation, ^ does not change sign 
ice the surface lies on one side of the tangent plane and is tan- 
t to it along the above direction 


I 


The total curvature is sometimes called the Gaitssian curvature after the celebrated 
leter who suggested It as a suitable measure of the curvature at a pomt Of Gaui»s,p 15 



about a point 

f three irnds Such a 

k*SSSSZi^^ romon of »(urcle of radius a about an axis m tte 
SSfrf£C«4^ • 5 OO) from the center of the circle The 

fro,* tte t«« 1 » m two circles and to tangent plane to 
2!S?il!2n?««^ to circles IS tangent all along the circle Hence the 
SSfiSSSatoe 9t ail points of these circles At every pomt whose dis- 
Sfi-TST^teatoer ton h to surface hes on one side of the tangent 
^ to distooe IS less ton 6, the tangent plane cuts the surface 

ttew «« ata&oes for which K is positive at every point, as, 
§m tTT-r^. «« oBipsoi'd and the eUiptic paraboloid Moreover, 
J»r#(»i!l 6 atfeQi<a 4 O®® hyperbolic paraboloid the 

®^®fy P°“* 

curvature, of the latter type surfaces 

J j i gtrfr 0 *we prove that when K is zero at all points of 
• goi&oe €he latter is developable, and conversely 

SS. l?aati(m of Euler Dupin indicatnx When the lines of 
enrvstoze are pirametne, equition (18) can be written, in con 
saquenoe of (III, 23) and (31), in the form 
1 cos “0 sin ‘‘0 

(84) 


K 


cos^9 _l_ sin" 
P, Pi 


where 8 is the angle between the directions whose radii of noimal 
curvature are JJ and Pi Equation (34) is called the equation of Euler 

When the total curvature A at a point 
18 positive, Pj and for the point have 
the same sign, and B has this sign for all 
directions If the tangents to the lines 
of curvature at the point M be taken for 
coordinate axes, with respect to which ^ 
and 17 aie coordmates, and segments of 


( ^ 



M vi i r 1 

n 1 


Tkj 13 


length ± Vl^ be laid off fiom J/ in the two directions correspond¬ 
ing to R, the locus of the end points of these segments is the ellipse 
(fig 13) whose equation is p ^2 


This ellipse is called the Dupin indicatnx for the point When, in 
particular, and are equal, the indicatnx is a circle Hence the 
Dupin indicatnx at an umbilical point is a circle (§ 50) For this 
reason such a pomt is sometimes called a circular point 
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L K IS negafive pj and p, differ in sign, and oonseqaently 
values of R are positiye and the others are negative In 
otions for whicli B, is positive we lay off the segnients 
ind m the other directions ±V--R The locns of the 
its of these segments coor 
the conjugate hyperbolas 
whose equations are 

1=1, t+i—1 

p 2 9x P, 
ark that jR is infinite for 
3tions given by 

tan.®d = — 



Pi 


Fig 14 


ther words, in the directions of the asymptotes to the 
las The above locus is the Lupin indteatrtx for the point, 
[y, when A' = 0 the equation of the indicatnx is of one of 

El pair of parallel straight lines In view of the foregomg 
a point of a surface is called elliptic^ hyperbolic^ or parabolic^ 
g as the total curvature at the point is positive, negative, 


iseqiience of (4) the expression for the distance p upon the 
plane to a surface at a point 21 from a near-by point P of 

ace IS given by 

^ Edii^ Gdi^ ^ 

-+■-= 

Px P _ 

n teims of higher ordei But ^Edu and are the 

s, to within teinis of higher order, of P from the normal 
0 the surface at 21 in the directions of the hnes of curva- 
ence the plane parallel to the tangent plane and at a dis- 
from it cuts the suiface in the curve 


o 




ly this is a conic similar to the Dupin mdicatrix at an 
or parabohc pomt, and to a part of the indicatrix at a 
lie point. 







ABOUT A POmT 


^ paiallals of a sarfaee of revolution are its lines 
the developable surfaces formed by 


uv 

* = ¥’ 

flai thft boss of 0 arT»tuTe 

^ % fR|p,*8BB&<»»d^nedI)ya=/(®,y),theexpressionsfortheourvataresare 

tr + + + 

?E+S» + «*)*’ “ (1 + P* + S“)^ 

Ifee iasee of ctiTvatnre is 

4 [(1+- (1+9^) »•] - (1 + ?")«] ^y^ = 0 

^ sarface S^oos^ — ojsin? = o at a point (x, z) are 

to Find the Unes of curvature 

5 Denve the equations of the tore, defined in § 62, and prove therefrom the 

MoltB Stated 

6 Tfie sum of the normal curvatures in two oithogonal directions is constant 
^ *nje Euler equation can be written 

2piP2 




R = 


pi + p^t — {pi •— P 2 ) oos 2 6 



54 Conjugate directions at a point Conjugate systems Two 
carves on a surface through a point M are said to have conjugate 
dtreeiwns when their tangents at M coincide with conjugate diam¬ 
eters of the Dupin mdicatrix for the point These tangents are 
also parallel to conjugate diameters of the conic 111 which the sur 
face is cut by a plane parallel to the tangent plane to 31 and very 
near it Let P denote a point of this conic and N the point in 
which its plane a cuts the normal at 3£ The tangent plane to 
the surface at F meets the plane a in the tangent line at F to the 
conic Moreover, this tangent line is parallel to the diameter conju 
gate to NF Hence as F appi caches 31 this tangent line approaches 
the diameter of the Dupin mdicatiix, which is conjugate to the 
diameter in the direction 3IF Hence we have (cf § 27) 

The characteristic of the tangent plane to a surface, as the point 
of contact moves along a curve, is the tangent to the surface in the 
direction conjugate to the curve 


CONJUGATE »ffiBCTIOKS 1X1 

f this theorem we denve the a&aljtical conditioa for 

JCtlOOS 

bion of the tangent plane is 

(J-2:)X-h(i;^y)F+(r-s)2r=0, 

current coordinates, the characteristic is defined ty 
and 

3 arc of the curve along which the point of contact 
Sz denote increments of y, a? in the direction 
he curve, we have, from the above equations, 

SxdX+ BydY+ SzdZ^ 0 

of u and v in the con 3 ugate direction be denoted by 
8 equation may be written ^ 

D duhu -f D\duSv + dvSu) + D^^dvhv = 0 ‘ 

ons conjugate to any curve of the family 
i;) = const 


D - ly 8w + (i)'^Si) = 0 

cv du/ \ dv ouj 

ifferential equation of the first order and fiist degree, 
le paiameter familj of curves These tune^ and the 
list aie Slid to foim a tvn)ugatt sifshm iloreo'vei. 
Lies of cuives aie sud to foiin a i >iij ij; n s'sstem 
jentb to a cuive of each f imilj at then point of mtei- 
onjugate diiections 

it follows that the curves conjugate to the cui\es 
defined by D Sii D'Sv = 0 Consequcntl> in oidei 
he cuives w = const, we must have U' eiju d to zeio 
se also IS tiue, we have 

y and sufficient condition that the paranitt)it curits 
gate system is that D' ht zero 



He <§ ^ ^ curvature are characterized 

1|^ tib p»5¥«riir “® parametnc, the coefficients F 

i|ii Ji'«M ««9- Senee 

jpy ^ fiHif tMfifii~ff form €t conjugate iyetem a/nd the only 

jaiiMfWiif m/ tV ^ tggtem. 

M 4b <d corrotore are parametnc, and the angles which 
tk ooBijt^lwte directions make with the tangent to the curve 

tf negBbk«» denoted by d and d', we have 

" tand = -v|—-T-» ^ “ \l s.,’ 


*1C 

IfQi ilwl ej|^swfelo®t (86) Daay be put in the form 
tan 5 tan 0'=--^9 

nMh m the well-known equation of conjugate directions of a conic 
56* Asymptotic lines Charactenstic lines When 0' is equal to 0, 
eqoakon (89) reduces to (36) Hence the asymptotic directions are 
self-conjugate If in equation (36) we put Sv/ Su = dv/du, we obtain 

(40) Ddu^+2 D' dudv + dv^=0^ 


which determines, consequently, the asymptotic directions at each 
point of the surface This equation defines a double family of 
curves upon the surface, two of which pass through each point 
and admit as tangents the asymptotic directions at the point They 
are called the asymptotic Imes of the surface 

The asymptotic lines are imaginary on surfaces of positive curva- 
ture, real on surfaces of negative curvature, and consist of a single 
real family on a surface of zero curvature 

RecaUing the results of § 52, we say that the tangent plane to 
a surface at a pomt cuts the surface in asymptotic lines in the 
neighborhood of the pomt As an immediate consequence, we 
have that the generators of a ruled surface form one family of 
asymptotic lines 

Smce an asymptotic line is self-conjugate, the characteristics of 
the tangent plane as the point of contact moves along an asymp¬ 
totic Ime are the tangents to the latter Hence the osculating 
plane of an asymptotic Ime at a pomt is the tangent plane to the 
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at the point, and oonseqnentlj Ihe asymptote line is the 
Tegression of the developaUe ciicumscnbing the surface 
le asymptotic hne This follows also feom eqnatioxi (16) 
(40) we have the theorem 

ezmry and mffieimt condition iJyxt the lme% vp&n 

e le parametric i» ihcd 


se equations hold, and, fiirtheErmore^ the pasameinc curves 
ogonal, it IS seen from (3S) that the mean curvatuie m sezo, 
versely Hence 

e$eary and mffioieni condition thxt the aeympMuc hues form 
jonal eyetem is thai the meaoi cun^i^tiere of ike swifaee be zero 


iace whose mean curvature is zero at every pomt is called 
al surface At each of its pomts the Dupin indicatnx con- 
two conjugate equilateral hyperbolas 
leans of (39) we find that the angle between conjugate 
IS 18 given by 

^ ' Pi- Pi 


insider only real lines, this angle can be zero only for sur- 
negative curvature, in which case the directions are asymp- 
b IS natural, therefore, to seek the conjugate directions upon 
e of positive curvature for which the included angle is a 
n To this end we differentiate the iight-hand member of 
re equation with respect to 6 and equate the result to zero 
alt IS reducible to 

tan0 = ± 

om (89) we have 

tan 0' = 



lese equations it follows that = — ^, and 


tan(^'— 0) = ± 


P -Pi 


>ely, when 0' = —0 equation (39) becomes (41) Hence 

a surface of positive curvature there is a unique conjugate 
or which the angle between the directions at any point is the 
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_ directions at the point ^ it is 

'$g9tm ^hm dvr^^ticns are symmetric with res 

lli 0mtkm <ff ^ of <^rvature 

I ISbM m oafiod tibe eharopterutie lines It is of inte 
^ti BSte «f3»iaoas (35) and (41) are similar, and that the 
dilutions upon a surface of negative curvature 
^IjyiiahtflfTf^ respect to the directions of the lines of curvat 
j, jf IS the angle which one characteristic line 

V'nHfc <d currature ?7 = const at a point, the other cha 

■ the angle — 6 Hence the radii of normal cu 

] fcy direotious ^ equal, and consequently a neces 

^lAll oonditiOB that the characteristic curves of a sur 

If IS 

D ^=0 


D 

e' 


lyf 


S6 Corresponding systems on two surfaces By reasoning sin 
to that of § 34 we establish the theorem 

A necessary and sufficient condition that the curves definet 
M du* -f ^Sdudv -h Tdir*= 0 form a conjugate system upon a 

** MD"+ TD-2 SD'= 0 


From this we have at once 


If the second quadratic forms of two surfaces S and 



iD^dudi +i)"dy and 

D^clu+2l)[dudv+D[' dv ^ and 

point on 

one surface is said to 

correspond to the point on the 

with the 

same values of u and 

V, the equation 


du 

I>i" D" 

(43) 

~ dudv 

D[ Z)' = 0 


df 

A i> 


defines a system of curves uhicli is conjugate for hoth surfaci 

By the methods of § 50 we prove that these curves are real 
either or both of the surf ices S, is of positive cui vatuie I 
curvature of S is negative and it is refeiied to its asjmptotic 
the ibove equation i educes to 
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ence the system is real when axid have the same aign^ that 
, when the curvature of is positive 
Another consequence of the shove theozem is 

A neeeiBwry and mfficierd amdtixon that asymptotic lines on <me of 
10 surfaces correspond to a conjugate system on the other ts 

4) iV'A- 2iyi>[= 0 

1 Find the curves on the general surface of revolution vrhich are conjugate to 
e loxodromic curves which cut the mendians under the an^ a 

S Find the curves on the general right conoid, £x 1, p 56, which are conju- 
te to the orthogonal trajectones of the generators 

8 When the equations of a surface are of the form 

aj = Z7i, y = Fi, « = Ua + Ft, 

lere I7i and ITij are functions of u alone, and Vi and F* of v alone, the para- 
Btnc curves are plane and form a conjugate intern 

4 Prove that the sum of normal radii at a pomt in conjugate directions is 
nstant 

5 When a surface of revolution is referred to its mendian%and parallels, the 
ymptotic lines can be found by quadratures 

6 Find the asymptotic lines on the surface 

^ . V acosu 

® = a(l 4-cosM)cotr, y=a{l+cosM), z =-- 

sin V 

7 Determine the asymptotic lines upon the surface z = y sin x and their orthog- 
lal trajectones Show that the z axis belongs to one of the latter families 

8 Find the asymptotic lines on the surface 2 —2 xyz + x'* = 0 and determine 

eir projections on tlie xy plane 

9 Pro\e that the pioduct of the noimal i \dn in conjugatt dnai tioiis is a m ixi 
urn foi characteristic lines and a minimum foi lines of cui\ itiue 

10 When the paiametiic lines aie any ^Nhate\tr, the equation of chaiacter 
1C lines is 

[I>(GD - ED') - 2iy{FD - EI))^du + 2[7) (GD + iD 0 - ]dwlv 

-h[2D(GD -FD )-iy(GD-ED )]di =0 

67 Geodesic curvature Geodesics Consider a curie C upon a 
iiface and the tangent plane to the suilace at a point V of C 
roject oithogonally upon this tangent plane the portion of the 
irve in the neighboihood of JLT, and let C' denote this pi ejection 
he curve C' is a normal section of the pi ejecting cjlmder, and C 
a curve upon the latter, tangent to C' at M Hence the theorem 
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When second member of equation (55) is developed by 
an, 46, 56), we have 

^. 






1 du 

dv 

\ ^ 1 


dv' 


H 


du dv d 



1 dv du d 

+ ■ 


^ »• vs;^) 

d I dv du , 


Hy/A^ 


Hfeaee we have the formula of Bonnet* 

t 

' / 


(56) - = 


_£_ __ 

I \L dv du \du/\ i 


dv du 


+ 1 

dv 


du dv 


t[K0- 


2^’^I^ + U 

dv du 


'M\T 


In particular, the geodesic curvature of the parametric curves, 
when the latter do not foim an orthogonal system, is given by 


57) 


Pgu dv /’ 

1 1 /d F d , 

.Pgv H W VU ^ / 


The geodesic curvature of a curve of the family, defined by 

he differential equation 

1 Mdu-\-Ndv = 0, 

las the value 

581 i = 1 ii. / FN- GM 

Po ^ WeN^- 2 FMN+ GUf^ 

, d / _ FM-BN 

’ VVaw’ 


dv ' 


^)1 


’2FMN+ GM^ 

♦M^moire sur la tMone g^n^rale des surfaces, Journal de I Lcole Polytechmque 
Lhier 32 (1848) pi ^ 
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itration of the preceding results, we establish the theorem 

^he curves of an orthogonal system have conMant geodesic (narocdure, the 
isothermal 

the surface is referred to these lines, and linear element is written 
* + the condition that the geodesic curvature of these curves be 
s, by (60) and (61), 

1 8Vj _p- 
VSa aw Vbo ^ ^ 

and Fi are functions of u and v respectively If these equations are 
ted with respect to v and u respectively, we get 

/g giogVig alogVg _ Q 8^ logV5 glogVj slogVg _ ^ 

B dv 0u ’ dudv dv du ““ 

B 

ig, we obtam -log— = 0 

dudv g 


g is equal to the ratio of a function of u and a function of v, and the 
isothermic In terms of isothermic parameters, equations (i) are of 


X*0« ’ 




mear element is 


(tr+7)» 


adent that the mendians and parallels on a surface of revolution form 
item The same is true likewise of an orthogonal system of small circles 
ire 


eodesic torsion We have just seen that when a curve is 
by a finite equation or a differential equation, its geodesic 
re can be found directly The same is true of the normal 
re of the surface in the direction of the curve by (18) 
om (16) and (47) follow the expressions for p and m In 
define the curve it remams for us to obtain an expression 
jorsion 

the definition of To it follows that 


sin 0 ) = A X +4- Zv^ 

, /X, V are the direction-cosines of the binormal If this 
i IS differentiated with lespect to the aic of the curve, 
Frenet formulas (I, 50) are used in the reduction, we get 
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Froia (I, 3T»41) we have 
dh dz I 


Xsap 




d$ ds ds 

/dx S^y ^ ^ 

^ ^ d^^ ds ds^J 


dz d^x ^ ^ 
c?5 ds' 


^ /dz d X 

C?8" 


COS C» 


Moreover, fronj (l^)? we obtain the identity 

« £ r IM+ ai), ^ * 

ds ds ds jS’L'" \ds) ds ds 

CwJseqiieDtly etjuation (60) is equivalent to 

, _/l dB 1\ 

where 1/T has the value 

1 {FD - ED^) du ^{GD- ED^') dudv FI)^^) dv^ 

(^2) H{Edu-{-2l!dudv^i}dv) 


When cob w is different from zero, that is, when the curve is not 
an asymptotic line, equation (61) becomes 


(63) 


T ds T 


As the expression for T involves only the fundamental cocfli 
cients and dvjdu^ we have the following theoicm of Bonnet 

The function 1 — ^ ^s the same for all curves which have the savu 
T ds 

tangent at a common point 

Among these cuives there is one geodesic, and only one, foi it 
will be shown later (§ 85) that one geodesic and only one passes 
thiough a given point and has a given diiection at the point 
At eveiy point of this geodesic w is equal to 0° oi 180°, ind conse 
quently t=T Hence the value of T foi a given iioint ind diiec¬ 
tion IS that of the radius of toision of the geodesic with this diicction 
The function Tis theiefoie called the radius of geodesic torsion of 
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urve From (63) it is seen that T is the ladius of toision of 
urve whose osculating plaUe makes a constant angle with the 
mt plane * 

hen the numerator of the right-hand member of equation (62) 
uated to zero, we have the differential equation of hues of 
iture Hence 


neceBBary and Bufficient condition that the geodene torBion of 
•ve be zero at a point i8 that the curve be tangent to a Ime of 
iture at the point 

le geodesic torsion of the parametric lines is given by 
1 _FD--BP 1 _ 

EH ’ a; ~ an 

n these lines form an orthogonal system and differ only 
jn Consequently the geodesic torsion at the point of meeting 
TO curves cuttmg orthogonally is the same to withm the sign 
lus far m the consideration of equation (61) we have excluded 
ase of asymptotic hues In considermg them now, we assume 
they are paiametnc The direction-cosines of the tangent and 
mal to a curve v = const in this case are 


1 dx _ 1 dz 

Vf VX cu' 


e € is 4-1 or —1 Consequently the direction-cosines of the 
ipal normal have the values 

V^\ w 

similai expiessions for m and n 
hen 111 the Frenet foiinulas 

dx I dfM ^ 

ds^ T dh T ds T 

.ubstitute the above values, and in the leduction make use 
1) and (13), we get 


has lai exception must be made of asymptotic lines but later this restiiction will 
loved 
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ta like mamer, tbe torsion of the asymptotic lines u = const is 
to be But from (64) we find that the geodesic torsion 

at the directemi of the asymptofac lines is q: Hence equation 

(63) is true for iie asymptotic hnes as well as for all other curves 


iDwadoatally we have established the following theorem of Enneper 

zqmte the t&r»ion of a real asymptotic line at a point is equal to the ahso- 
Ma vakte <fthe total curwxtwe of the surface at the point , the radii of torsion of the 
SBsyrs^^x^ hnes through a point differ only in sign 


'Jbe foUew&g theorem of Joachimsthal is an unmediate consequence of (63) 

Whm tm surfaces meet under a constant angle, ths line of intersection is a line 
^ Otsrvature of ^ or neither, and conversely, when the curve of intersection of two 
spaces ts a hne of curvature of both they meet under constant angle 

dcSi^tSs denote the values of 5 for the two surfaces, and Ti, the values 
id jT, we have, by subtracting tbe two equations of the form (63), that Ti = Tg, 
proves the first part of the theorem Conversely, if l/Ti = l/Tt^ = 0, we 

liaYe i {ofi — W 2 ) = 0, and consequently the surfaces meet under constant angle 
ds ^ 


examples 

1 Show that the radius of geodesic curvature of a parallel on a surface of 
revolution is the same at all points of the parallel, and determine its geometrical 
significance 

2 Emd the geodesic curvature of the parametric lines on the surface 

®=:-(M + ®), y = -(u-V), Z=:y 

3 Given a family of loxodromic curves upon a surface of levolutioii which cut 
the mendians under the same angle a , show that the geodesic curvature of all these 
curves is the same at their points of intersection with a paiallel 

4 Straight lines on a surface are the only asymptotic linos which are geodesies 

6 Show that the geodesic torsion of a curve is given by 


1 



T 

2V1 

Pii 


where $ denotes the angle which the direction of the curve at a point m ik( s with 
the line of curvature v = const through the point 

6 Every geodesic line of curvature is a plane curve 

7 Every plane geodesic line is a line of curvature 

8 When a surface is cut by a plane or a sphere under constant angle, it is a line 
of curvature on the surface, and conversely 

9 If the curves of one family of an isothermal orthogonal system have constant 
geodesic curvature, the cuires of the other family have the same propei ty 
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Iphencal representation In the discussion of certain prop- 
E a surface /S it is of advantage to make a representation of 
the unit sphere * by drawing radii of the sphere parallel to 
tive directions of the normals to and taking the extrem- 
the radii as spherical images of the correspondmg points on 
i point M moves along a curve on 5, its image m describes 
on the sphere If we limit our consideration to a portion 
urface in which no two normals are parallel, the portions 
urface and sphere will be in a one to-one correspondence 
ap of the surface upon the sphere is called the spherical 
station of the surface, or the Q-auss%an represevdation It 
fc employed by Gauss in his treatment of the curvature of 

t 

joordmates of m are the direction-cosines of the normal to 
ace, namely X, F, F, so that if we put 





^^ dX 
du dv' 



ire of the linear element of the spherical representation is 
S'2S^dudv + ■§d'^ 


18 we established the following equations 

nx FP-GBdx FD-XD'dx 
du~ du'^ E^ dv’ 

dX FD"—GD’dx FEf-ED"dx 
. dv~ E^ 8u'^ E^ dv 


IS of these relations and similar ones in Y and the func- 

^ may be given the forms 

€ = Y [GI^- 2 FDI)> + ED'% 

. \GDiy-F{DE'+ D'”) + AD'Z)"], 

[gE^- 2 FED" + hD''’\ 

rms of the total and mean curvatures (§ 52), 
^^KJ)-KE, ^=K„D-KF, ^=KJ)"~KG 


phere of unit radius and center at the origin of coordinates t / c p 9 




t rt- 


■<v 
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i® <someqp&i&e of these relations the lineai element (67) may be 
^yea the fosm. 

' (71) <i<r*=Ea(-0<f'M^+ 2 J^dudv +D"dif)—K(Edu^ + 2 P’ + (? 




by (1^ 

(7S> 

Wiom (7 0) we have also 

’gS) //=VW^^=eKff, 

wferae € IS ±1, aceordmg as A" is positive or negative 
Eqaafaons (69) are Imear in E, F, G Solving for the latter, 
we have . ^ 


(74) 


i? = i [^DD'-<^(i)J)"4-D«) + 
G = jp 2 + €JD"‘^ 


In seeking the differential equation of the lines of curvature 
from the definition that the normals to the suiface along such a 
curve form a developable surface, we found (§ 51) that for a dis 
placement in the direction of a bne of curvature we have 


dx 
du' 


dx 


/dx 


dv 


dX 


du-h~dv + r du-^ — dv) = 0y 


du 


dv 


and similai equations m y and 2 , where r denotes the radius of 
principal cuivatuie for the direction If these equations be inulti- 


dX dY dY 

plied respective!V by —? —•» — and added, and likewise by 
cYdZ ^ ^ du du du ^ 

— 1 — and added, the resulting equations may be wiitten 
dv dv 


d Y 

—., 

dv 


D du P dv — r{f du -Y S' dv) = 0, 


D'du +D"dv — r{Sdu -{-Sdo) = 0 


Eliminating r, we have as the equation of the lines of curvature 
(76) I)^€)du^-Y{D^-D”g)dudv + {D^^^lYS)dv^ = 0 
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the eluuination of du and dv gives the equation of the 
1 radu in the form 

(£D"+ - %S^I)>)r + {Djy'-Dl ) = 0, 

f , (§2)''+^D — 2c^iy 

Pi + Pa— --’ 

Pd>a Jp 

Bsults enable us to write equations (74) thus 

’ ^=(Pi+p^i>-PiPi€, 

■ ^^(pt+p^^-PipA 

.<^=^(Pi + Pa)J^'~PiPa^ 

delations between a surface and its spherical representation 
le radius of normal curvature ^ is a function of the direc- 
ept when the surface is a sphere, we obtain from (72) the 
g theorem 

essary and sufficient condition that the spherical representation 
face he conformal is that the surface he minimal or a sphere 

consequence of this theorem we have that every orthog- 
;tem on a mmimal surface is represented on the spheie by 
Dgonal system From (70) it is seen that if a suiface is 
imal, the parametric &j stems on both the surface and the 
an be oithogonal only when D' is zeio, that is, when the 
curvatuie are paiametnc Hence we have 

ines of curvature of a suiface are lejinsented on the sphere 
rthoyonal system, this is a characteristic piopeity of lints 
ture^ unless the sinfatc he minimal 

L/heoiem follows also as a diiect consequence of the Iheoieiii 

essary and suffident condition that th tanijents to a ciuu 
HI fact and to its image at coi responding pointb he paudlel is 
curve be a line of curiature 

der to prove tins theorem we assume that the curve is 
ric,'y = const Then the condition of paiallelism is 

du du du du du du 
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Ffohi (68) follows Ifeat m this case (FD FiF) must be zero 
But the latter is the condition that Idie curves v = const be Itoes of 
curvature (§ 51) Moreover, from (32) it follows that the positive 
half-tangents to a hne of curvature and its sphencal representa- 
taon have the same or contrary sense according as the correspond¬ 
ing radius of normal curvature is negative or positive 

In consequence of (7) the equation (40) of the asymptotic 
direc&ons may be written 

dxdX+ dydY->r dzdZ- 0 


Asji.so we have the theorem 

to Q/}fi oAy^jptotxc Viifio dcwd to op'h&noctX TO^Tos&fitor 
' inofu oit eorretpondvAg jxmtt are perpendtcviar to oru another, thw 
property te charaeteruitxe of atyrnptotic linet 


It 18 evident that the direction-cosines of the normal to the 
sphere are equal to X, Y, Z, to within sign at most Let them 
be denoted by ?/, I', then 


(79) 




_0ZdY 


\du dv 

du dv 


) 


When expressions similar to (68) are substituted for the quantities 
in the parentheses, the latter expression is reducible to AJIA 
Hence, in consequence of (73), we have 

(80) ^ = ^ = €7, J = €/, 

where € = ±1 according as the curvature of the surfju t is positive 
or negative 

From the above it follows that accoiding as a point of a snifacc 
IS elliptic or hyperbolic the positive sides of the tangent j)lam s at 
corresponding points of the surface and the spin re «iri the h line oi 
different Suppose, for the moment, that the liiu s of ( in\atun art 
parametric From our convention about the positi\( diU(tion of 
the normal to a surface, and the above results, it follows th<it both 
the tangents to the parametric curves through i point l/ha\( the 
same sense as the corresponding tangents to tin splun, oi both 
have the opposite sense, when M is an elliptn point but tbit 
one tangent has the same sense as the roriesponding tangent to 
the sphere, and the other the opposite sense, when the point is 
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rbolio Hence, when a point desciibee a closed curve on a 
ice its image describes a closed curve on the sphere in the 
\ or opposite sense according as the surface has positive or 
tive curvature We say that the areas mclosed by these 
es have the same or opposite signs in these respective cases 
ippose now that we consider a small parallelogram on the sur- 
whose vertices are the pomts (u^ v), (u + du^ v), (uy v 4- dv)y 
(u + duy V + dv) The vertices of the correspondmg parallelo- 
1 on the sphere have the same curvilmear coordinates, and 
ireas are AT diidv and e/ifdudvy where edbl according as the sur- 
has positive or negative curvature m the neighborhood of the 
t {Uy v) The limiting value of the ratio of the spherical and 
surface areas as the vertices of the latter approach the point 
) IS a measure of the curvature of the surface similar to that 
plane curve In consequence of (78) this limiting value is the 
3Sian curvature K Smce any closed area may be looked upon 
lade up of such small parallelograms, we have the following 
rem of Gauss 

he limit of the ratio of the area of a dosed portion of a surface to 
rea of the spherical image of ity as the former converges to a pointy 
ual in value to the product of the principal radii at the point 

nee the normals to a developable surface along a generator are 
llel, theie can be no closed area for which there are not two noi^ 
which are parallel Hence spherical representation, as defined 
60, applies only to nondevelopable suifaces, but so far as the 
edmg theorem goes, it is not necessary to make this exception, 
the total cuivatuie of a developable surface is zeio (§ 64), 
the aiea of the spherical image of any closed area on such a 
ice IS zero 


le fact tl» it tlio Gaussian curvature is zero at all points of a dovclopable siiiface, 
as such i Huifx (0 is surely curved, makes this measuie not iltogctliei satis- 
ly. and so others have been suggested Thus, Sophie Germiiii* ad\oeated 

1 /I 1\ 

It an curv ituro, and Casorati t ha« put forwaid the expiessloii ) 

^\Pi PJ 


^ccoidiug to the flist, the cuivature of a minimal surface ib /(lo, mil itioidiiig 
0 second, a minimal surface has the same curvatuie as a splieie Hence the 
3 ian curvatuie continues to be the one most frequently used, which luiy be 
argely to in impoitant pioperty of it to be discussed later (§64) 


CreUe,\o\ VII (18il), p 1 


t Mathematicaf Vol XIV (1890) p 96 
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62 Hehcoids We apply the preceding results m a study o| 
an impoitant class of surfaces called the heliandB A helicoid is 
generated by a curve, plane or twisted, which is rotated about a 
fixed line as axis, and at the same time translated in the direction 
of the axis with a velocity which is in constant ratio with the 
velocity of rotation A section of the surface by a plane through 
the axis is called a meridian All the meridians are equal plane 
curves, and the surface can be generated by a mendian moving 
with the same velocities as the given curve The particular motion 
desciibed is called helicoidal motion, and so we may say that any 
helicoid can be generated by a plane curve with helicoidal motion 

In order to determine the equations of a helicoid m parametric 
form, we take the axis of rotation for the «-axis, and let % denote 
the distance of a point of the surface from the axis, and v the angle 
made by the plane through the point and the axis with the a^g-plane 
m the positive direction of rotation If the equation of the gen¬ 
erating curve in any position of its plane is 25 = (w), the equations 
of the surface are 

( 81 ) x^u cos V, y sm ^ (w) + at% 

where a denotes the constant ratio of the velocities, it is called 
the yaravutiv of the helicoidal motion When, in piiticiilar, a is 
7 eio, these c(m<itions define anj suifuci of 1 evolution Morcovei, 
when <^(?/) IS a constint, tin (Ui\es r = const ait stnught lints 
poi [)(ndit ulai to the ixis ind so tht sin fate is a light conoid 
It IS called tlic iHjht In hand 

By (al( Illation wt oht lui fioin (Si) 

(h2) / = 1 , / — acl)\ (t = (t , 

wlitn tilt It (( nt iikIk it( s (Idh K nti ition w itli n spt ( t to 1/ Fiom 
tht lut tliod of l;( IK 1 itioii it follows til it tin (Ui\(s/ t oust lit 

iiKiidiins and it ~ t oust iit ht Ik « s on tin IkIhokU uhI tilths 

t)n sm f u t s ot it volution 1 loin (SJ) it is st t n th it tin st < ui \ t s 
foiin in oithogonil s\sttni onl\ on siiilitts of it volution ind on 
the light htlitoitl Moitovti fioiii (">7) it is found that tht gt o- 

(It sit (UiViiiuit of the iiK nth iiN is /tio onlv when a is /eio 01 

is i (onstint In tht 1 ittci < ast tht iiKiidiui is a straight line 
perpendicular to the axis 01 oblique, accoiding as is zero or not 
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<he mendians of surfaces of revolution and of the ruled 
9 are geodesics 

irthogonal trajectories of the helices upon a helicoid are 
aed by the equation (cf III, 31) 

at^'du + (tt® + a“) =s 0 

if we put 1',= r ^ 

J v?+ a* 

ves = const are the orthogonal trajectones, and their 
IS in finite form are found by a quadrature In terms of 
imeters u and the linear element is 


1 immediate consequence of this result we have that the 
and their orthogonal trajectones on any helicoid form an 
lal system 

(88) and (§ 46) we have the theorem of Bour 

( Tidicoid IS apphcahle to some surface of revolution^ and 
n the former correspond to the parallels on the latter 


eiive also the following expressions 
A ^ sin — u<l>' cos — (a cos v + ucf)' sin v), 


u 
— ? 


14 ) it follows that a 11101 idiin is i iioimal section of a sur- 
n volution it ill its jioints, and consequently is a line of 
K {K\ 7 , j) 140 ) This IS evident also fiom the equation 
incs of (uivatiiK of a helicoid, namely 

l+<^' +[(// +a)u<f>”-{^+(l>')u4>^]dudr 

— a\}i 0'"+ u + a ]r7o = 0 

31, the meridians are lines of eurvatuie of those helicoids, 
ch <l> satisfies the eondition 
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By integration this gives _ 

rz - - , w* 

14®— <? log-- 

When the surface is the nght helicoid the expressions for D 
and -D'' vanish Hence the meridians and helices are the asymp¬ 
totic lines Moreover, these lines form an orthogonal system, so 
that the surface is a mimmal surface (§ 66) Since the tan¬ 
gent planes to a surface along 
an asymptotic line are its oscu¬ 
lating planes, if the surface is a 
ruled minimal surface, the gener¬ 
ators are the principal normals of 
all the curved asymptotic lines 
But a circular helix is the only 
Bertrand curve whose principal 
normals are the principal normals 
of an infinity of curves (§ 19) 
Hence we have the theorem of 
Catalan 

The Txqht helicoid is the only 
re(d ininimal rultd surfiiLe 

In fig 10 ait represented the as^niptotic lines and lines of 
curvatuic of a nglit htluoid 

Foi any other helicoid the e<|uation of the as}nipt<)ti( liius is 
(87) did— 2 u dudi “f ^ — 0 

As the cotflicitiits in (HI)) uid (S 7 ) ut functions ol u done, we 
h ivt the the OK ui 

Whni a hiJuoiil m n ft nid to itn niuidnins and Iuhitn tJu <ini/nip 
tofu luNH and flu lines of (urinturi can In ftmnd l>i/ quail nit un s 

EXAMPLES 

1 Show 111 il flu sjilu 1 1C il n pH s( nt itii it « f tlu liiu s tif < ui \uIiih (tf i Kuif k u 
<>r H \ol(ition Is IhOtlu I Ml il 

2 I )u OS( llhtln^ pi ilu K of i lliu of ( UI \ itUH llul of its Nplu IK il I < pH sc III i 
tioii at ( oi H spoluliiiiL, points an paiiilh I 

3 1 h( uif,l<H lutwKii tlu ui>ii)i)totu (liHctioiiH at i point on a Hiiifacc aiul 
lutvvicii tlu II H])luiital H pH w nt itioii iirti c ipi il or Hujtjth nu ntai>, aic oniiiiif^ an 
tho Huifuct hjiH puHiti\u or nn^atnt <ui\atur« at the jujint 
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w that the heUooidal surface 

xssuQoav, y = MSinc, ZBibv+ f 
j J —u 

) total curvature of a helicoid is constant along a helix 

\ orthogonal trajectories of the helices upon a helicoid are geodesics 

he fundamental functions J?, 0 oi & surface are functions of a single 

r u, the surface is applicable to a surface of revolution 

d the equations of the helicoid generated by a circle of constant radius 
ne passes through the axis and the lines of curvature on the surface , also 
quations of the surface m terms of parameters referring to the mendians 
orthogonal trajectories 

GENERAL EXAMPLES 

i, pencil of planes be drawn through a tangent MT to a surface, and if 
e laid of? on the normals at Jf* to the sections of the surface by these 
[ual to the curvature of the sections, the locus of the end points is a 
line normal to the plane determmed by MT and the normal to the 
t M 

P is a point of a developable surface, Po the point where the generator 
P touches tlie edge of regression, t the length PqP, p and r the radu of 
1 and torsion of the edge of regression, then the pnncipal radu of the 

re given by 1 1 

- = 0 , - = ^ 

Pi ’ Pi rt 

r tlie surface of revolution of a parabola about its directrix, the pnncipal 
in constant ratio 

a eiiuations a; = a cos u, = a sin tt, z = uv define a family of circular 
huh pass through the point A (a, 0, 0) of the cylinder, each helix has an 
whose jioints are at the distance c from A (of I, 106) Find the surface 
the locus of those involutes, show that the tangents to the helices are 
0 this sin f 1 ( 0 , find also the lines of curvature upon the latter 

u Hin f lu s <1( full (1 by the equations (cf § 26) 

1 + }'* + 3* = 3“/(y), x + pz = <li(p) 
fTHtdin of lines of cuivatuie ai planes parallel to tlie xz plane and to the 
qx < livt ly 

i dpi it ions 

1 / - ax = 0, a;3 + 2/2 + z* - 2/3a; - a® = 0, 

111(1 /3 an pii imticis, define all the circles through the points (0, 0, a), 
a) Show that the circles determmed by a lelation j3=/(ur) aie the 
ristics of a fiiiiily of spheres, except when f(a) is a linear function, 
the (iiclcs aie lines of curvature on the envelope of these spheres 

one of the lines of curvature of a developable surface lies upon a sphere, 
L non rectilinear lines of curvature he on concentric spheres 



160 mowEmt OF a suefacb about a point 


t P is ft point cm ft soifftoe, P* tbe center of noniiftl oumture of tbe 
IsteMtiag tlM ao^ between the ilnee of ourvfttare, and Pi, P« the oenteia of nomel 
oonrftUtre In two dIreotfaMw equally taollned to the fimt, then the four pt^nts 
P, Pi, P«, Pt form ft haraaonio range. 

9 If Si, St, St, , Sm denote the radii of normal ourrature of m eecOons of 
ft surface whldh make equal angles fiw/m with one another, and m >S, then 

10 If Ha Dupin indlcfttrix $x « pcHiit P of a surface Is an ellipee^ and throci|jb 
either one of the w^ptotee of ite focal hyperbola two planes be drawn perpen¬ 
dicular to one another, their intersections with the tai^nt plane are oonjugate 
direc^ns on the surfaoe 

11 All curres tangent to an asymptotic line at a point AT, and whose osculating 
planes are not tangent to the surface at M, have M for a point of iiidecUon. 

10 The normal curvature of an orthogonal irajectory of an asymptotic line is 
equal to the mean curvature of the surface at the point of Ititeiseotion 

IS The surface of revolution whoee equations are 

X s= u COB e, y = M sin e, * = a log (« + Vm* - a*) 

is generaUnl by the nitation of a catenary about iu axis it is called tlie catenoid 
hhow that it 1 h the only minimal surface of n vfduiion 

14 When the osculating plane of a line of curvature nmki« a constant angle 
with the tangint plane to the surfa<< the lim of (urvature is plant 

15 A plane line of turvalum is npnsi iile<I on the unit spin rt b) a cirtle 

16 rh( 1 vliufii r whofM iIkIiI «< thni is ihi mrvt !hi Intrinsir f<|uar 

lion p ~ a «^/ff whtrt a uihI h an jmihIuvi » timfiuiu hiot tin i haiut ti ristit proj>- 

( riy that ujmiu It lit (urvif* of < un tittn • ^ vvli h< i,,»i»<hhn <ur\atun ih 
l/vaf> ’ 

17 \\ h( n a HUifiti« IN n f< in I t in < ifh ^ n il \ fi m f hot h m I tin i niit nf 

g( imIi HK i ui \ Uim t»f fill « Ml \ i H T I n I 111 I 11 ii I it f f n jH nvi 1 \ ^ 

tin |^< (m 1< Nil (III \ it on of tin i ui m \s in h in tk m io ]i t* ith (hi Ino m e i niNt 
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hen a surface la referred to its lines of curvature, and So denote the 
iich a curve on the surface and its i^hencal representation make with 
i V s= const, the radii of geodesic curvature of these curves, denoted by 
respectively, are in the relation 


hen the curve 



da- 


»=/(tt)oosw, y=/(te)£dnw, z ::=^^J'/^lu)du 

ed to a hehcoidal motion of parameter a about the 2 !-axis, the vanous 
of this curve are orthogonal trajectones of the helices, and also geodesics 
rface 


hen a curve is 6 ub 3 ected to a continuous rotation about an axis, and at 
time to a homothetic transformation with reEfpect to a point of ^e axis, 
the tangent to the locus described by a point of the curve makes a con 
Le with the axis, the locus of the resulting curves is called a ^iral mtrface 
b if the z-axis be taken for the axis of rotation and the ongm for the center 
nsformation, the equations of the surface are of the form 

= f(u) e***cos (u + v), y = f(u) e*®sin (u -f v), « = 0 (u)e^, 

s a constant 

spiral surface can be generated in the followmg manner Let C be a 
jiy line, and P a point on the latter, if each point M on C descnbes an 
trajectory of the generators on the circular cone with vertex P and axis I 
way that the perpendicular upon from the moving point revolves about I 
itant velocity, the locus of these curves is a spiral surface (of Ex 6, § 83) 

low that the orthogonal tiajectones of the curves u = const, in Ex 22, 
uiid by quadratures, and that the linear element can be put in the form 

IS a function of a aloiu 

low til It tlu lines of curvature, minimal hues, and asymptotic lines upon 
uiiacc can be found by (iuxdratuie 
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FUITDAMEITTAL EQUATIONS THE MOVING TRIHEDRAL 

63 Christoffel symbols In this chapter we denve the necessary 
and sufficient equations of condition to be satisfied by six func¬ 
tions, JE,F,0, D, jD', D", in order that they may be the fundamental 
quantities for a surface 

For the sake of brevity we make use of two sets of symbols, 
suggested by Chnstoffel,* which represent certain functions of the 
coefficients of a quadratic differential form and their derivatives of 
the first Older If the differential form is 

a^^du*+ 

the first set of symbols is defined by 
riAl _ 1 

LO cu, ou,j 

where each of the subscripts t, k, I has one of the values 1 and 2 j 
From this definition it follows that 

ftIH'/l 

When these synilMils an iisfd in (onnection with tlie fust fun¬ 
damental (juadiatu fuimiif isuifni (/« / du | ll ihidi | (t di\ 

tiny are found to Iilno tlie following hi^nulu nut 
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t IhiH equation tluK< H\inbolH for a quadratic* form of any numbe r of vari 

ables tu ?/» In this < aw / k / taka tin \alu(Hl n 
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6coiid set of symbols is defined by the eqnatioii 


[yj denotes the algebraic complement of m the discnmi- 
®aa"“ ^la divided by the discriminant itself With reference 
rst fundamental quadratic form these symbols mean 

“^11 jjy2 ’ “^13 ’ *^aa “ j^2 ’ 


}- 

“}= 


du OV du 

2S» 
dv du 


2if* 


• n- 


-F^-E—+%E^-^ 
du dv du 

du dv 


dv du dv 




■{?}- 


dv du dv 


these equations we derive the following identities 
d log ir fll\ fl2\ alogjy fl2\ r22\ 


tie aid of these identities we derive from (III, 16, 16) the 
Lons 




L the above definition of the symbols we obtain the 
ig impoitant i elation 




The equations of Gauss and of Codazzi The first two of 
ns (IV, 10) and the equation 
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FUNDAMENTAL EQUATIONS 


form a consistent set of equations linear lu and the 

du du^ dw 


determinant is eq ual to H Solvmg for > we get 

cu 




snmlar equations hold for y and z Proceeding in like manner with 
the other equations (IV, 10) and 


( 6 ) 


VX-^: 
^ dudv 


■-jy. 




we get the following equatvms of Q-ams 


( 7 ) 


^_rii'i to rii'i 
dv? liJatt'''l2J 

/12\8a; fl2\ 

dudv XlJgtt I 2 / 

^^f22\to (221 

^ dv^ 11 Jaw■^12-1 


dv 


f+D'X, 

dv 

^+D"X 

dv 


For convenience of reference we recall from ^48 the equations 

(dX _FD'-GI) dx J'D-LD'dx 
du Jp du'^ H dv' 

^ \dX_liD"-<II>'dx FT)' - 7' //' dr 

Jv~ IP dtl^' IJ ov 

The conditions of iritcgiability of tlu Ciiuss e(iu itioiis (7) are 
dv \duy du dv/ dv Kdu dv) dii\dv ) 


By means of (7) and (8) tliese equations aie reducibl( to tlu foims 


0) 


dJ^dJr 

a, ^ - \ =0, 

dv 


*1 

du 


dr dr ^ 

^ + ^2 + <? A = 0, 

du V 


where a^, are determinate functions of A, 7s O , />, J)\ D" 

and then derivatives Since equations similar to (9) hold foi y and 
3, we must have 

(10) a,= 0, aj=0, Ji=0, 62=0, c,= 0, c,= 0 
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jhe expressions for }y and are calcnlated, it is 

aat the first four equations are equivalent to the following 

-m-m' 

a/iax 0 r22\ ri2\ri2\ r22\fii\ 

~ff^^=^i2/“0i;i2/niA2j“iiA2j 

he expressions for the Chnstoffel symbols are substituted 
equations the latter reduce to the single equation 

1 F dB 1 gg] 

^IlXdulEH dv Edu\ 


p dF__ 

1 ds 

F, 

Lzr 8u 

H dv 

EE du]J 


nation was discovered by Gauss, and is called the Giams 
of condition upon the fundamental functions The left- 
mber of the equation is the expression for the total curva- 
the surface Hence we have the celebrated theorem of 


xpreBBion for the total curvature of a Burface ib a function 
indamental coefficientB of the fret order and of their denvor 
he firBt and Becond orderB 

L the expressions for and c^ are calculated, we find that 
two of equations (10) are 


dP" 

du 




•X c p 20 
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These aie the Codazzi equations^ so called because they are equiva¬ 
lent to the equations found Codazzi *, however, it should be 
mentioned that Mainardi was brought to similar results some¬ 
what earlier f It is sometimes convenient to have these equations 
written m the form 


(13') 


{ LR 

dvH 
du H 


f22\^ 
duH'^X^S H 

r22\^ 

dvH'^Xl} H 




0 , 


which reduce readily to (13) by means of (3) 

With the aid of equations (7) we find that the conditions of 
integrability of equations (8) and similar ones in Y and Z reduce 
to (13) 

From the preceding theorem and the definition of applicable 
surfaces (§ 43) follows the theorem 

Two applicable surfaces have the same total curvature at corre¬ 
sponding points 


As a consequence we have 

Every surface applicable to a plane is the tangent surface of a 
twisted curve 


For, when a surface is applicable to a plane its linear element is 
reducible to ds^=^du^-\'dv^^ and consequently its total curvature 
IS zero at every point by (12) From (IV, 73) it follows that 



Hence A, F, Z are functions of a single parametei, and therefore 
the surface is the tangent surface of a twisted curve (cf 27) 
Incidentally we have proved the theorem 

When K is zero at all points of a surface the latter is devi lopable^ 
and conversely 


* Sulle coordinate curvilmee d una superficie e dello spazio, Annali^ Ser 3, Vol II 

(18()8) p 2b0 

t Giornale dell Istituto Lombardo^ Vol IX, p 505 
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undamental theorem When the lines of curvature are 
no, the Gauss and Codazzi equations (12), (13) reduce to 

BD" I g / 1 

VeG ^ ^ / ’ 

8 / D \ B" 8V¥ _ . 

^ \'/e) G 8® ’ 

d /B"\ 2)8Vg_Q 

2w\Vg/ E du ^ 


ection-cosines of the tangents to the parametno curves, 
it and u = const, have the respective values 



, _ 1 8a! 1 8y 1 dz 

>fEhi -y/Edu du' 

, __i_£y 1 8g 

* VG 2® Vg 2® Vff 8w 


ns of equations (7) and (8) we find 

1 dVE _ . D _ 8Jf, 1 8Vff y 

„ - 7 =—;: —'22+-p=-*, —-i = -7=——-^s» 

8m V(? 9® Ve ^ ■yJE ^ 

1 8V1 8X,_ 1 X)" ^ 

8 m “Vg 8 ® ^ ‘ VG ’ 

^_^_2?'^ „ 

Va 3® ” 


liar equations obtained by replacing Xj, X,, X by r„ r 
vely, and by Z From (15) we have 



proceed to the proof of the converse theoiem 


i four functiouB^ D, D^\ satisfying equations (14), there 

surface for which 0, (r, Z>, 0, D'' are the fundamental 
es of the first and second order respectively 
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In the first place we remark that aR the conditions of integrai- 
bihty of the equations (16) are satisfied in consequence of (14) 
Hence these equations admit sets of paiticular solutions whose 
values for the initial values of u and v are arbitrary From the 
form of equations (16) it follows (cf § 13) that, if two such sets 
of particular solutions be denoted by X^, X and 1^, Y, then 


(18) 


+ const, 

ri^4-r2''4-r2=const, 

X, F, + Xg Fg + xr= const 


From the theory of differential equations we know that there exist 
three particular sets of solutions X^, Xg, X, F^, Fg, F, Xg, X, 
which for the initial values of u and v have the values 1, 0, 0, 0,1,0, 
0, 0,1 In this case equations (18) become 

(19) \ Ff+F2^+F^=l, 

[x.F.+ X^F^+XFrr: 0, 

which are true for all values of u and v In like manner we have 


rx,^ + x,^ + x^=i, 

(19') JX,X, + A-X, + .1X=0, 

[f,x,+ ia+^^=o 

From (16) it follows that the expiessions in the iight-hand mem¬ 
bers of (17) are exact differentials, and that the surface defined by 
these equations has, foi its lineai element and its second quadratic 
foim, the expressions 

(20) Edu^ + G dv\ D dii^ + ly’do 

respectively 

Suppose, now, that we had a second system of tluec sets of 
solutions of equations (16) satisfying the conditions (10), (19') 
By a motion m space we could make these A’s, 1 ’s, ind /’s eqii il 
to the corresponding ones of the fiist system foi the iiiitnl values 
of u and v But then, because of the lelations siinil u to (18), they 
would be equal for all values of u and ?, as shown in ^ 1 3 lienee, 
to within a motion m space, a suiface is deteimined by two (pi id- 
latic forms (20) As in § 13, it cm be shown that the solution of 
equations (16) reduces to the integration of an equation of Riccati 
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* we shall find that the direction-cosines of any two per- 
lar lines in the tangent plane to a surface, and of the normal 
iirface, satisfy a system of equations similar m form to (16) 
3r, these equations possess the property that sets of solu- 
3isfy the conditions (18) when the parametnc lines are any 
r Hence the choice of hnes of curvature as parametric 
iphfies the preceding equations, but the result is a general 
insequently we have the following fundamental theorem 

the coefficients of two guadratic formSy 

2Fdudv + &dv\ Ddu^-^ 2D^dudv + D^^di^^ 

he eqaation% of G-auss and Codazzi^ there exists a surface^ 
to within its position in space^ for which these forms are 
^ely the first and second fwndamental quadratic forms, and 
mination of the surface requires the integration of a Iticcati 
and quadratures 

III, 8), (6) and (6), it follows that if D, D', D" are the fimda- 

nctions for a surface of coordinates (x, z)y the surface symmetric with 
the ongin, that is, the surface with the coordinates (— jb, — y, — z), has 
mental functions F, O', - JD, — I) , — D' Moreover, in consequence 
ve theorem, two surfaces whose fundamental quantities bear such a rela- 
e moved in space so that they will be symmetric with respect to a point 
ces of this kind will be treated as the same surface 


EXAMPLES 


en the lines of curvature of a surface foim an isothermal system, the 
said to be isothermic Show that surfaces of revolution aie isothermic 


w that the hyperbolic paraboloid 

ie = -(u + v), y = -(u-v), Z- — 

QIC 


Bn a surfo-ce is isothermic, and the linear element, expiessed in terms of 
s referring to the lines of curvaluie, is ds® = X*{du^ + du®), the equations 
1 and Gauss aio leducible to 


du P 2 Pi — P 2 cu cv Pi Pi ^ Pi t ^ 


\8u W ® PiPi 


i the form of equations (11), (13) when the suiface is defined in terms of 
coordinates (cf § 39) 


I Consult also Scheffers, Vol II pp 310 et seq Bianchi Vol I, pp 122-124 
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5 Show that K is equal to zero for the tangent surface of a twisted curve, 
taking the linear element of the latter in the form (105), § 20 

8 Show that the total curvature of the surface of revolution of the tractnx 
about its axis is negative and constant 


7 Establish the following formulas, m which the differential parameters are 
formed with respect to the form Edw® + 2 Fdvdx + Gdtj® 

„ X? XS A cr 7\- J. 


®(v, *) = 


@{r,z) = . 


where the quantities have the same significance as m § 65 


8 Deduce the identity A 2 X = -f- X, 

and show therefrom that the curves in which a minimal surface is cut by a 
family of parallel planes and the orthogonal trajectories of these curves form 


an isothermal system 


66 Fundamental equations in another form We have seen m 
§ 61 that if X, F, Z denote the direction-cosmes of the normal to 
a surface, the direction-cosmes of the normal to the spherical rep¬ 
resentation of the surface are eX, eF, eX, where e is ± 1 according 
as the curvature of the surface is positive or negative If, then, 
the second fundamental quantities for the sphere be denoted by 
A cd", we have 
( 21 ) 

SO that for the sphere equations (7) become 


( d^x fiivax^ fiivax 



where the Chnstoffel symbols ^ j formed with respect to 
the linear element of the spherical representation, namely 
(23) dcr® = ^ du^ + 2^dudv + ^ dv^ 

The conditions of mtegrability of equations (22) are reducible 
by means of the latter to 
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A^, Ag, Nj, Ng are the functions obtained from the quantities 

nTyi _n« 

Jg respectively of § 64 by replacmg-— 5 —> S, F, G 

respectively Since the above equations must be sat- 
)y Y and Z, the quantities A^, A^, J?, must be zero This 

he single equation of condition 


1 \i 

^ dS" 1 8#\ a /2 8^ 

1 d€ 

S d€V 

/A^ 

uXS/'fdv // du) dv\ff du 

' /fdv 

Sff du). 


rer, the Codazzi equations (13') become, in consequence 



vanish identically ^ 

quations (IV, 13) he solved for ^ and we get 

du dv 

(dx ^ s^jy-^D dx 3^i>~€iy dx 
du du'^ dv* 

dx __ dx S]y-€P' dx 

dv ff* du"^ //* dv 

ians of equations ( 22 ) the condition of integrability of these 
ons, namely g {^— ^ 

dv \du/ ~ du \dv/ 

milar conditions in y and z, reduce to 

ace two quadratic forms 

^3^dudv^^dv\ Ddu^+ ^D'dudv 

\ coefficients satisfy the conditions (24), (27), may be taJcen 
> linear element of the spherical representation of a surface 
s the second quadratic form of the latter When if, F, Z are 
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known, the cartesian coordinates of the surface can be found by 
quadratures (26), however, the determination of the former requires 
the solution of a Riccati equation 


If the equations 


A du 


dx ^ 
du 


““ ^ U dv~ ^ 


dv du 



dv dv 


be differentiated with respect to u and t), the resulting equations may be reduced 
by means of (7) and (22) to the form * 



67 Tangential coordinates Mean evolute A surface may be 
looked upon not only as the locus of a point whose position 
depends upon two parameteis, but also as the envclo^ie of its 
tangent planes This finiily of plines depends upon one oi two 
parameteis according is the surface is developable oi not We 
considered the former case in ^ 27, and now take up the lattei 
If W denotes the ilgeln iic distiiuc fioin tin origin to the tan¬ 
gent plane to a surface H at the point M {j, z), then 

(29) Jf + ;?/ 


If tins ei^uation is diffeientiated with lespeet to u and v, the 
resulting equitioris aie ledueible, iii consequence ol (IV, 3), to 


(30) 


c)jr ^ ?Y 811 ^ 8V 

-= Xu; ? — — 

du ^ du dv ^ do 


*Cf Bidnchi Vol I p 167 
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ee equations (29), (30) are linear in sc, y, s, and m con- 
0 of (IV, 79, 80) their determinant is equal to Hence 


_ € 


W 

dv 


r 

du 

dv 


Z 

!£ 

du 

?£ 

dv 


liar expressions for y and z From (IV, 11) we deduce the 

, dv dv //\ du dv) 
ins of these equations the above expression for x is 

/lf\ du du \du dv dv du) dv dv} 
we have 


^WZ+A'(W,Z), y^WY+A[(W,Y), z=^WZ+A[{W,Z), 

uential parameters being formed with respect to (23) 
ersely, if we have four functions JT, F, Z, W ot u and v, 
at the first three satisfy the identity 

is (82) define the surface for which JT, F, Z are the diiection- 
of the tangent plane, andTF is the distance of the latter from 
in Foi, fiom (33), we have 

‘quence of winch and formulas (22) we find from (32) that 

2 '£=«. 24 :-» 


er, equation (29) also follows from (32) Hence a surface 
)letely defined by the functions -F, F, F, Tf, which are 
he tangential coordinates of the surface * 


^eingarten Festschrift der Techmschen Hochschule zu Berlin (1884) Bianchi, 
172-174, Darboux, Vol I pp 234-248 
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When equations (30) are differentiated, we obtain 






dudv 


dudv 


S^W 




By means of (22), (29), and (30) these equations are reducible to 



M 

yw niviw nivgw , 
^-li) ^'12/ 

(34) 


d^w fi2Vdw n2Vdw 1 

dudv llJaM l.2Jat) J’ 


2)"=-j^ 

dPw f22y8w f22Vair, 

/hen these expressions for D, D,' B" are substituted 
^-^pression (IV, 77) for Pi+ p^, the latter becomes 

Pl + Pl- — -^2 




[{-}v-2nv.{-}v]^ 





By means of (25) this equation can be written in the form 
(35) p,-\rp, = -{KW+2W), 

where the differential parameter is formed with respect to the 
linear element (23) of the sphere 

Moreover, if denotes the following expression, 

fd^e _ f22y ^ _ r22Y aex 
Vat)'' 11 / aw \ 2 J dv) 


it follows from (34) that 

DD"—iy^ 


(37) 


PiPi = 




Y— - _ ri 2 Y£^y 

\dudv V 1 J gw L 2 J dv) 


= A;^W+WA'fF+ 
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ssing we sliall prove ttat A^6 is a difiereatial parameter 
mg that it IS expressible m the form 

A p . 2VA,(g,A,g)-AAg 
“ 4Ai5 

t loss of generality we take 

Hdu^+Gdv^ 

quadratic form, with respect to which these differential 
ers are formed Then 



2E\0 U 


iS)’ 


du 



statution we find 



le terms in the right-hand member are differential param- 
leir values are independent of the choice of parameters 
, in terms of which (39) is expressed Hence equation (38) 
entity 

coordinates Zq of the point on the normal to a sur- 

Ifway between the centers of prmcipal curvature have 
iressions 

yo=y + h{Pi+Pi)^> zo=2 + K/*i+/’2)-^ 

surface enveloped by the plane through this pomt, which 
lei to the tangent plane to the given surface, is called the 
olute of the latter 

denotes the distance from the origin to this plane, we have 

M,= lXx,= W+\(p,+p,) 


ms of (35) this may be written 
ir« = -|A'TF 
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EXAMPLES 


1 Derive the equations of the lines of curvature and the expressions for the 
principal radii in terms of W, when the parametric lines on the sphere are 

(i) meridians and parallels, 

(ii) the imaginary generators 

Show that in the latter case the curves corresponding to the generators lie sym¬ 
metrically with respect to the lines of curvature 


2 Let Wi and W 2 denote the distances from the origin to the planes through 
the normal to a surface and the tangents to the lines of curvature v = const, 
u = const respectively, so that we have 


Show that 


= 35-Ti + yPi + 
AiW=. 


P} Pi 

Ai{W,JC) = ^ + ^ 

Pi Pi 


W 2 = XX 2 + yTi "f ZZ 2 
XiWi X 2 W 2 




Pi 

X 2 WI 

Pi 


+ 


P2 

X 1 W 2 

P2 ’ 


the differential paiameters being formed with lespect to + 2 Fdudv + Gdv^ 


3 If 2 g = -f. y2 _|. 25'*^ then we have 

( 1 1 \ 

4 Show that when the lines of cuiv ituie xio pirametrio 

_ 1 cq _ ^ 1 (q __ dW 

Pi cii~ ill' Pi cv dv 


6 The deteimiintion of suificcs whoso moan ovolute is a point is the same 
pioblom as finding isothoiinil systems ot linos on tho sphoie 


68 The moving trihedral J ho fundament il equations of con¬ 
dition may be given uiolliti foiin, in wliidi they aic fiequently 
used by French wiitcis In <kliving them \v( iclci llu suifuc to 
a moving set of leetnigulii ixcs cilhd the tiihedi d / Its ver¬ 
tex AI is a point of the siiifue, tin ^y-pline is tingint to the 
suihice at ind the positive z ixis eoim ides with Uie ])ositive 
diieetion of the 1101 mal to tlie suifaee at M Plic position of tlie 
T- and //axes is deteimined by the angle // wliieh the tangtnt to 
the cuive const thiough M makes with the i’-axis, // bung <i 
give n function of 11 and v 

In Chapter 1 we considered anothei moving tiihednl, consisting 
of the tangent, pnneipil noimal, and hinoimal of a twisted cuive 
Let us assoeiate sueh a tiiliedral with the cuive v = const thiough 
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all it the tnhedral We have found (§ 16) that the vanar 
the direotion-cosmes a', V, ot & line L, fixed m space, 
lerence to as its vertex moves along the curve which 
0., are given by 

ds^ pj ds^ \p^ tJ 

denote the radu of first and second curvature of 
its linear element, evidently the latter may be replaced 
hi 

iirection-cosmes of L with respect to the tnhedral T have 

r a = a' cos U —(6' sin c' cos ®J sin Uy 

- 5 =a'sm27-|-(S'sin®y—</cos©^cosZ7, 
c = b^ cos sm 

0 ^ is the angle which the positive direction of the g-axis 
nth the positive direction of the pnncipal normal to at M, 
Le being measured toward the positive direction of the binor- 
From equations (42) and (48) we obtain the following 

da j db do i 

^-cp-ar, ^ = 

>, y, r have the following significance 



1 like manner, we consider the trihedral of the curve 
St through My denoted by we obtain the equations 

da ^ cb de j 

Oj, g-j, r, can be obtained from (45) by replacing U, «„, 
„ by Vg, V, s„ 5„, p„, As V denotes the angle which the 
to the curve (7„ at M makes with the avaxis, we have 

F-Z7=ffl 
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oves along a curve other than a parametnc 
curve determined by a value of dv/du, the 
re evidently given by 

dh du db dv do dUf ^ do dv 
s du di dv ds du ds dv d» 


hfEerential quotients have the above values 
lental equations of condition Suppose that we asso- 
tnhedral T a second trihedral whose vertex 0 is 
, about which it revolves in such a mannet that its 
lys parallel to the corresponding edges of T, as the 
latter moves over the surface in a given manner 
if IS completely determined by the nine direction- 

__v^dges with three mutually perpendicular lines iy 

jo, through 0 Call these direction-cosmes o ^, o^, a„ 

5,, <r, These functions must satisfy the equations 


(4T) 


^da , 


aj 

Zu 


= ~ ar, 


Za I Zb 

= - = cr,-ar„ 


Zc y 

- = aq-bp, 

do 


dv 




If we equate the two values of 


Z^a 
Zu Zv 


obtained from the first 


two of these equations, and in the reduction of the resulting equa¬ 
tion make use of (47), we find 




Since this equation must be true when h and c have the values 
e , ij, the expiessions in paienthesis must be equal 


to zeio Pioceedmg in the same mannei with 
obtain the following funda-inental equations ^ 

f 

dv 


I'l 

du dv 


. d^c 

and-? we 

Zu Zv 


(48) 


dq 

Zv 


du 

dq, 

cni 


= qr,-rq„ 


rp,-pr^. 


dr dr, 

[dv-du=P^-^P^ 

* These equations weie first obtained by Combescure Annales de I jtcole Normale, 
Ser 1, Vol IV (1807), p 108, cf also Darboux, Vol I, p 48 
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) necessary conditions upon the six functions in 

at the nine functions may determine the position 

uhedral are also sufficient conditions The proof of this 
X to that given in § 66 

taons (47) have been obtained by Darboux * from a study 
notion of the trihedral He has called p^ f, , the 

j 

etum to the consideration of the moving tnhedrals T and 
(x^ y, z) and (a/, y', s') denote the coordinates of a point P 
ipect to T and respectively Between these coordinates 
)wing relations hold 

' a; =r a;' cos Z7— (y sin s' cos Z7, 

- y :=aj'sinC7‘+(y'sin©^— s'cosSJcosZT; 

«s= y cos 5)^+ s'sm 

a displacement of P absolute mcrements with respect to 
edral at JIf be indicated by S, and mcrements relative to 
oving axes by d, we have, from § 16, 

+ 1 ^ —^ + 8s' _ ds' y' 

Pu ’ ds^ ds^^ ds^ 

i (49), (50), and (45) we obtain the following f 

Sx dx m ^ 

--- + VSoo8i7-rj, + s*, 

^ ^ + VPsm CT—^s + rr, 

Sz dz 

Ltions similar to these follow also from the consideration 
trihedral ^ Hence, when the trihedral T moves over the 
with its vertex M describmg a curve determined by a 
)f dv/du^ the increments of the coordinates of a point 
s), in the directions of the axes of the trihedral, in the 

Vol I, chaps 1 and v 

jrlving these equations we have made use of the fact that equations (49) define 
unation of coordinates, and consequently hold when the coordinates are replaced 
ejections of an absolute displacement of P 
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absolute displacement of P, which may also be moving relative 
to these axes, have the values * 



hx = dx + ^ du + + {qdu + q^dv)z — (r du + dv)y, 

hy — dy + ridu + ‘q^dv + {rdu + r^dv)x — {p du +p^dv)z, 
Bz = dz +{pdu+Pj^dv)y — (qdu + q^dv)x, 


where we have put 


(62) 


I == cos rj— Ve Sin cr, 
|^=VGi cos r=V^cos(a)+^7), 


r}^=^ Vg sin V = sin(a)+i7) 


The coordinates of M are (0, 0, 0), so that the increments of its 
displacements are 

(53) Sa; = f ciw + dv^ 8^ = ?; dw + S 2 ; = 0 


If denote the coordinates of M with respect to the 

fixed axes foimecl by the lines Xg, Xg previously defined, it 
follows that 


(64) 


dXy^ 

du 




dx^ 




and similar expressions for and 2 ^, where b 
ag, 6g, Cg are the dire 
to the moving axes 


^ 2 ’ ^2 » 


ag, 6g, Cg are the direction-cosines of the fixed axes with reference 
Since the lattei sxtisfy equitions (47), the 
d^x 

conditions that the two values of-obtained from (54) be equal, 

and similarly for —n-nd -arp. 

dudv 


(55) 


du dv 



dv 

()}i " 

^ dt} 

dVx ^ 

dv 

ni 

.ViP 

— 7JP 






When we have ten functions q, y,, r, satis- 

fying these conditions and (48), the functions ^ can be 

found by the solution of a Riccati equation, and //p by quad¬ 
ratures Hence ecjuations (48) and (55) aie sulhcient as well as 
necessary, and consequently are equivalent to the Gauss and 
Codazzi equations 


* Cf Darboux, Vol II, p 348 
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Linear element Lmes of curvature From (53) we see that 
lear element of the surface u> 

=(f f j dv)*+(71 du + 7j^ dv)^ 

) a necessary and sufGicient condition that the paiametnc 
be orthogonal is 

111 +’?’?!= 0 


a sphere of radius c the coordinates of the center are (0, 0, — c), it being 
d that the positive normal is directed outwards As this is a fixed point, it 
from equations (61) that whatever be the value of dv/du we must have 


isequently 


^ du + ^idv — (qdu + gidD)c = 0, 
rjdu-{- ijidc + (p du + pid?>)c = 0, 
I _ n — — vi _ ^ 


sely, when these equations are satisfied, the point (0,0, — c) is fixed m space, 
srefoie the surface is a sphere Moreover, suppose that we have a propor¬ 
ch as (68), where the factor of proportionality is not necessarily constant 
e moment call it t When the values from (58) are substituted in (56) and 
on IS made in accordance with (48) we get 


dt U ^ t -n 

du dv du 


t IS constant unless ^rji — is zero, which, from (68) and § 81, is seen to 
ible Only in case the surface is isotiopic developable 


definition (§ 51) a line of curvature is a curve along which 
Drmdls to the surface form a developable surface When the 
c is displaced along one of these lines, a point (0, 0, p) must 
in such a way that Sx and aie zeio Hence we must have 

^du-\- ^{qda + q^dv)p = 0, 

7) du’\- 7)^dv ^{p du p^dv)p = 0 

minatmg p and dv/du respectively, we obtain the equation of 
nes of curvature, 

dv) (p du + Pi dv) + ( 1 ] du-\-7)dv) (q du + q^ dv) = 0, 
he equation of the principal radii, 

P^{P9i- + P (9Vi-qiV +i’li-?il) + i^Vi- v^i) = 0 

im (69) it follows that a necessary and sufficient condition 
;he parametric lines be the lines of curvature is 

^p + vq = 0, liPi+ Vi^i =0 
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We may replace these equations by 

= Pi-=\Vv = 

thus introducing two auxiliary functions X and X^ When these 
values are substituted in the third of (66), we have 

If X and XjL are equal, the above equations are of the form (58), 
which were seen to be characteristic of the sphere and the iso¬ 
tropic developable Hence the second factor is zero, so that equa¬ 
tions (61) may be replaced by 


(62) 

or 

Wi=0> 


(63) 

fi=’7 = 0» 

0 

(1 

il 


From (52) it follows that in the latter case the and y-axes are 
tangent to the curves t; = const and w = const We shall consider 
this case later 

From (60) and (52) we find that the expression for the total 
curvature of the surface is 

PxPi ^xV Vii G sin CO 

where co denotes the angle between the parametric curves Hence 
the third of equations (48) may be written 

(64) VA^6rSin co H ^dr dr^ 

Pip 2 ~ P 1 P 2 ~ 

71 Conjugate directions and asymptotic directions Spherical 
representation We have found (§64) that tlie diiection m the 
tangent plane conjugate to a given direction is the chaiacteiistic 
of this plane as it envelopes the surface in the given duectioii 
Hence, from the point of view of tlie moving tiihedral, the dirc( 
tion conjugate to a displacement, dctei mined by a value of dv/du^ 
is the line in the ry-plane which passes through the oiigin, and 
which does not experience an absolute displacement in the 
direction of the z axis From the thud of equations (51) it is 
seen that the equation of this line is 

(65) {p du 4- p-^dv) y'—{qdu'^ 9 . 1 ^'^) = 0 
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icrements of u and v, corresponding to a displacement m 
ction of this line, be indicated by dju and the quan- 
ind y are proportional to and {rj d^u + 

and y in (65) are replaced by these values, the resulting 
L may be reduced to 

^ 2?) dud^u + jfi) dud^ + d^v 

equence of (65) the coefficients of dud^ and djudv are 
o that the equation is symmetrical with respect to the 
{ of differentials, thus establishmg the fact that the rela- 
iween a hne and its conjugate is reciprocal 
der that the parametric lines be conjugate, equation (66) 
satisfied by dt« = 0 and djo = 0 Hence we must have 

pvi-qii=0, 

d be noticed that equations (61) are a consequence of the 
(62) and (67) Hence we have the result that the lines of 
re form the only orthogonal conjugate system 
(66) it follows that the asymptotic directions are given by 

n-q^ du^+{pVi- +PiV - dudv+ j) di^-0 

spherical representation of a surface is traced out by the 
whose coordinates are (0, 0,1) with respect to the tn- 
Tq of fixed vertex From (51) we find that the projections 
placement of ?n, corresponding to a displacement along the 
are 

X= qdu-\- q^dv^ 8F= —(^dw+ji7idt;), 0 

jhe linear element of the spherical representation is 
dc ^{qdu-\- q^dvf + (j? dw + 

[me defined by (66) is evidently perpendicular to the direc- 
the displacement of tw, as given by (69) Hence the tangent 
phencal representation of a curve upon a surface is peipen- 
to the direction conjugate to the curve at the corresponding 
Therefoie the tangents to a line of curvature and its rep- 
aon are parallel, whereas an asymptotic direction and its 
atation are perpendicular (§ 61) 
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72 Fundamental relations and formulas From equations (68) 
and (69) we have, for the point M on the surface, 



_ fc 

Sy 

hz 

= 0 , 



du ' 

dll 


(71) 


hy 

Sz 

dv 

= 0 , 

and 






(BX 

BY _ 


BZ _ 


1 

1 

11 

du 

■P^ 

du 

(72) 

BX_ 

BY _ 


BZ_ 


, dv 

dv ~ 

Pv 

dv 


Consequently the following relations hold between the fundamental 
coefficients, the rotations, and the translations 


(73) 


'E=e+r,\ + 

D=pr, — q^, D' = p^-n-q^i = pr}^-q^^, = 

S'=pp^+ qq„ S=pl + ql 


When, m particular, the parametiic system on a suiface is oithog- 
onal, and the x- and y- axes of the trihedral are tangent to the curves 
V = const and u = const through the vertex, equations (52) are 

(74) 1 = ^, ^ = ^,= 0, 77,=V7;, 

and equations (55) i educe to 

1 aVA 1 aVT; 

V(7 VE ou 


(75) r = - 


(J -h 7, VX = 0 


Moieovei, equations (45) and the sunilai ones toi /?,, f/p become 

/doi)^, 1\ /. (os w., /. siiifi) 


(76) 


r i\ /, t os w /, sm fi) 

o = «-), 7= —V/<- t —, 

' as T.,/ p 


,.v,; 


Sin (V, 


Pu 


The fiist two of equations (75) le id, by me uis of (7()), to 
SIIKW 1 sin ft), 1 

( < I ) - » 1 

Pn OV p, V//, 

which follow «ilso from ^ 58 

The thud of equations (75) establishes the fut, pieviously 
remarked in § 69, that the geodesic torsion in two oi tliogonal 
directions diffeis only in sign 





FUNDAMENTAL EELATIONS 


175 


nations of the direction-cosines Xi, Fj, Zi of the tangent to the curve 
are represented by the motion of the point (1, 0, 0) of the tnhedrai To 
vertex Prom (61) we have 


( 8X1 
du 
8 X 1 
. dv 


0 , 

0 , 




8Zx 

du 

8Z1 

at) 


= -3i 


hese equations we see that as a point descnbes a curve v = const, namely 
ngent to this curve undergoes an infinitesimal rotation consisting of two 
ts, one m amount rdu about the normal to the surface and the other, 
30Ut the Ime in the tangent plane perpendicular to the tangent to Cu 
itly, by their defimtion, the geodesic and normal curvature of Ou are 
1 — q/Vx rei^otively Moreover, it is seen from (72) that as a point 
Cu the normal to the surface undergoes a rotation consisting of the com- 
du about the line in the tangent plane perpendicular to the tangent, and 
>out the tangent Hence, if Cu were a geodesic, the torsion would be 
within the sign at least Thus by geometrical considerations we have 
he fundamental relations (76) 


Tippose now that the parametric system is any whatever 
le definition of the differential parameters (§ 37) it follows 


lently if P, 
curve 


R denote functions similar to r, for a 
v) = const, 


lasses through M and whose tangent makes the angle ^ 
) moving a:-axis, we have, fiom (45), 

p = y/j I^cos <e> ~ t) , 

ly (III, 61) f) a,nd ■«/r = const defines 

er family of curves 

over, equations analogous to (44) aie 

da _ hB — cQ db _ cP — aR ^ _ aQ — bP 
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If now in 


da da du ^ da dv 
ds du ds dv ds 


we replace the expressions for and from (47), and similarly 


dv 


for db/ds and do/ds, we obtain 

Pds = (jp du + jPidi?), Qds = -ET^ VA^ {q du + q^dv)^ 

Eds = jETj VA^ (r du + dv) 

From these equations and (79) we derive the following funda¬ 
mental formulas 




( 80 ) 


cos ^(pdu+ jpi dv) 4* sin ^(qdu-h q^ dv)^ 


cos w 


da = sm $ {p du+p^dv) — cos <I> (g c^^6 -f q^dv)^ 


sm<» cZ<E> , du ^ dv 
p da da da 


By means of the last of equations (80) we shall express the 
geodesic curvature of a curve m terms of the functions G, 
of their derivatives, and of the angle 0 which the curve makes 
with the curve v = const If we take the a>axis of the trihedral 
tangent to the curve v = const, we obtain from the last of (80), 
in consequence of (45), 

1 de , du , /Vg da)\ dv 


\ Pg^ 


dv j da 


From (in, 15, 16) we obtain 
a® _ 1 r F / 

dv ~ h\2FG\ 


dv dv 


dj'" 

dv 


When this value and the expressions for and (IV, 57) aie 
substituted in the above equation, we have the formula desiied 


1 

de 1 . 

fdF 

F dlS 

1 dK\ 

idu 1 1 

fd(} 

dF\ 

idv 

p. 

da^ 


' 2F du~ 

2 dv / 


[sm" 

js av ) 

'ds 


EXAMPLES 

1 A necessary and sufficient condition that the origin of the tnliedral T be the 
only point in the moving xy plane which generates a surface to which this plane is 
tangent, is that the surface be nondevelopable 
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jrmme p so that the point of codidinates (p, 0, 0) with reqpect to Tshall 
smface to which the £&-acis of T is noim&l, AYiLTmTiA esse when the 
irvatiire are parametric and the o^axis is tangent to the curve d = const. 

Bn the parametric curves are minimal lines for both the surface the 
IS necessary that 

le the parametric curves on the surface form a conjugate system, and the 
minimal (cf § 56) 

en the asymptotic Imes on a surface form an orthogonal system^ we 

* f>{i + «>ii = 0, J)it + ffii) = 0, 

3ase the surface is minimal 


en the lines of curvature are parametric, and the as-azis of T is tangent 
*ve e = const, equations (80) reduce to 

1 dS /I 1\ COB'S co^^ . sm*^ 

- — — = ( — —— )sm<&cos#, -=--, 

T os \Pi PiJ P Pi Pi 

sm5 _ ^ ^ 1 /q^ 

P da Pi — Pi\pi dv da q du da) 


en the second equation m Ex 5 is differentiated with respect to s, the 
equation is reducible to 

da^ P \ (to duXda)'^ ® dv\da) da 

, Q ^9Pidu/dv\^ 

du da \(to/ dv \(to/ 


a surface a given curve makes the angle $ with the x axis of a trihedral T, 
Po of coordinates cos sin 0 with reference to the parallel trihedral To 
I vertex, describes the spherical mdicatrix of the tangent to the curve, 
tion-cosmes of the tangent to this curve are 

— sin $ sin w, cos $ sin S, cos S, 

las the significance indicated in § 49, and the linear element is da/p, derive 
1 by means of (61) the second and third of formulas (80) 


j point B, whose coordmates with reference to To of Ex 7 are 
sin $ cos 13, — cos ^ cos S, sin w, 

the spherical indicatnx of the binormal to the given curve on the surface, 
near element is da/r, derive therefrom the first of formulas (80) 


Parallel surfaces We inquire under what conditions the 
i to a surface are normal to a second surface In order that 
possible, there must exist a function t such that the point 
iinates (0, 0, t), with reference to the trihedral T, desenbes 
36 to which the moving js-axis is constantly normal Hence 
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we must have Sz = 0, and consequently, by equations (61), t must 
be a constant, which may have any value whatever We have, 
therefore, the theoiem 

If seffments of constant length he latd off upon the normals to a sur¬ 
face, these segments being measured from the surface, the locus of their 
other endpoints is a surface with the same normals as the given surface 


These two surfaces are said to be parallel Evidently there is 
an infinity of surfaces parallel to a given surface, and all of them 
have the same spherical representation 

Consider the surface for which t has the value a, and call it ^ 
From (51) it follows that the projections on the axes of T of a dis¬ 
placement on S have the values 


(82) 


{hx^^du-{‘ + {qdu + qflv)a, 

{By = 7) du + 7]fiv —{pdu+ Pydv) a 


Comparing these results with (53), we see that the displacements 
on the two surfaces corresponding to the same value of dv/du are 
parallel only in case equation (59) is satisfied, that is, when the 
point describes a line of curvatuie on S But from a chaiacteristic 
pioperty of lines of curvatuie (§ 51) it follows that the lines of curva 
ture on the two surfaces coiiespond Hence we have the theorem 

The tangents to corresponding lines oj (urvatuie of two parallel 
surfaces at coi responding points are parallel 

From (82) and (73) we have the following expiessions for the 
first fundamental quantities of S 

f h = 2 ill) -f- a (o^ 

J< 1< — a ■‘j, 

2 «/>"+a//, 

01, m consequence of (IV, 78 ), 
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movmg trihedral for S can be taken parallel to T for S, 
B the rotations are the same for both tnhedrals, and from 
follows that the translations have the values 

! + ^ = Vi=^Vi—aPi 

.tituting m the equations for S analogous to (69), (60), (66), 
in the fundamental equations for S in terms of the functions 
Also from (78) we have the following expressions for the 
fundamental coefficients for S 


ther centers of prmcipal curvature of a surface and its 
at correspondmg points are the same, it follows that 


Dse that we have a surface whose total curvature is constant 
lal to 1/cF Evidently a sphere of radius c is of this kind, 
r (Chaptei VIII) it will be shown that there is a large group 
ces with this property We call them sphencal mrfaces 
(86) we have a)(p^-a)=(^, 

if we take a = ±c^ we obtam 


l + l 

Pi Pi 



ve have the theorem of Bonnet * 

every surface of constant total curvature \/^ there are as^o- 
00 surfaces of mean curvature they are parallel to the 

i.nd at the distances z^c fiom it 

iveisel}, 

evti tj surface whose mi an cuivature is constant and different 
>0 ihoi are associated two pa) all d surf act s^ one of uhich has 
total (Hivaturt and the otliet constant mean curiatuie 


urfaces of center As i point M moves over a surface S 
^sponding C( utcis of piincipal cun ituie l\f and M describe 
Faces /Sf, iiul fi , wliicli iie called the surfaces of cnihr of 
11(1 r be the lines of cuivatuie of S thiough M, and and 
levelop ible surfaces foiined by the noimals to S along 

Nouoelles annales de maiheniatiques Ser 1 Vol XII (185 p 433 
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aso 

and respectively The edge of regression of denoted by | 
IS a curve on (see fig 17), and consequently is the locus of | 
one set of evolutes of the curves on S Similarly is the locus 'I 
of a set of evolutes of the curves on S For this reason and 
8^ are said to constitute the evolute of 8^ and 8 is their involute , 
Evidently any surface parallel to 8 is also an involute of 8^ and 8^ 
The Ime as a generator of is tangent to at 

and, as a generator of Dg, it is tangent to at Hence it is a 

common tangent of the surfaces 3^^ and 8^ 
From this it follows that the developable 
surface meets 8^ along F^ and envelopes 
8^ along a curve F' Its generators are con¬ 
sequently tangent to the curves conjugate 
to F^ (§ 54) In particular, the generator 
IS tangent to F^, and therefore the 
directions of and F' at are conjugate 
Similar results follow from the considera¬ 
tion of Dg Hence 

On the surfaces of center of a surface 8 
the curves corresponding to the lines of cur¬ 
vature of 8 form a conjugate system 

Since the developable 7), envelopes aS', 
the tangent plane to 8^ at is the tangent 
plane to at this point But the t ingent 
plane at is tangent to all along M^M (§ 25), «ind consequently 
it IS determined by M^M and the tangent to L\ at M I It nee the 
normal to 8 at M is parallel to the tangent to G at ]/ In like 
mannei, the normal to 8^ at Af is paiallel to the t ingent to (\ at AT 
Thus, through each normal to 8 we have two perpendicul ii phines, 
of which one is t«ingent to one suiface of centei and the othei to 
the second suiface But eaeh of these planes is at tlu same time 
tangent to one of the developables, and is the iil \ i ^ plane of 
its edge of legression Hence, at eveiy point of one of these cuives, 
the plane is peipendicular to the tangent plane to the 

sheet of the evolute upon which it lies, and so we have the theoiem 
The edges of regression of tlu developahh surf aces fornu d hy the 
normals to a surface along the lines of curvature of one family are 
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9 on the surface of eewber which u the locus of these edges, 
developahle surf aces formed hy the norrrials along the lines of 
e in the other family envelope this surface of center along ihe 
onjugate to these geodesics 

3 following sections we shall obtain, in an analytical manner, 
Its just deduced geometncally 

fundamental quantities for surfaces of center As the tnhe- 
noves over the surface S the pomt (0, 0, describes the 
of center 8^^ Let the lines of curvature on jS be parametnc, 
aj-axis of T be tangent, to the curve v^ const Now 

^ . yfE Vo 

the first two of equations (48) may be put in the form 

VoXpi ptn V/^i pJVo 3»w’ 

lv^\Pi pj \Pi pJVe ^ sv\pj 

projections on the moving axes of the absolute displace- 
^ corresponding to a displacement of Jf on 5 are found 
1) to be 

= 0, Syi = (j7i - PijOj) dv = V© ^1 - Szj = dp^ 

the linear element of 8^ is 

lently the curves = const on are the orthogonal tra- 
s of the curves v = const, which are the edges of regression, 
the developables of the normals to 8 along the lines of 
ire V = const 

us consider the moving trihedral Tj for /Sf^ formed by the 
bs to the curves v = const and = const at and the nor- 
this pomt From (89) it follows that the first tangent has 
lie direction and sense as the normal to 8^ and that the sec- 
igent has the same direction as the tangent to w = const on 
sense being the same or different according as (1— pjp^) is 
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positive or negative And the normal to has the same direction 
as the tangent to t; = const on and the contrary or same sense 
accordingly 

If then we indicate with an accent quantities referring to the 
moving trihedral we have 


( xf=Z-p^, 
\a'=c, 




= — €Xi 


i a'= c, J'= eS, c' = — ea, 

where e is ±1 according as (1 — Pi/Pa) is positive or negative Prom 
(89) it follows that 


’ du dv 






[ r =?(=0 

When the values (91) are substituted in equations for similar 
to equations (47), we find 

( 93 ) r' = -ep = 0, 

Since r' is zero, it follows from (76) that the curves v = const are 
geodesics, as found geometrically 

The vaiious fundamental equations for may now be obtained 
by substituting these values iii the coiresponding equations of the 
preceding sections Thus, from (73) we have 

which follow likewise fioin (60), and also 

/ncv ey/hdp^ cp, G dp 




(95) /.^O, = ^ 

^ ' ' p, dit ‘ ’ ' p^ V/' 

Hence the piiametiic (urvcs on >Vj fonn i (onjugatt system 
(cf ^^64) 

The equation of the lines of cuivatuic may be wntUn 

(96) + +<;;>, (p - p,) dudv + dv^= 0, 

and the equation of the asymptotic directions is 

(97) f dv^ = 0 

' ’ Pi du pI du 
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xpression for A’j, the total curvature of is 


1 du 

(Pi-p,y^pi 


du 


(80) and (93) it follows that the geodesic curvature at of 
e on which makes the angle with the curve v == const 
IS given hy 

1 dv 

p~ 

he radius of geodesic curvature of a curve /3j = const, that 
rve for which <I>j is a nght angle, has, m consequence of 
3 value Pi— /Og In accordance with § 67 the center of geo- 
rvature is found by measuring off the distance />g, m the 
‘ direction, on the is-axis of the trihedral T Consequently 
IS center of curvature Hence we have the following theo- 
Beltrami 

enters of geodes%c curvature of the curves = const on 
p^ = const on are the corresponding points on and 
)ely 

he sheet of the evolute we find the following results 

ds^ = ^ du^ + , 

ation of the lines of cuivature is 

-p,)\dudv + r,^j^^ dv'=Q, 

ation of the asymptotic lines is 


Pt 


7 ^ ^1“ 7 ’ 0 

du -^ ay = 0, 

P, dv 


ression for the total curvature is 


1 ~dv 

{pi-p^y^_pi 

dv 
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In consequence of these results we are led to the following 
theorems of Ribaucour,* the proof of which we leave to the reader 
A necessary and sufficient condition that the lines of curvature upon 
8^ and 8^ correspond is that (a constant), then 

=—Jf/c^ and the asymptotic lines upon 8^ and 8^ correspond 

A necessary and sufficient condition that the asymptotic lines on 8^ 
and 8^ correspond is that there eonst a functional relation between 
and p^ 

76 Surfaces complementary to a given surface We have just 
seen that the normals to a surface are tangent to a family of geo¬ 
desics on each surface of centers Now we prove the converse 
The tangents to a family of geodesics on a surface 8^ are normal 
to an infinity of parallel surfaces 

Let the geodesics and their orthogonal trajectories be taken for 
the curves v — const and u = const respectively, and the param¬ 
eters chosen so that the linear element has the form 

dsl=du^+Gflv^ 

We refer the surface to the trihedral formed by the tangents to 
the parametric curves and the normal, the a;-axis being tangent to 
the curve v = const Upon the latter we lay off from the point 
of the surface a length X, and let F denote the other extremity 
As moves over the surface the projections of the correspondmg 
displacements of F have the values 

(99) d\-\-du^ ^V6\ + X tZv, --\{qduqflv) 

In order that the locus of F be noinial to the linos M^F, we 
must have dX + c?w = 0, and consequently 

X = — U ~}~ 6, 

where e denotes the constant of integration whose value determines 
a particular one of tlie family of parallel surfaces If the direction- 
cosmes of M^F with lefcience to fixed axes he the 

cooidmates of the surface N, for which c = 0, are given by 

where are the coordinates of 

Lomptes EeyiduH Vol LXXIV (1872) p 
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lurface is one of the surfaces of center of 8 In order 
the other, we must determine X so that the locus of A* 
at at P to the ass-plane of the moving ^xl} 1 adr^ l■^ The con- 


1X-HV5i=:0 


Sg IS given by 


= *i 




du 


3'*=yi- 


Vg, 


aVg, ^ *■ 

du 

\ 

pnncipal radii of N are expressed 1^ 


.:^z 

aVg 

du 




aVg, 

du 


* calls aSj the surface complementary to for the given 
system 

imi has suggested the followmg geometrical proof of the 
tieorem Of the involutes of the geodesics v = const we 
the smgle infinity which meet m one of the orthogonal 
les u — u^ We shall prove that the locus of these curves 
face 5, normal to the tangents to the geodesics Consider 
;ents to the geodesics at the points of meeting of the latter 
econd orthogonal trajectory The segments of these 

3 between the points of contact M and the points P of 
with 8 are equal to one another, because they are equal 
ngth of the geodesics between the curves w = Wq and u = 
as M moves along an orthogonal trajectory w = of the 
P, P descnbes a second orthogonal trajectory of the latter 
sr, as M moves along a geodesic, P describes an involute 
j necessarily orthogonal to MF Since two directions on 8 
lendicular to -SfP, the latter is normal to 8 


SXAISPLES 

am the results of § 78 concerning parallel surfaces without making use of 
g trihedral 

w that the surfaces parallel to a surface of revolution are surfaces of 
‘ *Vol I, p 293 
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3 Determine the conjugate systems upon a surface such that the corresponding 
curves on a parallel surface form a conjugate system 

4 Determine the character of a surface S such that its asymptotic lines corre¬ 
spond to conjugate lines upon a parallel surface, and find the latter surface 

5 Show that when the parametric curves are the lines of curvature of a surface, 
the characteristics of the y 2 :-plane and xz plane respectively of the moving trihe¬ 
dral whose a-axis is tangent to the curve v = const at the point are given by 

{rdu -I- ridv)y — q(z — pi )du = 0, 

(r dvL + Tidv) aj — pi( 2 ! — pa) = 0, 

and show that these equations give the directions on the surfaces and Sa which 
are conjugate to the direction determined by dv/du 

0 Show that for a canal surface (§ 29) one surface of centers is the curve of 
centers of the spheres and the other is the polar developable of this curve 

7 The surfaces of center of a helicoid are helicoids of the same axis and 
parameter as the given surface 


GEISTERAL EXAMPLES 

r- F 4- %TT 

1 If t IS an integrating factor of Vi' d% H-dw, and Iq the conjugate 

Vi? 

imaginary function, then A 2 logo^^ is eqn il to the total cm vatuie of the quadratic 
form Edu^ -}- 2 Fdi4dv + Gdv\ all the functioiiH in the Utter being ical 

2 Show that the spheie is the only leil suificc siuh that its fust ind second 
fundamental quadratic forms can be the second ind tiist foiins uspeitively of 
another surface 


3 Show that there exists a surf ice u h lud to its bins of (uiv itmc with the 
linear element ds^ = (da^ -f dv ), win k (C is i ( oust int, ind th it the smf lee is 
developable 

4 When a iniiiunal surf u ( is k f( lu d to its iinniin il Inn s 


l)-<t>(ii) J) 0, I) ^p{o) 

hence the lints of eiiiv ituK ind isjinptotK liiKsiinlx found b\ <|u uli dun s 

5 hstiblish till following idinhtKs iiinhuh tin dilhiinlMl p 11 inu teis aie 
formed with lespeet to thi liiu u i h un nt 


.1, I 
Pi P 
A,), \ > 

PI P 

6 Prove that (cf lx 2, !()<)) 


A,(x, A) = - 
A,(x, r) = - 


()(x, \)= V,A 
(«)(x, ) ) 


C ') 

\i'i p! 


Pi 


p 


VE<^'^\Pi PJ Vg^^Vpi PV \Pi pV 
\Pi P2/ \Pi Pj/ VA^w\pi p] Vg^^^Vpi PV 
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GENERAL EXAMPLES 

jwthat ^ + + 

ntial parameter being formed with ra^ct to (28) 

necessary and sufficient condition that all the curves of an orthogonal 
a surface be geodesics is that the airface be developable 

tile geodesic curvature of the curv^ of an orthogonal system is constant 
from zero) all over the surface, the latter is a surface of constant negative 

bien the linear element of a surface is in the form 
ds* = du 2 4 .2 cos w dude + de*, 

etnc curves are said to form an egutdistawUai system. Show that m this 
^Ordinates of the surface are integrals of the system 
8^ 8^ 

8u8e 8u8e dubf> 

^ ^ ^ 8x ^ ^ ^ 

du do du 8e 8u 8e 8e 8u 8u 8e dv du 

t 

the curves e = const, u = const form an equidistantial system, the tan- 
le curves e = const are orthogonal to the hues }oming the centers of geo- 
ature of the curves u =s const and of their orthogonal trajectories 

all the displacements of a trihedral T corresponding to a small displace- 
s vertex M over the surfaceithere are two which reduce to rotations, they 
n M descnbes either of the lines of curvature through the point, and the 
tation are situated in the planes perpendicular to the Imes of curvature, 
passing through one of the centers of principal curvature 

hen a surface is referred to its lines of curvature, the curves defined by 

gfl^dw* + 8 g* — du^e + ^p^—dvdv^ + Pi* ~dr» = 0 

du dv du dv 

Le property that the normal sections m these directions at a point are 
ines, or are superosculated by their circles of curvature (cf Ex 9, p 21, 
177) These curves are called the superosculating lines of the surface 

ow that the superosculating lines on a suifT,ce and on a paiallel surface 
d 

ow that the Gauss equation (64) can be put in the following form due to 

VjSGsm w _ 8 / VW \ _ 8 / V5 \ ^ 

pips 8v\^gr« / du\^Pgi j duov 

and pgv denote the radii of geodesic curvature of the curves v = const and 
respectively 

hen the parametric curves form an orthogonal system, the equation of 
ly be wntten 

1 8/l\ 1 d/l\ I X 

PlPS 'v/G VE Pgu Pgv 

jtermine the surfaces which are such that one of them and a parallel 
monically the segment between the centers of piincipal curvature 
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IS Determine the surfaces which are such that one of them and a parallel 
admit of an equivalent representation (cf Ex 14, p 113) with lines of curvature 
corresponding 

19 Derive the following properties of the surface 

Va^ — V V 62 — ^ 

aj=:—-, y= ---, z = -—. 

db u + v h w-fi) a w + D 

(i) the parametric lines are plane Imes of curvature, 

(ii) the prmcipal radii of curvature are />! = d, /t>a = — -w, 

(lu) the surface is algebraic of the fourth order, 

(iv) the surfaces of center are focal conics 

20 Given a curve C upon a surface 8 and the ruled surface formed by the tan 
gents to 8 which are perpendicular to C at its points My the point of each generator 
MM at which the tangent plane to the ruled surface is perpendicular to the tan¬ 
gent plane at Jf* to is the center of geodesic curvature of C at , when the ruled 
surface is developable, this center of geodesic curvature is the point of contact of 
JOT with the edge of regression 

21 Ji two surfaces have the same i^hencal representation of their lines of 
curvature, the locus of the point dividing the pm of corresponding points in con¬ 
stant ratio IS a surface with the same representation 

22 The locus of the centers of geodesic curvature of a line of curvature is an 
evolute of the latter 

28 Show that when JB, F, G, D, IFy 1/ of a surface are functions of a single 
parameter, the surface is a helicoid, or a surface of revolution 
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SYSTEMS OF CURVES GEODESICS 

symptotic lines We have said that the asymptotic lines 
rface are the double family of curves whose tangents at 
it are determined m direction by the differential equation 

l)dv^+2l)^dudv+J^^d7?^ 0 

irections are imaginaiy and distinct at an elliptio point, 
distinct at a hyperbohc pomt, and real and coincident at a 
c point If we exclude the latter points from our discussion, 
aptotic lines may be taken for parametric curves A neces- 
l sufficient condition that they be parametnc is (§ 55) 

om (IV, 25) we have 



» as thus defined is called the radiuB of total curvature 
dazzi equations (V, 18') may be written 



1 the condition of mtegrability is 
^ fl21 fl21 

duXlJ dvX^S 

squence of (V, 8) this is equivalent to 

^r22i rii| 

duX^ X dvX 1 J 

)4 we saw that JT is a function of G and their denva- 
lence equations (8) are two conditions upon the coefficients 
dratic form 

Edv?-\- 2 Fdudv + Gdv\ 

189 



190 


SYSTEMS OF CURVES 


that it may be the Imear element of a surface referred to its asymp¬ 
totic lines When these conditions are satisfied the function JD' is 
given by (2) to within sign Hence, if we make no distinction be¬ 
tween a surface and its symmetnc with respect to a point, from § 65 
follows the theorem 


A necessary and sufficient condition that a quadratic form (6) le 
the linear element of a mrface referred to its asymptotic lines is that 
its coefficients satisfy equations (3)^ when they are satisfied^ the surface 
IS unique 


For example, suppose that the total curvature of the surface is the same at 
every point, thus ^ 

E = —-» 
a2 


v^here a is a constant In this case equations (3) are 


dv du 

which, since ^ 0, are equivalent to 


dv 


0 , 


Sv 

E^-^ = 0, 
du ' 

o 

II 

^1^ 



Hence is a function of u alone, and G a function of v alone By a suitable choice 
of the parameters these two functions may be given the value so that the linear 
element of the surface can be written 


(7) ds^ = {dv? + 2 cos w dvxiv + dv^), 

where w denotes the angle between the asymptotic lines Thus fai the Codazzi equa 
tions are satisfied and only the Gauss equation (V, 12) leiniins to lx considtied 
When the above values are substituted, this becomes 


( 8 ) 


- sin (jj 

cu dv 


Hence to every solution of tins tquition tluit coiicspoiids i surfi(( of < onstant 
curvature —^ whose linear t Icinc nt is givt n by (7) 

The equation of the lines of curvature is du^ — dv^ = 0, so tliil if wc put 
u + u = 2ui, w - u = 2 i3i, the (piintitics wj uul au pai unc U is of the lux s of < m 
vituie, and in terms of these the tciuition of the isyinplotn lines is du^ - cZi?j “ 0 
Hence, when either the asymptotic Iuks oi the lines of cuivituic in known upon 
a surface of constant curvatuie, the other system ean be found by (pi idi itures 


When the asymptotic lines aie parametric, the Gauss etjuations 
(V, 7) may be written 




d^d ^ d0 ,36 . 

— + a — = 0, 

du du do 



ASYMPTOTIC LINES 


191 


5, fflj, \ are determinate functions of u and v, and xn 
ence of (5) 

dv du 

ely, if two such equations admit three real linearly inde- 
integraJs f^(u, v), /,(«, v), /,(«, ®), the equations 
ar =/,(M, V), y =/,(«, »), z t,) 

surface on which the parametric curves are the asjnmptotic 
i’or, by the elimination of a, 5, aj, from the six equations 
I by leplacing 0 in (9) hy x,y,z we get 


d^x 


a*z 


d^x 




dv? 

dv? 



dr? 

dv? 

dx 



=>0, 

dx 


dz 

du 

dv 

du 


du 

ov 

du 

dx 




dx 

dy_ 

dz 


dv 

dv . 


dv 

dv 

Jo 


re equivalent to (1), in consequence of (IV, 2, 5) * 


sxample, consider the equations 

^-0 — 
du- “ ' 


0 , 


the general integral is auv + + cr + d, where a^bcd are constants 

ng the fixed axes suitably, tlie most general form of the equations of the 
ay be put in the form 

X = 6im + ciu, y = b 2 tt + C 2 », z = a^uv + b^u + Cgt 


36 equations it is seen that all the asymptotic lines are straight lines, so 
urface is a quadric Moreover, by the elimination of u and v fiom these 
we have an equation of the foim « = ax +2 Juy + 6y + tx + dy lit nee 
c IS a paraboloid 


•pherical representation of asymptotic lines From (IV, 77) 
‘ that the total cuivature of a surface, referred to its asymp- 
es, may be expressed in the form 



—the linear element of the spheiical represen- 
►eing ^ 0 - 2 2 iS^dvdv 4- i/dv^ 


DUX, Vol I p 138 It should be noticed that the above result shows that the 
that equations (9) admit three independent integrals carries with it not only 
[1 other conditions of mtegrabihty 
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From this result and (2) it follows that * 


( 12 ) 




Hence the fundamental relations (IV, 74) reduce to 
(18) G=/»*#, 

and equations (V, 26) may be wntten 

Moreover, the Codazzi equations (V, 27) are reducible to 


(15) 


alogp 


du 


-m' 


g logp 

dv 






Consider now the converse problem 

To determine the condition to he satisfied hy a parametric system 
of lines on the sphere in order that they may serve as the spherical 
representation of the asymptotic lines on a surface 

First of all, equations (16) must satisfy the condition of integra- 
bility Then p is obtainable by a quadrature The corresponding 
values of a;, y, z found from equations (14) and from similar ones 
are the coordinates of a surface upon which the asymptotic lines 
are parametnc For, it follows from (14) that 


(16) 


V —— 

^ du du ’ ^ dv dv 


Furthermore, p is determined to within a constant factor, conse¬ 
quently the same is true of therefore the suiface is unique 

to within homothetic tiansformations Hence we have the following 
theorem of Dim 


A necessary and sufficient condition that a double famihf of curves 
upon the sphere he the spherical representation of the asymptotic lines 
upon a surface is that ^ satisfy the equation 


(17) 


11 J dv \ 2 J 


the corresponding surfaces are homothetic transforms of one another^ 
and their Cartesian coordinates are found hy quadratures 

^ The choK e p = — Z) ///* gives the surface symmetric to the one corresponding to (12), 
as IS seen from (14), and hence may be neglected 
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hen equations (1) obtain, the fundamental equations (V, 28) 
to the identities 

■ n-a- o-n- 
kh-m {?}=-{?}' 


third and fourth of these equations are consequences also of 
nd (16), 

Formulas of L^euvre Taugoitial equations In conse- 
oe of (V, 81) equaiaons (14) may be put m the form 


dx /„dY ^ZZ\ 


dx 




r 


dZ\ 

dv)’ 


e e IS ±1 according as the currature of the surface is positive 
‘gative Hence, if we put 

J'i=V—e/)X, v,=V—epr, v^=y/—epZ, 

lave the following formulas due to Lelieuvre * 


’dx_ 


"s 

dx 


"8 

du 



dv 


in* 

du 

du 


dv 

dv 

dy _ 

■ du 

>'8 

!fL» 

"i 

1 

II 



du 

du 


dv 

dv 

dz _ 




*'i 

"s 

du 



, — 
dv 




du 

du 

dv 

dv 


conditions of integrabihty of these equations are 

^ ^ i^L 

dudv ^dudv ^dudv 
^ *'2 "" 


* Bulletin dee Sciences Math^maUqueSf Vol XII (1888) p 126 
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By means of (V, 22) and (15) we find from (20) that the common 

1 ^2 /p 

ratio of these equations is - 7 = —-- S Consequently are 

lx i! XU X VP * 

solutions of the equation 
d^d 


dudv 


\y/p Budv ) 


Con'versely, we have the theorem 

Q-iven three particular integrals of an equation of the form 


( 22 ) 


du dv 


\d. 


where \ is any function whatever of u and v, the surface^ whose co¬ 
ordinates are given hy the corresponding quadratures (21), has the 
parametric curves for asymptotic lines^ and the total curvature of the 
surface is measured hy 


(23) 



1 


For, from (21), it is readily seen that Vj, Vj, are proportional to 
the direction-cosines of the normal to the surface And if these 
direction cosines be given by (20), we are brought to (19), from 
which we see that the conditions (16) are satisfied 


Take, for example, the simplest case-= 0, and three solutions 

c)wcu 

V, = 0, (u) 4- 01 (v) (t = 1, 2, 3) 

The coordinates of the surface aie 

® = 0-08 — 080 + J^(0 0a — <Pifpi)(lu — J (0 0a — 010 )du, 
and simiUi expressions foi y ind z Wlit n, in paitu iilai, we tike 
0, (?/) = a,u + 0, (u) = a,v + 

tin expitssioiis foi x, ?/, z ire of tlie foiin auv -j- bu + (v ^ d ind eousccpu nlly tlie 
siuf it( is i pii iholoid 

Fiuin equations (V, 22, eU) it follows tint when the <is^mj)totu 
lines ate p uanietiic, the tangential cooidniates -\, },/,/! aie 
solutions of the equations 



(24) 
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EXAMPLES 

n a nondevelopable surface straight hoes are the only plane as 3 rmptotic 

asymptotic lines on a minimal surface form an ortiic^nal isoHieimal 
id their spherical images also form snch a system 
w that of all the surfaces with the linear element = du^ +(u^+ 
le parametric curves for asymptotic lu^ and anol^r for lii^ of curva- 
ermme these two surfaces 

normals to a ruled surface along a generator are parallel to a plane 
versely, by means of the formulas of Leheuvre, that if the normals to a 
long the asymptotic lines m one system are parallel to a plane, which 
th the curve, the surface is ruled 

ve take = a, = v, = 0 (u), the formulas of Leheuvre define the 
)ral right conoid 

he asymptotic lines m one system on a surface be represented on the 
great circles, the surface is ruled 

onjugate systems of parametric hnes Inversions It is our 
now to consider the case where the parametric lines of a 
form a conjugate system As thus defined, the character- 
the tangent plane, as it envelops the surface along a curve 
at, are the tangents to the curves u = const at their points 
section with the former curve, and similarly for a plane 
ing along a curve u = const 

analytical condition that the parametric Imes form a conju- 
3 tem IS (§ 54) 

i)'=0 

ws immediately from equations (V, 7) that a:, z are solu- 
au equation of the type 

-f-a — = 

dudv du dv 

X and h are functions of u and v, or constants By a method 
to that of § 77 we prove the converse theorem 

three linearly independent real 8olu 
an equation of the type (26), the equatione 

X =/, (m, v), y =/,(«, t>), 8 =/» (m, v) 

I mrface upon which the parametric curve% form a conjugate 


* Cf Darboux, Vol I, p 122 
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We have seen that the lines of curvature form the only orthog¬ 
onal conjugate system Hence, m order that the parametric lines 
on the surface (27) be Imes of curvature, we must have 

du dv du dv du dv 


But this IS equivalent to the condition that + also be a 

solution of equation (26), as is seen by substitution Hence we 
have the theorem of Darboux * 

If Xj y, + are particular solutions of an equation of the 

form (26), the first three serve for the rectangular coordinates of a 
surface^ upon which the parametric lines are the lines of curvature 

Darboux f has applied this result to the proof of the following 
theorem 

When a surface is transformed hy an inversion into a second sur¬ 
face^ the lines of curvature of the former become lines of curvature 
of the latter 


By definition an inversion, or a transformation by reciprocal 
radii, IS given by 


(28) 


(?X 


oc^+y^+z‘ 


Vx-- 




V+y+z^’ ‘ ar'+y+z-*’ 


where c denotes a constant From these equations we find that 
(29) y‘+z^){xl-\ryl+zl)=c\ 

and by solving for x, y, z, 


(30) a: = 




y = 






^t+yx + ^t 


If, now, the substitution q _ 


^t+yt+^t 


be effected upon equation (26), the resulting equation in a will 
admit. 111 consequence of (29) and (30), the solutions j-,, y,, Zj, t‘, 
and theiefoie is of the form 


(31) 


Bcr ^ da- . 

-- \-a - B — = 0 

0M dv du dv 


•Vol I, p 136 


t Vol I, p 207 
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iT, equation (26) admits muly for a particular solution, 
sequently is a solution of (SI), -which pioyes 

wem 

sample, we consider a cone of leyolution Its lines of eiuyataie are the 
)£ tlie cone and the circular sections. When a transformation by recip- 
i, whose pole is any pomt, is applied to the cone, the transform 8 has two 
f circles for its lines of curvature, m consequence of the above theorem 
iiCt that circles and straight lines, not thron gh the pole, are traxffiformed 
s Moreover, the cone is the envelope of a family of s0ieres whose cen- 
1 its a:zis, and also of the one-parameter family of tangent planes, the 
5 through the vertex Since tangency is preserved m this transformation, 
e 5 IS m two ways the envelope of a family of spheres all the spheres 
cnily pass through a pomt, and the eenteis of the spheres of the other 
m the plane determmed by the axis of the cone and the pole 

urfaces of translatloii The simplest form of equation (26) is 


dudv 

ii case equations (27) are of the type 

C/g, C/g are any functions whatever of u alone, and F^, 
Eunctions of v alone This surface may be generated by 
y upon the curve 

ation m which each of its pomts describes a curve con- 
with the curve 

manner it may be generated by a translation of the second 
1 which each of its pomts describes a cuive congruent with 
. curve For this reason the surface is called a surface of 
ion From this method of generation, as also from equa 
2), it follows that the tangents to the curves of one family 
pomts of intersection with a curve of the second family 
illel to one another Hence we have the theorem of Lie * 

ievelopable enveloping a surface of translation along a gener- 
true IS a cylinder 

* Math Annalen, Vol XIV (1870) pp ‘132-3G7 
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Lie has observed that the surface defined by (32) is the locus of 
the mid-points of the joins of points on the curves 

^1=2 27,, yx=2£r^, ^x=2^73, 

^.= 2F„ 2/2= 2F„ 

It may be that these two sets of equations define the same curve 
in terms of different parameters In this case the surface is the 
locus of the mid-pomts of all chords of the curve These results 
are only a particular case of the following theorem, whose proof is 
immediate 

The loeus of the point which divides in constant ratio the joins of 
points on two curves^ or all the chords of one curve^ is a surface 
of translation, in the latter case the curve is an asymptotic line of 
the surface 

When the equations of a surface of translation are of the form 

y=V, 

the generators are plane curves whose planes are perpendicular 
We leave it to the leadei to show that in this case the asymptotic 
lines can be found by quadratures 

82 Isothermal-conjugate systems When the asymptotic lines 
upon a surface aie parametiic, the second (][uadiatic form may be 
written Xdudv When the suifice is leal, so also is this quadiatic 
form Therefoie, according as the curvatuie of the suiface is posi¬ 
tive or negative, the paiameteis u ind v aie conjugate imaginaiy 
or real 

We considei the foimei ease and put 

= 7/,-f u\, —ze,, 

when and are le d In tc ims of these paiarneters the second 
quadratic form is X {du ^ ih Ilcmt the cuivcs ?/j=eonst, 
const foim a conjugite system, loi which 

(38) //=0 

Bianchi * has called a system of this soi t isotlu rmal con)U(jaii Evi 
dently such a system be us to the second (piidiatic foiin an ana 
lytical relation similar to that of in isotheimal-oithogonal system 

♦Vol I p If,7 
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rst quadratic form In the latter case it was only necessary 
'—be positive, and the analogous requirement, namely 
> 0, is satisfied by surfaces of positive curvature Hence 
heorems for isothermahorthogonal systems (§§ 40, 41) are 
3 d into theorems concerning isothermal-conjugate systems 
Atutmg D, D\ D" for G respectively in the formulas 
cular, we remark that if the curves u = const, v = const 
rface form an isothermal-conjugate system, all other real 
lal-conjugate systems are given by = const, = const, 
atities and bemg defined by 

) IS any analytic function 

a the curvature of the surface is negative and we put 

jecond quadratic form \dudv, it becomes X(du^-— dv^ In 
e 

D = - Z )", 2)^=0 

bhe curves = const and i\ = const form a conjugate sys- 
ich may be called isothermal-conjugate With each change 
)arameters u and v of the asymptotic lines there is obtained 
sotheimal-conjugate sjstem Hence if u mid v are parame- 
an isothermal-conjugate system upon a suiface of negative 
ire, the parameters of all such systems are given by 

U^= (f>(u±v) + '^(UZfV)f 
=:<f)(u± v) — ^/r(u:p v), 
p and a/t denote aibitiary functions 

evident that if the puameters foi a suiface aie such that 


rand Tare functions of ii and ? iespecti\el}, then by a 
of parameteis which docs not chinge the paianietiic cuives 
reduce (3 3) to one of the foims (33) or (34) Hence equa- 
55) aie a necessary and sufficient condition that the paia- 
curves form an isothermal conjugate system Refeiring to 
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§ T7, we see that the lines of curvature upon a surface of constant ’ 
total curvature form an isothermal-conjugate system 

When equation (35) is of the form (33) or (34), we say that the 
parameters u and v are isothermal-conjugate 

83 Spherical representation of conjugate systems When the 
parametnc curves are conjugate, equations (IV, 69) reduce to 


(§•= 


GI/ 




FDD>' 


ED"^ 


From these equations and (III, 16) it follows that the angle w' 
between the parametric curves on the sphere is given by 


cos a>'= 




F 

-/eg 


q: COS 0), 


where the upper sign corresponds to the case of an elliptic point 
and the lower to a hyperbolic point Hence we have the theorem 
The angles between two conjugate directions at a point on a mr- 
face^ and between the corresponding directions on the sphere^ are equal 
or supplementary^ according as the point is hyperbolic or elliptic 


When the parametnc curves form a conjugate system, the 
Codazzi equations (V, 27) reduce to 


(36) 


' 

dv 
dj^ 
. du 




and equations (V, 20) become 


(37) 


di 

I) 

(U 

// 

dr 

/>" 

CO 

// 


— 


-f y - ), 

cii do J 


( d\ ,dX\ 
du ^ dv) 


Hence, when a system of cuives upon the sjiheie is given, the 
pioblcm of finding the surfaces with this icprcscntation of a 
conjugate system reduces to the solution of equations (30) and 
quadratures of the foim (37), after JT, 1, Z have been determined 
by the solution of a Riccati equation By the elimination of D 
or Z>^' fiom equations (36) we obtain a partial differential equation 
of the second order 
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the general equations (V, 28) we derive the following, 
le parametric curves form a conjugate system * 

aagential coordinates Projectiye transformations Theprob- 
indmg the surfaces with a given representation of a con- 
lystem is treated more readily from the point of view of 
lal coordinates For^ from (V, 22) and (V, 84) it is seen 
F, Z, and W are particular solutions of the equation 

ri2y^_ ri2y^ 

\ 1 J Sm \.2J dv 


every solution of this equation linearly independent of 
determines a surface with the given representation of a 
be system, and the calculation of the coordinates :r, y, z 
t involve quadratures (§ 67) 

3rsely, it is readily seen that if the tangential coordinates 
in equation of the form 


^ 36 ^ .36 

--|- d — -|- 0 — 

3u3v 3u 3v 


4“ cff = 0, 


dmate lines form a conjugate system on the surface 


example, we determine the surfaces whose lines of curvature are repie- 
the splieie by x family of curves of constant geodesic curvatuie and their 
1 tiajectones If the former family be the curves v = const , and if the 
nent on the sphere be written = Edu^ + Gdr*", we must ha\e (IV, 60) 


1 dVI 

y/EG 




) IS a function of u alone By a change of the parameter d this may be 
hi to unity In this case equation (30) is reducible to 





•Ci Biai»rtu,Vol I, p 167 
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The general integral of this equation is 

where vq denotes a constant value of v, and U and V are arbitrary functions of u 
and V respectively Hence 

The determination of all the surfaces whose lines of curvature are represented on 
the sphere by a family of curves of constant geodesic curvature and their orthogonal 
trajectories^ requires two quadratures 

In order that among all the surfaces with the same represen¬ 
tation of a conjugate system there may be a surface for which the 
system is isothermal-conjugate, and the paiameters be isothermal 
conjugate, it is necessary that equations (36) be satisfied by 
according as the total curvature is positive or negative 
In this case equations (36) are 

aiogD ri2V fiiv aiogi) fi2V r22V 

dv ~llJ'^l2/’ du ■"l2J'^ll/ 

The condition of integrability is 

When this is satisfied D nny be found by quidratures, and then 
the coordinates, by (37) Hence we have the theoiein 

A necessary and sufficient condifton that a fannly of curies ni^on 
the sphere represent an iwtluimid (onfinfatt systim on a ^urfa(e^ 
and that u and v he isotln rnial-ton)lufat l paravuii is that (', c/, 
satisfy (40), then tin suitaa ts unKjue to xvitlnn Us honioiln iits^ 
and Us cooidinatts art yiiun hy piadtatuns 

The following theoiem (omdinng tin inviiiiiuL of (on jugate 
diiections and asymptotic linos is due to l)ul)oii\ 

When a surfaie is snh/t<f(d to a joro^Ktnu ttansfonnahon or a 
transformation hij rmpiotal polai s^ i on imiati dirntions and astpnp 
totic lines art pn r\H d 

We prove tins tlitoiom gconu li icall> ('onsnU i <i (ni\c a 
surface iVand the dcvtlojixblc I> (iicuiiisciihing tlic siii f u t along 
When a piojcctive tiansloiin itioii is tflidul upon S we obtain a 
surface corresponding point with point to /V, ind (' goes into a 
curve Coupon andD into a developable eircumseiibing along 
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eover, the tangents to C and correspond, as do the gener- 
D and Since the generators are m each case tangent to 
es conjugate to C and respectively, the theorem is proved 
e case of a polar reciprocal transformation a plane eorre- 
n a point and vice versa, m such a way that a plane and a 
it go into a point and a plane through it. Hence S goes 
C into Di, D into and the tangents to C and generators 
to the generators of and tangents to Hence Uie 
is proved 

EXAMPLES 


ow that the parametric curves on the surface 


= ^L±_ 
U + V ' 


+ 

ti+y' 




Cs + Fg 


IT + F * 


^*’8 are functions of u alone and the Y'& of r alone, form a conjugate system 
L the surface x — TIxVi^y — TJ^Yu = Fg, where Ui, are functions of 
id Fi, Fg of tj alone, the parametric curves form a conjugate system and 
itotio lines can be found hy quadratures 

e generators of a surface of translation form an equidistantial system 
0, p 187) 

ow that a paraboloid is a surface of translation m more than one way 


e locus of the mid-points of the chords of a circular helix is a right helicoid 


scuss the surface of tianslation which is the locus of pomts dividing in 
•atio the chords of a twisted cubic 


om (28) It follows that 


dx^ + = 




(»'* + + z^) 

itly the transformation by reciprocal radii is conformal 


termine the condition to be satisfied by the function w so that a surface 
inear element = a" (coss « du- + sm^ « dv") 

the total curvature — 1/a Show that if tlie paiametric curves aie the 
irvatuie, they foim an isotheimal conjugate system 

necessaiy and sufiicient condition that tlie linen element of a surface 
o a conjugate system can be ^^lltten 

ds^ = (c^ du2 — 2 J^dudv + ^dv"*), 

iparametiic cuives be the cliaiac teiistic lints Eind the condition imposed 
cuives on the unit splicie m oidei that thty may icpresent tliese liueb 

mjugate systeinb and asymptotic lines iie tiansfoimed into cur\es of the 
when i suiface is triiisfoimed hy the gencial piojcctive tianslormation 



B, C, D are linear functions of the new cooidinates ai, yi, Zi 



204 


GEODESICS 


85 Equations of geodesic lines We have defined a geodesic to 
be a curve whose geodesic curvature is zero at every point, conse¬ 
quently its osculating plane at any point is perpendicular to the 
tangent plane to the surface 

From (IV, 49) it follows that every geodesic upon a surface is 
an integral curve of the differential equation 


ds d»)\\du 2 dv)\d») du dt ds 2 dv\dii)\ 

\ d» d»)\2 du\d») dv ds da 2 du)\da) 


If the fundamental identity 


E 


M dsds^ 



1 , 


which gives the relation between v, 8 along the curve, be differ¬ 
entiated with respect to we have 



If this equation and (41) be solved with respect to 

and I F-z —h G -r-: h we obtain 
\ ds" dr 




da^) 


j^^d'u ^ V ^ 1 dh /duY ^ d1^ du dv ^ fdl^ 1 Q 

dr d^ 2 du\d8/ do ds ds \dv 2 du/xdsj ’ 

7/''!?^ _i_^^ 1 \A^?A , d%i do 1 dG /doV^ . 

ds'^ ds^ 2 do Jxds) du ds ds 2 do \ds) 


If these equations be solved with respect to 
in consequence of (V, 2), 

\ du do ^ 
J ds ds 


(42) 


[d^u 


d% 


+ 


{VKtJ 


121 du dv 


2 J ds ds 


4- 


d II , d V T 

and , -1 we have, 
ds^ ds^ 
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)aar of solutions of these equations of the form u 
, determines a geodesic on the surface, and « is its arc 
b geodesic may be defined in terms of u and v alone, without 
oduction of the parameter $ If defines such a 

dv ,fdu j^ff/duV ^ 

iting these expressions m (42) and ehmmatmg — > we 
I within the factor (du/da)*. 


(42) it follows that when du/ds is zero, 



when this condition is not satisfied, equation (48) defines 
lesics on a surface , and when it is satisfied, equations (43) 
const define them 

the theory of differential equations it follows that there 
unique integral of (43) which takes a given value for 
■tnd whose first derivative takes a given value for u = Uq 
ve have the fundamental theorem 

igh every point on a surface there passes a unique geodesic 
iven direction 


“xample, we consider the geodesics on a surface of re\olution We have 
6) that the linear element of such a surface referred to its mendians and 
s of the form 

ds3 = (1 4- 4- vTdn^, 

<f> (u) IS the equation of the meridian cur\e If we put 
Ui=y* Vl-j- 4> ^du, 

ite the inverse of this equation by m ^ (wi), we have 
ds"* = du^ 4- ^3di>3, 

leridians and parallels are still the paiametric curves For this case equa 
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The first integral of the second is 


« dv 


where c is a constant Eliminating <25 from this equation and (47), and integrating^ I 
we have I 

(49) e r-—^L= = ±» + ci, 

*' xj/ ^ 


where ci is a constant The meridians v = const correspond to the case c = 0 
Hence we have the theorem 

T?ie geodesics upon a surface of reoolvlion referred to its meridians and parallels 
can he found hy quadrcdures 


It should be remarked that equation (49) defines the geodesics upon any surface 
applicable to a surface of revolution 


86 Geodesic parallels Geodesic parameters From (43) it fol¬ 
lows that a necessary and sufficient condition that the curves 
V = const on a surface be geodesics is that 



If the parametnc system be orthogonal, this condition makes it 
necessary that 2U be a function of u alone, say By replacing 

Uduhyu we do not change the parametric lines, and ItJ becomes 
equal to unity And the linear element has the form 
( 51 ) = du^ + O 

where in general 6^ is a function of both u and v h rom this it 
follows that the length of tlie segment of a t ui ve v = const between 
the curves and u = is given by 



== 71 


0 


Since this Icngtli is nnUpendent of v, it follows tlut the segments 
of all the geodesies = const inchuUd Ik tween my two oithog- 
onal trajectoues aie of C(pial length In cons( <nien( e of the funda¬ 
mental theorem, we liave th it time is a uiikjuo hunil}^ of geodesics 
which are the oitliogonal tiajectoiics of <i given ciiivi T I he ibove 
lesults enable us to state the following tlieorc in of (I mss ^ 

If geodesics h( draion orthogunal in a ixuu ( \ and <q}ial Ungths he 
measured upon them from C\ the loan of tin ir cruh is an orthogonal 

trajectory of the geodesics 

J *7 c,p 25 
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gives us a means of finding all the orth<^onal trajectories 
nily of geodesics, when one of them is known And it sug- 
he name geodesic parallels for these trajectories Referrmg 
, we see that these are the curves there called parallels, 
the theorem of §37 may be stated thus 

^cessary arid sufficient condition that the curves <f>= const he 
G parallels is that 

he differential parameter %s formed mth respect to the linear 
of the surface^ and f denotes any function. In order that ^ 
length of the geodesic curves measured from the curve ^ = 0, 
^cessary and sufficient that 

T^er, we have seen that when a function 4> satisfies (52), a 
inction satisfying (63) can be found by quadrature When 
nction IS taken as u^ the hnear element has the form (51) 
case we shall call u and v geodesic parameters 
Geodesic polar coordmates The following theorem, due to 
* suggests an important system of geodesic parameters 

mal lengths he laid off from a point P on the geodesics through jP, 
IS of the end points is an orthogonal trajectory of the geodesics 

►roving the theorem we take the geodesics for the curves 
ist, and let u denote distances measured along these geo- 
fiom P The points of a curve w = const are consequently 
same geodesic distance from P, and so we call them geodesic 
It is our problem to show that this parametric system is 
'inal 

n the choice of u we know that A =1, and hence from (oO) 
ws that F is independent of u At P, that is for 2 ^ = 0, the 

^ 2 / ^<3 

ives —j — > — are zero Consequently F and G are zeio 
dv dv dv 'i ^ 

0, and the former, being independent of w, is alwajs zcio 

the theorem is pioved 

considei such a system and two points Mq{u, 0), i^) 

geodesic circle of radius u The length of the arc 


p 24 
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18 given hj As u approaches zero the ratio 

approaches the angle between the tangents at P to the geodesW 
» = 0 and i> = v^ It 6 denotes this angle, we have 

vi 

X 


0 = hm- 


u 


Jo V du 


dv 


In order that v be it is necessary and sufficient that 



= 1 


These particular geodesic coordinates are similar to polar coordir 
nates in the plane, and for this reason are called geodesic yolar 
coordimtes The above results may now be stated thus 


The neceeeary and sufficient conditions that a system of geodesic 
coordinates he 'polar are 



It should be noticed, however, that it may be necessary to limit the part of the 
surface under consideration in order that there be a one-to-one correspondence 
between a point and a pair of coordinates For, it may happen that two geodesics 
starting from P meet again, in which case the second point of meeting would be 
defined by two sets of coordinates * For example, the helices are geodesics on a 
cylinder (§ 12), and it is evident that any number of thorn can be made to pass 
through two points at a finite distance from one another by varying the angle under 
which they cut the elements of the cylinder Hence, in using a system of geodesic 
polar coordinates with pole at P, we considei the portion of the surface inclosed 
by a geodesic circle of radius r, where r is such that no two geodesics through P 
meet within the circle t 


When the linear element is in the form (51), the equation of 
Gauss (V, 12) reduces to 


(55) 


1 aVG 




If denotes the total curvature of the surface at the pole P, 
which by hypothesis is not a parabolic point, from (54) and 
(55) it follows that 



* Notice that the pole is a singular point for such a system, because 7/2 = 0 for = 0 
tDarboux (Vol II, p 408) shows that such a function r exists, this is suggested 
also by § 94 
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re, for s'offioieii'tilj small Talnee of u, we have 

D 

he ouoiunferenoe and area of a geodemc circle of radios u 
i yalues * 

C^^J^’VGdv = 27ru- 

A =jr“jr*'= TTM*- ^ 

^ and 62 denote terms of orders higher than the third and 
espectively 

EXAMPLES 

ad the geodesics of an ellipsoid of reyolntion 

le equations « = u, ^ = v define a representation of a sarface mth the 
nent = v (du^ + dti^) upon the o^-plane m such a way that geodesics 
mer are represented by parabolas on the latter 

ad the total curvature of a surface with the linear element 
,« _ ^ {a^ — v^du^ + 2iit >dudv + (a^ — 

(aa - ^a _ 

md a are constants and integrate the equation of geodesics for the surface 
twisted curve is a geodesic on its rectifying developable 
le evolutes of a twisted curve are geodesics on its polar developable 

ong a geodesic on a surface of revolution the product of the radius of the 
trough a point and the sine of the angle of mclmation of the geodesic 
neridian is constant 

)on a surface of revolution a curve cannot be a geodesic and loxodromic 
ae time unless the surface be oylmdncal 

ion a helicoid the orthogonal trajectoiies of the helices are geodesics and 
geodesics can be found by quadratures 

a family of geodesics and then orthogonal trajectories on a surface form 
nnal system, the surface is applicable to a surface of re\olution 

le radius of cuivature of a geodesic on a cone of revolution at a point P 
the cube of the distance of P from the \eitex 

Lrea of a geodesic triangle With the aid of geodesic polar 
ates Gauss proved the following important theoiem f 

’xce88 over 180^ of the 8um of the angles of a triangle formed 
e8ic8 on a surface of positive curvature^ or the deficit from 180^ 

ind Journcdde MatMmatiquea, Ser 1, Vol XIU (1848), pp 80-86 t L c p 30 
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of the Bum of the angles of such a triangle on a surface of negatwS 
curvature^ is measured ly the area of the part of the sphere 
represents that triangle ^ 

In the proof of this theorem Gauss made use of the equation of 
geodesic lines m the form 

F dE ^dB\. ^ 1 (dG FdE\^ ^ 

21! du 2dvr‘^^2H\du Edvr'“~^'' 
where 6 denotes the angle which the tangent to a geodesic at a 
point makes with the curve v = const through the point This 
equation is an immediate consequence of formula (V, 81) When 
the parametric system is polar geodesic, this becomes 

(57) de^--^dv 

^ ' du 




Let ABC be a triangle whose sides are geodesics, and let a, 7 
denote the included angles From (IV, 73) it follows that the inclosed 
area on the sphere is given by 


(58) 


d =ff dudv = € JJ'kH dudv, 


where e is ±1 i(mm 1 i \s as the cuivature is positive or negative, 
and the double mtegials aie tikcn ovei the lespective au is 
Let A be the pole of a polai geodesic system and //> the cuive 
^ = 0 From (55) and (58) we h ive 





cu 


(Ivdu 


In consequence of (54) we h iv(, upon iiiU giatioii \\ itli lespec t to 



which, by (57), is eipiivihnt to 



d6 


Foi, at B the geodesn />r mikis the ingli ir —/3 with tlu 
/» = 0 , and at C it in ikc s tlif <ingle 7 with tlu iuive/> = ^i: 


curve 
1lence 


which proves the theorem 
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ise of the form of the second part of (58) Ci may be said 
lire the total curvature of the geodesic triangle^ so that the 
leorem may also be stated thus 

"otoH curvature of a geodeBie tnaugle u equal to the access 
or deficit from 180^^ of the mm of the angles of the trtr 
cording as the curvature is positive or negative 

xtension of these theorems to the case of geodesic polygons 
htforward 

preceding discussion it has been tacitly assumed that all the points of the 
BC can be uniquely defined by polar coordinates with pole at A We 
T that this theorem is true, even if this assumption is 

theorem is not true for ABC^ it cannot be true for 
tie triangles ABB and ACB obtained by joining A 
iiddle point of BC with a geodesic AB (fig 18) I*or, 
the results for the two triangles, we should have the 
olding for ABC Suppose that it is not true for A BB 
1 latter into two triangles and apply the same reason^ 
ontmuing this process we should obtain a tnangle as Fio 18 

97e please, inside of which a polar geodesic system 
uniquely determine each point But a domain can be chosen about a 
aat a unique geodesic passes through the gi\en point and any other point 
cam * Consequently the above theorem is peifectly general 

cans of the above result we prove the theorem 
geodesies on a surface of negative curvature cannot meet in 
ts and inclose a simply connected area 

3 se that two geodesics through a point A pass through a 
point the two geodesics inclosing a simply connected 
of the surface (fig 19) Take any geodesic cutting these 
two segments AB in points C and D Since 
the four angles ACD^ ADC^ BCD^ BBC are 
together equal to foui light angles, the sum 
of the angles of the two tiiangles ADC and 
BDC exceed four right angles by the sum 
of the angles at A and B Therefoie, in 
ence of the above theorem of Gauss, the total cuivatuie 
urface cannot be negative at all points of the area ADBC 
le contiaiy, it can be shown that for a suifxce of positue 
le geodesics thiough a point meet again in general In 

• Darboux Vol II p 408 of § 04 
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fact, the exceptional points, if there are any, lie in a finite portion^ 
of the surface, which may consist of one or more simply connecte<J i 
parts ♦ For example, the geodesics on a sphere are great circles, | 
and all of these through a point pass through the diametrically ' 
opposite point Again, the helices are geodesies on a cylinder ^ 
(§ 12 ), and it is evident that any number of them can be made to * 
pass through two points at a finite distance from one another by * 
varying the angle under which they cut the elements of the cyl- 
mder Hence the domain of a system of polar geodesic coordmates ‘ 
IS restricted on a surface of positive curvature i 

89 Lines of shortest length Geodesic curvature We are now 
m a position to prove the theorem 


If two potnts on a surface are such that only one geodesic passes 
through them, the segment of the geodesic measures the shortest dys 
tance on the surface between the two points 


Take one of the points for the pole of a polar geodesic system 
and the geodesic for the curve = 0 The coordinates of the 
second pomt are (Mj, 0) The parametric equation of any other 
curve through the two points is of the form v = <f> (u), and the 

length of its arc is 

+ (Jcj) du 

Since G>0^ the value of this in¬ 
tegral IS necesbai ilygi cater than 
and the theorem is proved 
By means of equation (57) we derive anotlier dthnitioa of geo¬ 
desic curvature Considei two points 31 and 31' uf)on a curve C, 
and the unique geodesics^,^ tangent to Pat tlnse points (lig 20) 
Let F denote the point ot mteisution of ^ and (/, and S-i/r the 
angle under which they cut Liouville f has calh d S^fr th aiujle of 
geodesic contingence^ because of its analogy to the ordinary angle 
of contingence Now we shall prove tlie theorem 

The limit of the ratio Syjr/Ss, as 31' approaches is the geodesic 
curvature of C at M 



* For i proof of tins the reader is referred to a memoir by H v Maugoldt in Crelle 
Vol XOI (1881) pp 21-5,1 

] Journal do Mathematiques Vol XVI (1851), p 112 
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e proof of 'Uus liheoiem we ta^e for paiametnc curves the 
irve C, its geodesic parallels and their geodesic orthogonals, 
meter u being the distance measured along the latter from C 
lc geodesic g meets the curve v = v^ orthogonallj, the angle 
hich it meets v = t/ may he denoted by w/2 + 8^ As Jf' 
lies JIf, i6 approaches dd given by (57), and the sum of the 
f the triangle M’FQ approaches 180° Hence 8^ approaches 

I that we have _ 

j^8^_ d» 1 gVg 

& dB y/Q du 

\ the expression for the geodesic curvature of the curve C 
eodesic ellipses and hyperbolas An important system of 
no lines for a surface is formed by two families of geodesic 
\ Such a system may he obtained by constructing the geo- 
rallels of two curves and Cj, which are not themselves 
• parallels of one another, or by taking the two famihes of 
elides with centers at any two pomts and JP, Let u and 
re the geodesic distances from (7^ and Gj, or from and F^ 
ust be solutions of (53) Consequently, in terms of them, 
. have ^ _i 

EG-F^'^ EG-F^"" 


3 ual, (o denotes the angle between these parametnc hues, 
, from (III, 15, 16), 


E^G^ 


1 

—T"’ 
sin G) 


COSO) 

sin^G) 


be linear element has the followmgform, due to Wemgarten 

du^ + 2 cos ft) dudv + dv^ 
sin^tt) 


ely, when the linear element is reducible to this form, 

I are solutions of (53), and consequently the parametric 
ire geodesic parallels 

ms of the parameters and defined by w = -H aiid 
the linear element (59) has the form 




du^ 



dv? 
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The geometrical significance of the curves of parameter and ^ 
IS seen when the above equations are written ^ 

(61) u^^l(u + v), v^=^^{U’-v) 

The curves = const and = const are respectively the loci of 
points the sum and difference of whose geodesic distances from 
and or from and F^^ are constant In the latter case these 
curves are analogous to ellipses and hyperbolas in the plane, the 
points F^ and F^ corresponding to the foci For this reason they 
are called geodesic ellipses and hyperlolas^ which names are given 
likewise to the curves const, const, when the distances 
aie measured from two curves, and From (60) follows at 
once the theorem of Weingarten * 

A system of geodesic ellipses and hyperholas is orthogonal 

By means of (61) equation (60) can be transformed into (59), thus 

proving that when the lineai element of a surface is in the form (60), 

the parametric curves are geodesic ellipses and hyperbolas 

If 6 denotes the angle which the tangent to the curve = const 

through a point makes with the curve v = const, it follows from 

(III, 23) that ^ <0 a ^ 

^ ' cos a = 008—1 sin u= Sin- 

Z A 

Hence we have the theorem 

Criven any two systems of geodesic parallels upon a surface, the 
corresponding geodesic ellipsis and hypeiholas hisett the angles 
included hy the former 


91 Surfaces of Liouville Dun f inquired whethti ihtie weie 
any suifaces with an isotlicirnal system of geodesu ellipses and 
hypeiholas A necessary and suflicient condition that su( h a snr* 
face exist is that the coehicients of (60) satisfy i condition of the 
foiin (§ 41) 


KjSiii'^ — == 4/jCos‘ 


O) 


where and denote functions of .ind lespeetively In 
this case the liiu ii element may he wiitten 

( 62 ) 

*Uel)ei (he ObeiHiich(n fur weU h< < iiu r (hr lx iden H iiiplki umiuun{ 5 sha.lbmesser 
eiiit Fuik tion (Us aiub r( 11 ist ( tdU Vol 1X11(180}) pp l(>0-17d 
t imiuh S(i 2 Vol III (18()9) pp 2()9-2‘H 
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3liange of parameters defined by 



lar element is transformed mto 

and are functions of and respectively, such that 

ely, if the linear element is in the form (68), it may be 
mto (62) by the transformation of coordinates 



ces whose linear element is reducible to the form (68) were 
lied by LiouviUe, and on that account are called surfaces of 
e * To this class belong the surfaces of revolution and the 
5 (§§ 96, 97) We may state the above results m the form 

the linear element of a surface is in the Liouville form, the 
^nc curves are geodesic ellipses and hyperbolas, these systems 
mly isothermal orthogonal families of geodesic conics j- 

ntegration of the equation of geodesic Imes Having thus 
d the various propeities of geodesic lines, and having seen 
antage of knowing their equations in finite form, \ve return 
Dnsideration of then differential equation and deiive certain 
iS conceinmg its integiation 

ose, m the first place, that we know a paiticular first inte- 
the general equation, that is, a fimily of geodesics defined 
quation of the form 

Mdu-\-N dv = 0 


[V, 68) it follows that 31 and iV" must satisfy the equation 


_ F3^-GM \ ^ ^ / F3T-EX 

^ - 2 F3IN a31V - 2 F3Ly + 



nal de Mathematique'i Vol XI (1846), p 346 

eader is referred to Darboux Vol II p 208, for a discussion of the conditions 
ich a surface is of the LiouviUe type 
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In consequence of this equation we know that there exists a futf( 
tion (j> defined by 

EN-FM _ FN- QM 


^65) ^ = __ 

'' ' du sfEN^-^FMN+QM^ 


y/EUP —2 FMN+ GM^ 

Moreover, we find that 
(66) Ai<^=l 

From (III, 31) and (65) it follows that the curves = const are 
the orthogonal trajectoiies of the given geodesics, and from (66)^ 
it IS seen that measures distance along the geodesics from the! 
curve <^ = 0 Hence we have the theorem of Darboux * /j 

When a one-parameter family of geodesics is defined ly a differ-^ 
ential equation of the first order^ the finite equation of their orthogonal 
trajectories can be obtained by a quadrature^ which gives the geodesic 
parameter at the same time 


Therefore, when the general first integral of the equation of 
geodesics is known, all the geodesic parallels can be found by- 
quadratures 

We consider now the converse problem of finding the geodesics 
when the geodesic parallels are known Suppose that we have a 
solution of equation (66) involving an arbitiary constant a, which 
IS not additive If this equation be diffeientiated with respect to 
a, we get 

where the differential parameter is formed with respect to the linear 
element But this is a necess iiy and sufiicieiit condition (^ 37) that 
the cuives = const and the cuivcs 

(68) = const = a' 

(^a 

form an orthogonal sjstcm Hence the curves defined by (68) 
aie geodesics In gencial, this equation involves two arbitrary 
constants, a and a\ which, as will now be shown, enter in such 
a way that this equation gives the general integral of the differ¬ 
ential equation of geodesic lines 


* Le<fOns Vol II p 430, cf also Bianchi, Vol I p 202 
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se that a appears in equation (68), and write the latter thus 

(it, V, a)=a't 

case equation (67) becomes 

Ai(<^, ■f)=0 

ction of each of the curves (69) is given by ^ If this 

QJ 

independent of a, so also by (70) is the ratio rr/rx! 
e latter in the form ^ 

du ’ ''aw 

[nation and (66) be solved for and we obtain values 
^ ^ ' du dv 

ent of a, so that a would have been additive Hence / 

and so also does and therefore a direction at 

duj dv 

^o) determines the value of a, call it If then 

esic V, <* 0 )= a[ passes through the point and 

riven direction at the point Hence all the geodesics are 

>y equation (68), and we have the theorem 

a solution of the equation A^<f)=ly involving an arbitrary 

a, in such a way that ^ involves a, the equation 
da 

da 

alues of a' the finite equation of the geodesics^ and the 
e geodesics is measured by 

ans of this result we establish the following theorem due 


rst integral of the differential equation of geodesic lines be 
le finite equation can be found by one quadrature 

in integral is of the form 

dv , , V 
— =ylr(u, V, a), 
au 


* Cl Darboux, Vol II, p 429 
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where « is an arbitrary constant As this equation is of the form 
(64), the function </>, defined by 

A— r (-^ + dU’\‘{F-\- Gy^)dv 

is a solution of equation (66) As </> involves a in the manner 
specified in the preceding theorem, the finite equation of the 

geodesics is ^ = a' 
da 

93 Geodesics on surfaces of Liouville The surfaces of LiouviUe 
(§ 91) afford an excellent application of the theorem of Jacobi 
We take the linear element m the form * 

(71) (C^- V) (?7,W+ r^W), 

which evidently is no more general than (63) In this case equa¬ 
tion (66) becomes 

When this equation is written in the form 

1 1 


' ui \du) 


V^\dv 


one sees that it belongs to the class of partial differential equa¬ 
tions admitting an integral which is the sum of functions of u 
and V alone f In order to obtun this integial, we put each side 
equal to a constant a vnd mtegiate This gives 


= JU^y/lf~<uhi ± J J 


Hence the equation of geodesics 




(Jr = <i' 


If 0 denotes the angle which a geodesic thiough i [loiiit in ikes 
with the line v = const thiough the point, it follows fioin (HI, 24) 
and (71) that „ , 

tan^ = -^-^ 


»Cf DAiboiix Vol III p 0 


t Foisytli Differential Fquatiom (1888) p 310 
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ralue of from equation (78) be subetituted in thm 

i, we obtain tbe following jQrst integral of the Oanss 
L (56) 

U sin*^ + V oos*& = a 
lation 18 due to LiouviUe * 

SZAHPLES 

a surface of coBstaut curvature the area of a geode&c tnaugje is pro¬ 
to the difference between the sum of the angles of the triangle and 
angles 

w that for a developable surface the first integral of equation (66) can 
by quadratures 

m any curve C upon a surface and ihe developable surface which is the 
of the tangent planes to the surface along C, i^ow that the geodesic 
of C IS equal to the curvature of the plane curve into which C is trans- 
^en the developable is developed upon a plane 

en the plane is referred to a system of confocal ellipses and hyperbolas 
i aie at the distance 2 c apart, the linear element can be written 



ecessary and suflacient condition that ^ be a solution of Ai^ = 1 is that 
be a perfect square 

> = dia + $ 2 , where 0i and 02 are functions of it and r, is a solution of 
le curves 0% = const are lines of length zero, and the curves 0ia + ^2 = const 
orthogonal trajectories 

an the linear element of a spiral surface is in the form ds^ = (dit® + 

on Ai0= 1 admits the solution c'ZJi, wheie Ui is a function of it, which 
a equation of the first order whose integration gives thus all the geodesics 
•face 

a surface with the linear element 

ds’ = V[du^ + (tt + 

ind Vi are functions of v alone, the equation Ai(f> = 1 admits the solution 
) + (u), the determination of the functions and ^ requiiing the solu 

lifferential equation of the first order and quadratuics 
') denotes a solution of Ai0= 1 in\olving a nonulditue constant a, the 
ment of the surface can be wiitten 



0, 0) indicates the mixed diffeiential paiametei (III, 48) 
* X c , p 348 
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94 Lines of shortest length Envelope of geodesics We can 
a step faxther than the first theorem of § 89 and show that whether a 
one or more geodesics pass through two points and on a sur-ij 
face, the shortest distance on the surface between these points, if 
exists, IS measured along one of these geodesics a 

Thus, let V =/(«) and v =fi(u) define two curves C and passmg ® 
through the points ilfi, Jfj, the parametric values of u at the points 1 
being and The arc of C between these points has the length " 


I % 


'E+2Fv'+Gv'^du, 


where v' denotes the derivative of v vrith respect to u For con¬ 
venience we write the above thus 

j ^«9 

<^(w, V, v')du 

ui 

Furthermore, we put 

/i(«)=/(«) + «®(w). 

where oo (u) is a function of u vanishing when u is equal to and 
Wg, and € is a constant whose absolute value may be taken so small 
that the curve will lie in any prescribed neighboihood of C 
Hence the length of the arc of is 


' v + eoD^ v'€co')du 

Ui 


Thus IS a function of e, ieducing for € = 0 to « Hence, in ordei 
that the curve C be the shoitest of all the neai-by cur\es which 
pass through and Jf, it is necessaiy that the deiivative of 
with respect to e be zero foi 6=0 Thi'^ gives 


On the assumption that &> admits a continuous first derivative 
111 the interval ), and (p continuous first ind second deiiva- 
tives, the left hind member of this equation may be integiated 
by parts with the result 








'V\>0 
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nishes when u equals and As the function ® is arbi- 
cept for the above conditions upon it, this equation is 
mt to the following equation of Euler ♦ 

d<f> _^ M — 0 

dv du dv^ 


1 this result is applied to the particular form of ^ m eqUa- 
), we have 


-L 2 — v' -4-tr * 

\ dv dv dv 
du\->/ji!+2Fv'+Chi'y 2Vj®+2JV+(St/* 


/ F+Gv' 


= 0 , 


j readily reducible to equation (48) 

e the shortest distance between two pomts, if existent, is 
d along a geodesic through the points This geodesic is 
if the surface has negative total curvature at all pomts 
ler surfaces more than one geo- 
lay pass through the points if 
er are sufficiently far apart We 
)W investigate the nature of this 

=/(w, a) define the family of geo 
hrough a point and let yiq 21 

be the equation of their envel- 
We consider two of the geodesics and (fig 21), and 
v^) and ilfg (u , v^) denote then points of contact with the 
e Suppose that the arc is greater than The 

> from to measured along and is equal to 

f 0(ze,/,/)dw+ f g, g^)du 

Uuq %/vi 




considered fixed and variable, the position of the latter 
mined by a The vaiiation of D with is given by 


L 


^cf da 




odustnventendi linear curva^ maximt mimniivp proprietate gaudentes chap ii 
aiine, 1744), cf Bolza, Lectures on the Calculus of Vanatwns, p 22 (Chicago, 
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But for u — f=g =g', consequently the last term is zer<^ 

Integrating the first member by parts, and noting that is zero for 
u = Uf, and « = (§ 26), we have 

^«\Pf dudf) 

Since IS a geodesic, the expression in parenthesis is zero, and' 
hence D does not vary with JIfj This shows that the envelope of 
the geodesics through a point bears to them the relation which 
the evolute of a curve does to a family of normals to the curve 
Moreover, the curve ^is not a geodesic, for at each point of it there 
IS tangent a geodesic Hence there is an arc connecting and Jf, 
which IS shorter than the arc of S In this way, by taking different 
points Jfi on we obtam any number of aics connecting Jf„ and 
Jfj which are shorter than the arc of each consisting of an arc 
of a geodesic such as and the geodesic distance It is then 

necessarily true that the shortest distance fiom to a point M of 
Cg beyond is not measured along However, when M lies 
within the arc a domain can be chosen about so small 

that the arc M^M of is shorter than the arc M^M of any other 
curve within the domain and passing through these points * 


Another historical problem associated with this problem is the followinpj t 

Given an arc Cq joining two poinU A, h on a surf act , to find the f urve of 'ihortesi 
length joining A and B, and inclosing with Co a given area 


The area is given ^^dudv It is evident that two functions M and N i 

be found in an infinity of ways such that 


dN dM 
tu dv 


By the application of Gieen’s theoiein wc hwo 

fI’ndudv -ff dudv = f^du + Ndv 


where the list inkier il is cuivilineii ind is t iki n xioiind tin (outoiii ol tht iici 
Since Co IS fixed, oiii piobhin icdutes to the (h teiiniii ition ot i {iii\( C ilong 

which the integi il ( Mdu-\-N(lv is constant, ind whose lu Ah, (hit is, (he 
J A 


* Foi a more (ompletc dis( iission of this probh in tho rc id( r is reh rred to 1) irlioiix 
Vol III pp 8(1-112 Bol/a cliap v 

tin fact It was in the solution of this prohli m tint Minding {(^rclje Vol V (18 50) 
p 297) discovered the function to which Bonnet {Tounial de I hcole Polytechmqne^ 
Vol XIX (1848), p 44) ga\e tho name geodesic curvature 
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VjB + 2 Fv' + Gv IS a wtmiTiftiiTn 'Brom the calcolns of vanatioDS 

that, so far as the differential equations of the solution is oonoemed, thw 
e problem as finding the curve C along which the integral 

jT® VW+IW+^du + e(H + 

lum, c being e constant Euler’s equation lor this integral is 

^ , 2 _ a? ^ 

d / F + Gv' \ an ^ 8t dv _ 

<*M\V^ + 2Fe +Ot»'V VE + 2Jb + W* 

g this result with the formula of Bonnet (IV, 56), we see that O has con- 
Lesic curvature 1/c, and c evidently depends upon the magmtude of the 
een the curves Hence we have the theorem of Minding * 

r that a curve C joining tnoo points sJicUl be the shortest together imth 
me through these poivts^ incloses a portion of the surface with a given oarea, 
iary that the geodesic curvature of C be constant 


GEHSRAL EXAMPLES 


an the parametric curves on the umt sphere satisfy the condition 

)sent the asymptotic Imes on a surface whose total curvature is 

1 


e:=:- 


[0(tl) +lf'{0)]“ 


an the equations of the sphere have the form (III, 36), the parametric 

c^ 

I asymptotic and the equation (22) is (1 + wr)®-= — 2^, of which the 

tegralis 

1 + ttr 


t) and ^ (r) denote aibitrary functions 

sections of a surface by all the planes through a fixed line L in space 
urves of contact of the tangent cones to the suiface whose \ertices ire 
n a conjugate system 

m a surface of tiansHtion x = u, y = v, z =/(u) + 0(w) Determine the 
/ and <!> so that {pi + p 2 ) Z = const, wheie Z denotes the cosine of the 
Dh the noimal makes with the z axis, and determine the lines of cun a 
le surface 


ermine the relations between the exponents mi and rii in the equations 
X = y = , z = 

the surface so defined the paiametric cur\es shall form a conjugate sys 
3 how that the asymptotic lines can be found by quadratures 


*T c,g 297 
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6 The envelope of the family of planes 

(ITi + Fi)a; + (CTa + + (IT's + Fs)^ + (174 4- 7 - 4 ) == 0, 



where the 17’s are functions of u alone and the F’s of v, is a surface upon which 
the parametric curves are plane, and form a conjugate system 

7 The condition that the parametric curves form a conjugate system on the 
envelope of the plane 

xcoau + y amu z cot v =/(w, v)^ 


5 



IS that / be the sum of a function of u alone and of v alone, m this case these 
curves are plane Imes of curvature 


8 Fmd the geodesics on the surface of Ex 7, p 219, and determine the expres¬ 
sions for the radii of curvature and torsion of a geodesic 


i 




9 A representation of two surfaces upon one another is said to be conformal- 
conjugate when it is at the same time conformal, and every conjugate system on 
one surface corresponds to a conjugate system on the other Show that the lines of 
curvature correspond and that the characteristic lines also correspond 


10 Given a surface of revolution a; = ticoso, y = Msin?j, 2 =/(w), and the 
function 0 defined by 

where A and c are constants, a conformal-conjugate representation of the surface 
upon a second surface Xi = ui cos vi, yi = m sin ui, = 0 (ui) is defined by 

1 C Vl 4-/ 

u = CVi, c log Ui = I — ■■ . —» 

J Vl + E 2 ^ 

where F' denotes the function of u found by solving ( 1 ) for <f> 

11 If two families of geodesics cut under constant angle, the surface is 
developable 


12 If a surface with the linear element 

ds^ = (au2 ~ hv^ — c) (du^ + 

where a, 6, c are constants, is repusented on the xy-plarie by u = x, v = y, the 
geodesics coriespond to the I issajous figures defined by 

Vb sill” 1 — — I ^/a sin- =:C, 

A Ji 

where A, C are constants 


13 When there is upon a surface more than one family of geodesics which, 
together with their orthogonal trajectoiies, form an isothermal system, the curva 
ture of the surface is constant 


14 If the principal normals of a curve meet a fixed straight line, the curve is a 
geodesic on a surface of revolution whose axis is this line Examine the case where 
the principal normals meet the line under constant angle 
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’epresentation of two surfaces upon one another is said to be a geodeatc 
tion when to a geodesic on one surface there corresponds a geodesae on 
Show that the representation is geodesic when points with the same 
c values correi^ond on surfaces with the linear elements 

IT’S are functions of u alone, the F’s of v alone, and A is a constant 
surface with the linear element 


dss = (m* — c*) [0 (fl) d«*], 

i any function whatever, admits of a geodesic representation upon itself 

necessary and sufficient condition that an orthi^nal i^stem upon a snr- 
be regarded as geodesic ellipses and hyperbolas m two ways, is that when 
I are parametric the hnear element be of the laouville form, in this case 
es may be so regarded in an infinity of ways 

all the curves of equal length joining two pomts, the one which, together 
id curve through the pomts, mcloses the area of greatest extent, has con- 
esic curvature 


t r be any curve upon a surface, and at two near-by pomts P, draw 
sics p, o' perpendicular to r, let (7 be the curve through P conjugate 
he point where it meets o', and Q the mtersection of the tangents to g 
P and P', the limiting position of Q, as P' approaches P, is the center 
c curvature of r at P 

ow that if a surface 8 admits of geodesic representation upon a plane in 
y that four families of geodesics are represented by four families of par 
each geodesic on the surface is represented by a straight hue (cf Ex 8, 
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95 Confocal quadrics Elliptic coordinates Two quadrics are 
confocal when the foci, real or imaginary, of their principal sec¬ 
tions coincide Hence a family of confocal quadncs is defined by 
the equation 

^ ^ f . 


( 1 ) 


6 *- 








where u is the parameter of the family and a, J, c are constants, 
such that 

( 2 ) a^>V> 


For each value of w, positive or negative, less than a^, equation 
(1) defines a quadric which is 


(3) 


' an ellipsoid when <?^ > w > — oo, 
an hyperboloid of one sheet when I? > u> 

, ail hypeiboloid of two sheets when > u> ¥ 


As u appicaches the sni«illest axis of the ellipsoid approaches 
zero llencc the siiifaee < is the [joitioii of the ^i/pLine, 
counted twiee, bounded by the ellipse 


(4) 



2-0 


Again, the suifaci u~h is tlu poition ot the ^2 plane, counted 
twice, bounded by the li}i)eib()la 



which contains the centei of tlie curve Equations (4) and (5) 
define tin iocal elJipsi and foial hyperbola of the system 
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igh each point y, z) m space there pass three qnadncs 
imily 5 they are determined by the values of ^ ’which are 
the equation 

(i*— w) (<3^— u) 

— y® (a® — It) (c^ — w) — (a* — v) (J* — w) = 0 

<#>(a")<0, (#)(6“)>0, 4 >{<^)< 0 , ^(--oo)>0, 

s of equation (6), denoted by Wj, Wg, are contained m 
>wing intervals 

a^>u^>l% > Wg > — 00 

) it IS seen that the surfaces correspondmg to are 

j'ely hyperboloids of two and one sheets and an ellipsoid 
J2 represents three confocal quadncs, the curves on the 
are lines of ciir- 
and on the hyper- 
f one sheet they are 
tic lines 

the definition of 
follows that <l> (u) 18 
(u-u){u^-u){u^-u) 

S m (6) IS replaced 
expression and u 
a successively the 
b\ 0*, we obtain* 

(a — 6 ) (a — 6 ) 

{b’-a)(b-c) 

^>_ **i) (* ^ 

, (c — a ) (t — i ) 

ormulas express the Caitesian coordinates of a point in 
1 teiins of lilt piiameteis of the three quadiics which 
ough the point These parameteis are called the elliptic 
lies of the point It ib evident that to each set of these 

"'Kiulihoff Mechamkf^ 203 Leipsic 1877 
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s&Bfftes there correspond eight points in space, one in 
je«ight compartments bounded by the cooidmate planes 4* 
arte ol the parameters m. m (8) be made constant, and M 
»iswhere allowed to vary, these equatioaal 

gne in parametiic form the surface, also defined by equation! 

in whufii M has this constant value m, The parametric curved 
-const, «*= const are the curves of intersection of the give^ 
ndric and the double system of quadrics corresponding to the| 
tmeters Mj and m* J 

_f we put 1 

I-) = b^-u = h, = Uj-ii,= u, u^-u=v, '1 

le equation of the surface becomes | 

£)) a + y+c 


and the parametno equations (8) reduce to 


r J 

fa(a —w)(a — t;) 


1 

1 

j 

[6(5 —w) (6 —v) 

y- \\ 

1 

1 


lc(c — u) (t — v) 

2=^ 

1 

1 


Moreover, the quadrics which cut ( 10 ) in the paiamttuc curves 
have the equations 


-+ + 

a —u 0 — u i 

—+i“+ 

a — -y 6 — y 


In consequence of ( 3 ) and ( 9 ) we have th it eciuatiuns ( 10 ) 
or (11) define 

' an ellipsoid when a>u>h>v>c>(), , 

( 13 ) ■ an hyperboloid of one sheet when a>?/>6>0>c>v, 
an hypeiboloid of two sheets when a>0>h>u>c>v 
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andamental quantities for central quadncs By direct cal- 
we find from (11) 

)r the sake of brevity we have put 
ve also the following 



and D' are zero, the parametric curves are lines of curva- 
nd since the change of parameters (9) did not change the 
lie curves, we have the theorem 

uadrics of a confocal %y%tem cut one another along lines of 
e, and the three surfaces through a point cut one another 
ally at the point 


result is illustrated by fig 22 
(14) and (17) we have 

1 _ \dbc ^ 1 _ ahe 

pj)2 


bhe ellipsoid and hyperboloid of two sheetb have positive 
le at all points, whereas the curvature is negative at all 
if the hjpeiboloid of one sheet 
mulls (16) be written 


^ X 

-S:= X-? 

yuv a 


\ UV 0 


_ \ahc z 

\-1 

yuve 


ance W from the center to the tangent plane is 


W='^J£x = 




V » 
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Hence 

The iangent plams to a central quadric along a curve^ at pointa 
of which the total curvature of the surface %8 the same^ are equally 
distant from the center 

From (18) we see that the umbilical points correspond to the 
values of the parameters such that u^v The conditions (18) 
show that this common value of u and v for an ellipsoid is 6, 
and c for an hyperboloid of two sheets, whereas there are no real 
timbihcal points for the hyperboloid of one sheet When these 
values are substituted m (11), we have as the coordinates of 
these poults on the ellipsoid 


(20) y=o, 

and on the hyperboloid of two sheets 


c(b — d?) 

' (a - c) ’ 

(21) z = ±^ 

|a(a—c) , 

(a-b) ’ y ^ 

h (6 — c) 

S| (6 — a) ’ 

3=0 


It should be noticed that these points lie on the focal hyperbola 
and focal ellipse respectively 

97 Fundamental quantities for the paraboloids The equation 
of a paraboloid 

( 22 ) 2z = aa^^hf 

may be replaced by 

(28) x^y/u^, 2J = ~(ai^i+^^^l) 


Hence the paraboloids aie surfaces of translation (§ 81) whose 
generating curves are parabolas which lie m perpendicular planes 
By direct calculation we find 


E 






G = \(- + h^ 


i> = i. 


i)'=0, 




^^iy/a\ + h\+\ ^ ^v^y/a\+b\+l 

so that the equation of the lines of curvature is 




dv^ 

^ du. 


|~6 — a dv^ 

b 

- 1 - ^ « 


1 

_ 1 

~~a“^ 

3-r - w, 

du^ a 

UJJ 
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leral integral of this equation is 
6 — a h 


r 6 — a S 


IS an arbitrary constant 
i and in (24) are given particular values, equation (24) 
les two values of and m general distinct If these 
blues be substituted in (24) successively, we obtain m finite 
5 equations of the two lines of curvature through the point 

If and <?2 be replaced by — and — 

ly, we have, in consequence of (28), the two equations 

f T 

(1+ au)a?=u(l -f- au) 

ab 


re- 


hvy^ + (1 -f av) ar* = V (1 -f av) 


I —a 
ah 


hese equations are solved for and we find that equa- 
) can be replaced by 


« a —J 
^ = —-— uv^ 
0 

ll^a 


,/3 = 


25 =- 


(l + aw)(l+a2;), 
(1 + aw 4- av). 


2 ab 

parametric curves are the lines of curvature 
ve have 

T7 a — b, .aia — b)u^h . 

7^; = —— (w--v)-A— 

4J^ ^ w(l-|-aw) 

1^ b —a , ^a(a-’b)v—b 

6^ = —— (w —^^—♦ 

[ 4i v(l4-av) 

a^'Va —AVj/v, V^V6 —a x/( 1+«?<)(!+av), —Vai 

V [«(«~J)^ —(a —J) y — 6] 

^-iN 

i)'=0, 

^'=-h 




{a — 6) (w — v) 


(g — b){u — v) 1 


6 —(« — 6)v — J] (1 -f <*v) 
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From (27), (28), and (29) we obtain 








(81) 


[a{a — l)ii — h'^[a{a — h)v — b'f 


f 1 


- = y/^ [a{a-h)u-VY^[a{a — l)v — lY\ 
Pi 

i=V^[a(a- J)«- 5r*[a(a - ^)v~ 5]"* 

Pi 


Itom ihe 9 e results we find that the ratio Wfz is constant along 
tiie curves for which the total curvature is constant 

We suppose that 5 is positive and greater than a From the 
first of (26) it follows that u and at a real point differ m 
Sign, or one is equal to zero We consider the points at which 
both <VL and m are equal to zero There are two such points, 
and their coordmates are 


(32) 


a;= 0, 


y 




1 5 —g 

2 ah 


Evidently these points are real only on the elliptic paraboloid 
From (31) it follows that and p^ are then equal, and conse¬ 
quently these are the umbilical points Since at points other 
than these u and z; must differ m sign, we may assume that u 
IS always positive and v negative Moreover, from (26) it is 
seen that u and v are unrestricted except in the case of the 
elliptic paraboloid, when v must be greater than —IJa 

98 Lmes of curvature and asymptotic lines on quadrics From 
(14), (27), and § 91 we have the theorem 

The lines of curvature of a quadric surface form an isothermal 
system of the Liouville type 

Bonnet * has shown that this property is characteristic of the 
quadncs There are, however, many surfaces whose lines of curva¬ 
ture form an isothermal system They are called isothermic sur¬ 
faces The complete determination of all such surfaces has never 
been accomplished (cf Ex 3, § 65) 

* M^moire sur la throne des surfaces applicables sur une surface donn^e, Journal de 
V Ecole Folytechmqite, Vol XXV (1867), pp 121-132 
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(17), (29), and § 82 follows the theorem 

ine^ of curvature of a quadric surface form an isothermal- 
e system^ and consequenUy the asymptcftic lines com be found 
ratures 


hall find the expressions for the coordinates m terms of 
sr in another way 

tion (10) is equivalent to the pair of equations 



and V are undetermmed For estch value of u equations 
me a line all of whose points lie on the surface And to 
nt on the surface there corresponds a value of u detennin- 
le through the pomt Hence the surface is ruled, and it is 
lopable, as seen from (18) Again, for each value of v 
LS (34) define a line whose points lie on the surface (10), 
se lines are different from those of the other sjsteni 
he central quadrics are doubly ruled These lines are 
ily the asymptotic lines Consequently, if equations (33), 
solved for x, y, thus 

X ^u + v y _ uv^l z _ ^ y— ^ 

Va uv 4-1 y/c uv 


‘ the surface defined in terms of parameters referring to 
nptotic lines 

e manner equation (22) may be replaced by 


yfax 4- z VSz/ = 2 uz^ 

V 

these, we have 


V^=: 


u + v 
2 uv 


^ax — iy/by = - 
u 

y/ax — iy/by = 2 


vz 


1 

2 uv 


/ 


Vjy.lfclil, 

^ 2uv 
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Aft in tJbo pr8C6<injg case, w© see that th© suriac© is doubly ruled,* 
aud the parameters m (36) refer to the asymptotic system of straight 
luies Hence 

The aeymptotw Unes on any quadne are straight lines 

EXAMPLES 

focal conics of a family of confocal quadnes meet the latter in thfe 
points. 

the characteristic lines on the quadrics of positive curvature 

ine normal section of an ellipsoid at a point in the direction of the curve 

(mg whi(^ the total curvature is constant is an ellipse with one of its vertices 

I the point 

4 Find the equation of the form- =:M0 (cf § 79) when the corresponding 

^ auai) 

surface is a hyperboloid of one sheet, when a hyperbolic paiaboloid 

5 Find the evolute of the hyperboloid of one sheet and derive the following 
properties 

(а) the surface is algebraic of the twelfth order, 

(б) the section by a principal plane of the hyperboloid consists of a conic and 
the evolute of a conic, 

(c) these sections are edges on the surface, 

(d) the curve of intersection of the two sheets of the surface is cut by each of 
the principal planes in four ordinary points, four double points, and four cusps, 
and consequently is of the twenty fourth order 

6 Determine for the evolute of a hyperbolic paraboloid the properties analogous 
to those for the surface of Ex 6 

7 Deduce the equations of the surfaces parallel to a central quacli ic , determine 
their Older and the character of the sections of the surface by tlie piincipal planes 
of the quadric, find the normal cuivatuie of the curves coiresponding to the asymp¬ 
totic lines on the quadiic 

99 Geodesics on quadrics Since the quadrics are isothermic 
surfaces of the Liouville type, the finite equation of the geodesics 
can be found by quadratures (§ 93) From (VI, 74), (14) and (27), 

* Moreover the quadnes are the only doubly ruled surjaces Foi consider such a sur 
face, and denote by a 6 c three of the generatois m one system A plane a through a 
meets b and c in unique points B and C and the line BC meets a in a point 1 Ihe hue 
ABC IS a geneiator of the second system, and the only one of this system in the plane a 
The other lines of this system meet a in the line a On this account the plane a cuts the 
surface in two lines, a and ABC^ that is, m a degenerate conic Hence the surface is of 
the second degree 
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vs that the first integral of the difiez'entaal equation of 
s on any one of the qnadnes is 

u sm*fl-f t? cos*^ = a, 

IS a constant of integration and B measnzes the angle 
geodesic, determined by a value of a, makes with the lines 
iture V = const. We recall that in equations (11) and (26) 
imeter u is greater than % except at the umbilical points, 
hej are equal We shall discuss the general case first, 
der a particular point M\u\ t/) Accordmg bs ais given 
le u' or t/, equation (37) defines the geodesic tangent at 
he line of curvature u = u^ or v = respectively It is 
seen that the other values of determining other geo- 
hrough Jflie in the mterval between af and t/ More- 
i each value of ^ m this domain there correspond two 
»s through M' whose tangents are symmetrically placed 
spect to the directions of the lines of curvature From 
ult it follows also that the whole system of geodesics is 
by (37), when a is given the hmitmg values of u and v 
the intermediate values 
mte equation (37) m the form 

{u — a) sin®0 + (v — a) cos^^ == 0, 

Lsider the geodesics on a central quadnc defined by this 
1 when a has a particular value a' Suppose, first, that a' 
» domain of the values of u Then at each point of these 
^s v<aJ and consequently fiom (38) u>a' We have seen 
^‘se geodesics are tangent to the line of curvatuie u = a' 
11) it follows that they lie within the zone of the surface 
i by the two branches of the curve w = AVhen, now, 
the domain of the values of r, w — a' is positive, and con- 
ly from (38) v<a' Hence the geodesics tangent to the 
= a;' lie outside the zone bounded hj the t\\o branches of 
of curvatuie = a:' Similar results are true for the paiaho- 
nth the diffeience, as seen fiom (20), that the geodesics 

to u = a' lie outside the region bounded by this cuive, 
3 the curves tangent to a' lie inside the region bounded 
r' 
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100 Geodesics tlirough the umbilical pomts There remains foi 
consideration the case where oc takes the uniijue value which 
md V have at the umbilical pomts Let it be denoted by sc 
tiiat the curves defined by 
(30) (u — a^) + (v — a^) cos^d = 0 

are the wmh%hcal geodeBicB We have, at once, the theorem 

Through each point on a quadnc with real umbilical points then 
pme two urrMical geodesics which are equally inclined to the lines 
qf mrmture through the point 

Hence two diametrically opposite umbilical points of an ellipsoid 
are pined by an infinity of geodesics, and no two geodesics through 
lie same umbilical point meet again except at the diametrically 
opposite point These properties are possessed also by a family ol 
great circles on a sphere through two opposite pomts On the 
elliptic paraboloid and on each sheet of the hyperboloid of two 
sheets there are two families of umbilical geodesics, but no two 
of the same family meet except at the umbilical point common to 
all curves of the family 

For the ellipsoid (11) and equations (VI, 72, 73) become 
^ 2j^^(a — u){u — c) y{a — v)(v — c) 


Similar results hold for the hyperboloid of two sheets and the 
elliptic paraboloid Hence the distances of a point P from two 
umbilical pomts (not diametrically opposite) are of the form 

^1 =/l W +/2 4>2 =/l W ~/2 (^) 

Hence we have 

The lines of curvature on the quadrics with real umhdical poinU 
are geodesic ellipses and hyperbolas with the umbilical points for foci 

101 Ellipsoid referred to a polar geodesic system A family of 
umbilical geodesics and their orthogonal trajectories constitute 
an excellent system for polar geodesic coordinates, because the 
domain is unrestricted (§ 87) except m the case of the ellipsoid. 
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id 'dieii only the diametrically opposite point must be excluded 
iTe consider such a system on the ellipsoid, and let O denote the 
lie of the system and O', 0", O'" the other umbilical points (fig 28) 
If we put 


10 ) 


^ 2 — «)(« — e) ^ (a — v)(v — e)^' 


(<*-«)(»-«) 


^ = 1 r I « du 1 r I p dv 

^ 2 J y(a~u)(u—e) u — i 2 J y(a~v)(v—c) v — l 


r IS readily found that 

= 1, Aj (</>, = 0, AiVr s - 


(J — m) (5 — b) 


,y means of (11) we may reduce the Imear element to the form 


In order that the coordinates be polar geodesic, yjr must be 
^placed by anothei parameter measuring the angles between 
ie geodesics For the ellipsoid 
quation (39) is 

12) (w—6)sin^0+(v—6)cos®^=0 

LS previously seen, d is half of 
ne of the angles between the 
wo geodesics through a point 
f As M approaches 0 along 
he geodesic joining these two 
lOints, the geodesic O'J/0'" ap 
•roaches the section y — 0 Consequently the angle 2 6 approaches 
he angle MOO', denoted by co, oi its supplementaiy angle Hence 



ve have from (42) 
43) 



Ne take co in place of “^Ir and indicate the relation between them 
)y ^f{co) From (41) we have 
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expxe^on satisfies the first of conditions (VI, 64) The 
second is 


lim^ ■ 


/'(®) 




M4) IT -'- -— 

«=*2 V(m-5)(J-») 

If we make use of the formulas (III, 11) and (40), we find 

u u — vdcf) > V u — v^ 

ao th hi equation (44) reduces to 


■\/{u — h)(b~-v) 


u — v 


usbIk, trs=& 

By means of (43) we pass from this to 
(45) 


■V) 

Ua-u){u-c) 

1 

1 


[S 11 ^ 

D J 


=1 




J ((X -> 6) (6 — c) sin CO 
Hence the linear element has the following form due to Roberts * 

(46) d!^=d<i)^+-^dci>^ 

' bin^ CO 

The second of equations (40) may now be put m the form 


1 r I u du 1 r I 

2jy(a'—u)(u — c)u — d 2^J \ 


dv 


(a —v){v — c) V — h 


“N 




where C denotes the constant of integration In order to evaluate 
this constant, we consider the geodesic tin ough the point (0, h, 0) 
A.t this point the parameters have the values % — a, v = c, and the 
ingle ft) has a definite value a> Hence the above ecjuation may be 
teplaced by 


1 r 

2ja 


\ 


u 


{a --u){u — c) u 


du 1 r [ 

u--b 2J0 N 


do 


{a — v) {o-~ c) u — b 


\* {a — 5) (6 — c) ^^^1 tan « I 
* Journal de Math^matiques, Yol XIII (1848), pp 1-11 


/tan 
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maimer, for the umbilical geodesics through one of the 
)mts (not diametrically opposite) we have 

I u du ^ 1 r* _»_ dv 

a y(a-~u)(u — c)U'-6 2 Jo N{a —tf) i; —J 



lows at once from these formulas that if Jf is any pomt on 
E curvature u = const or i; = const, we have respectively 


00 ' 

2 


tan 


MO'O 


const, 


. MOO' ^MO'O 

tan—-— cot—;r— = const 


Properties of quadrics From (18) it follows that for the 
quadncs Euler’s equation (IV, 84) takes the form 

i = — (t? cos^0 + u sm^d) 

QS of (19) and (37) this reduces to 

1 _^ 

R abc 


e manner, we have foi the paraboloids 

ve have 

j a geodesic or line of curvature on a central quadric the 
RW^ IS constant^ and on a paraboloid the ratio RJf 

ider any point P on a central quadiic and a direction 
i P Let a, /3, 7 be the direction cosmes of the latter 
Qi diameter of the ellipsoid ( 10 ) paiallel to this direction is 

p) a b c 
cos 6 dx ^s,ind ^ 


uition 
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lid mmilarly for j 8 and 7 When the values of a;, y, z, U, G from 
11 ) and (14) are substituted, equation (49) reduces to 
1 _ cos^ff sm^^ 
u V 

Jy means of (19) and (3T) this may be reduced to 
50) ap^W^=ahc 

^om this follows the theorem of Joachimsthal 
Alofi^ a geodesic or a hue of curvature on a central quadric the 
product of the semv-diameter of the quadnc parallel to the tangent 
c the curve at a point F and the distance from the center to the 
mgeut plane at F is constant 

From (47) and (50) we obtain the equation 

p^=--EW, 

or all points on the quadnc Since W is the same for all direc- 
10 ns at a point, the maximum and minimum values of p and E 
orrespond Hence we have the theorem 
In the central section of a quadric parallel to the tangent plane at 
i point F the principal axes are parallel to the directions of the lines 
f curyature at F * 

EXAMPLES 


1 On a hyperbolic paraboloid, of which the principal parabolas are equal, the 
ocus of a point, the sum or difference of whose distances from the generators 
trough the vertex of the paraboloid is constant, is a line of curvature 

2 Emd the radii of curvature and torsion, at the extremity of the mean diam- 
ter of an ellipsoid, of an umbilical geodesic through the point 

3 Pind the surfaces normal to the tangents to a family of umbilical geodesics 
»n an ellipsoid, and determine the complementary surface (cf § 76) 

4 The geodesic distance of two diametrically opposite umbilical points on an 
llipsoid IS equal to one half the length of the principal section thiough tlie 
imbilical points 

6 Pind the form of the linear element of the hyperboloid of two sheets 01 the 
lliptic paraboloid, when the parametric system is polar geodesic with an umbilical 
)Oint for pole 


6 If Ml and M 2 are two points of intersection of a geodesic thiough the umbilical 
)oint 0 with a line of curvature v = const, then 


tan 


MiO'O ^MzO'O 


■ cot- 


= const 


*For a more complete discussion of the geodesics on quadrics, the reader is referred 
o a memoir by v Braunmuhl, m Math Annalen, Vol XX <1882), pp 666-686 
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ren a line of curvature on an ellipsoid and the geodesics tangent to it, 
A of intersection of pairs of these geodesics, meeting orthogonallyy be on 

7en the geodesics tangent to two lines of curvature, the pomts of inter- 
f pairs of these geodesics, meeting ortitic^onally, be on a sphere. 

Equations of a ruled surface A surface which can be gen- 
by the motion of a straight line is called a ruled euffaee 
pables are ruled surfaces for which the hues, cidled the 
k>ra, are tangent to a curve As a general thing, ruled sur* 
0 not possess this property, and m this ease they are called 
irfaces Now we make a direct study of ruled surfaces, par¬ 
ly those of the skew t 3 rpe, limiting our discussion to the 
here the generators are real * 
lied surface is completely determmed 
irve upon it and the direction of the 
tors at their pomts of meetmg with 
rve We call the latter the directrix 
the cone formed by drawing through 
b Imes parallel to the generators the 
r-cone If the ooordmates of a pomt 
D are expressed in terms of the arc v measured 

i point of it, and Z, n are the direction-cosmes of the gen- 
through the equations of the surface are 

x — y = aj = Zo-hwu, 

u is the distance from to a point M on the generator 
fh ilfo If ^0 denotes the angle which the generator through 
kes with the tangent at to A then 

cos ^0 = 

the accent indicates difEerentiation with respect to v (fig 24) 
(51) we find for the linear element the expression 

dd* = du^ + 2 cos 6^ dudv + (aV 4- 2 J4-1) cZv®, 
we have put for the sake of brevity 

J=Z'a;'4-wi'y'4-w'25j 

5 shall use the term ruled to specify the surfaces of the skew type, and developable 
others 






i 
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Sittce the generators are geodesics, their orthogonal trajectories 
m be found by quadratures (§92) We arrive at this result 
xectly by remarking that the equation of these trajectories is 
n, 26) ^y, + cos d^dv = 0 , 

id that 0Q is a function of v alone 

104 Line of stnction Developable surfaces We shall now con 
ier ihe quantities which determine the relative positions of the 
merators of a ruled surface 

Let g and be two generators determined by parametric values 
and and let X, /-t, v denote the direction-cosines of their 

immon perpendicular If the direction-cosines of g and g' be 
noted by Z, n, Z + SZ, m + Sw, w + Sn respectively, we have 
j ZX + m\L + ni/ = 0, 

\ (Z+SZ)X + (^ + S?w)/i.-f + 

‘d consequently 

X iM i; = — nhm) {nSl — IBn) (IBm — mBl) 


rom (54) it follows that 

{mn’—' nmy + {nV-- Zn')^ 4 ' (Zm'— mVf = 
id by Taylor’s theorem, 


7 ) 




ence equations (56) may be replaced by 


8 ) 


X = ~ {mn'— rrJri) e^, 
M ^ {nl'— n't) + 6 ^, 


[ ^ ~ a Vm) + 63 , 

lere^j, e^, denote expressions of the first and higher orders in Sv 
If M(x, f, 2 ) and M'(x + Si, y + z + Sz) are the points of 
eting of this common perpendicular with ^ and respectively 
r 24), the length MM', denoted by A, is given by 

1) A = —= ^ = —, 

\ H V 


)) 


A = \hx + /iSy 4- vhz 
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1), after the manner of (57), we obtain 
Si = (ajj + «!') 8i; + ISS + <r, 

involves the second and higher powers of St» When thm 
liar values for and Si are substituted in (60), we have 

A 


1 <^o y!, 4 

p=-I m n , 

^ V 9n' rJ 

ivolves first and higher powers of In conseqnence of 

1 (64) we have 

p - 

^ approaches zero, the point M approaches a limiting posi- 
which IS called the central point of the generator Let a 
the value of u for this point In order to find its value we 
that it follows from the equations (65) and (59) that 

hv Sv Sv 8v Sv Sv 


hove expressions for these quantities be substituted m this 
Q, we have in the limit, as 8u approaches zero, 

a^u + J = 0 


iiently 


a = “ 


a* 


us of the central points is called the hne of striction Its 
trie equation is (64) Evidently 6 = 0 is a necessaiy and 
it condition that the line of stiiction be the diiectrix 
1 (61) and (68) it is seen that the distance between neai-by 
ors IS of the second ordei when 

a^sin^^Q — 6^*= 0 

it loss of generality we may take the line of stiiction 
0 ctrix, in which case we maj have sin0o=O, that is, the 
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generators are tangent to the directrix Another possibility fc 
afiorded From (54) it is seen that the only real snr 

faces satisfymg this condition are cylinders Hence (cf § 4) 

A neeessaTy and sufficient condition that a ruled surface^ other them 
^ effimder^ le developable is that the distance between near-by genera¬ 
tors be of the second or higher orders, in this case the edge of regres- 
mon %s the line of strietion 


105 Central plane Parameter of distribution The tangent 
plane to a ruled surface at a point M necessarily contains the 
generator throi^h M It has been found (§ 26) that for a devel- 
opaMe stu^oe this plane is tangent at all points of the generator 

We shall see that in the case of skew 
surfaces the tangent plane varies as M 
moves along the generator We deter- 
mme the character of this variation by 
finding the angle which the tangent 
plane at M makes with the tangent 
plane at the central point C of the gen¬ 
erator thiough M The tangent plane 
at C IS called the central plane 
Let g and g^ be two generators, and MM^ their common per 
pendicular (fig 25) Through the point M oi g draw the plane 
normal to it meets g^ m and the line through M parallel 
to g^ in Jfg The limiting positions of the planes MfdM and 
as g^ approaches g^ are the tangent planes at M and at (7, 
the limiting position of M The angle between these planes, de¬ 
noted by (f>'j IS equal to and the angle between g and g^^ 

denoted by o-, is equal to MMM^ By construction MM^M^ and 
MMM^ are right angles Hence 



tan <^' = 


MM, 

M,M, 


MM tan cr 
MM' 


In the limit M is the central point (7, and so we have 
lim tan,/.'= 

pdv p 

for we have da^ = hm (SZ* + 8m® + Sw®) = a^dv^ 
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.tomary to write the above equatioQ in. the form 
tan^ = ^ 


ction thus defined is called the parameter of distribution 
b limit of the ratio of the shortest distance between two 
>rs and their mcluded angle As it is independent of the 
er w, we have the theorem 

angent of tTie angle between the tangent plane to a ruled 
at a point M and the centred plane is proportional to the 
of M from the central point 

this it follows that as M moves along a generator from — oo 
^ varies from — tt/S to ir/2 Hence the tangent planes at 
Litely distant points are perpendicular to the central plane 
0 IS the condition that a surface be developable, the 
plane is the same at all pomts of the generator 
lall now derive equation (67) analytically From (51) we find 
direction-cosmes of the normal to the surface are of the form 
(^gp— + {mn^— rfln)u 

(aV -h 2 + sin*0o)* 

)ressions for Y and Z are similar to the above The 
a-cosmes of the normal at the central pomt are 

I from these by replacmg w by a From this we have 


os ^ 

__ 2 (Tngp — ny^)^ +2 {piz\ — nf^{mv! — rjiri){u-\~a)-\- o?ua 


eads to 


(aV + 2 + sin^^o)* (a V + 2 6a: + sin^^o)* 


2 {u — a) 

tan^<^= , ^ 2ii ’ I 
a sin®o„—6 


ns equation and (67) we have 


/3 = ± 


Va^ sm^^n— 




Vo 4 
I m n 


he surface is defined by its linear element, )8 is thus deter- 
mly to within an algebraic sign We shall find, however, 
s is not the case when the surface is defined by equations 
orm (51) 



m 
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To this end we take a particular generator ff for the 
w.— g have 

«,= «.= 0, l = m = 0, n = l, n'=0 


talso tke central plane be taken for the ass-plane and the cenlaat 
point for the ongin From (68) it follows that yi = 0 Smce the 
bngin IS the central point, 5 = 0 and consequently 5' = 0 Hence 
the equation of the tangent plane at a point of g has the simple form 


(71) 

f ami n being current coordinates If the coordinate axes hare 
(be usual orientation, and the angle <f) is measured positively m 
the direction from the positive a>axis to the positive y-axis, 
bcom equation (71) we have 

.-rax * ^ 

(72) tan<^ = -p- 


Compaxmg this with equation (67), we find for 0 the value 
In order to obtain the same value from (70) for these particular 
values, we must take the negative sign Hence we have, m 
general, 

(73) 


o_1 


y’o < 
m n 
wl rJ 


It is seen from (72) that, as a point moves along a generator m 
the direction of u increasing, the motion of the tangent plane is 
that of a right-handed or left handed screw, according as yS is 
negative or positive 

EXAMPLES 

1 Show that for the ruled surface defined by 

* = 5/(1 - U2)^dtt+ 1(1 

y = lf(l + u^)<l>du + ^{l + 
u^du + fv, 

where 0 and 0 are any functions of u, the directrix and the generators are minimal 
Determine under what condition the curvature of the surface is constant 

2 Determine the condition that the directrix of a ruled surface be a geodesic 
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76, "by means of (62), that the lines of curvatoie of a surface P(«, y,«) = 0 


de. 


dz 


dF 

dF 

dx 

Sy ’ 

Bz 



^BF 

d —, 

d —1 
0y 

d — 

dx 

Bz 


right helicoid is the only ruled surface whose generators are the pnncipal 
£ their orthogonal trajectories Pind the parameter of distnbution 

76 for the hyperboloid of revolution of one sheet that 

(a) the mmimum circle is the line of stnction and a geodesic, 

(&) the parameter of distribution is constant. 

h every pomt P on a ruled surface there is associated another pomt P' 
le generator, such that the tangent planes at these pomts are perpendicular 
b the product OP OP^, where O denotes the central pomt, has the same 
1.11 pomts P on the same generator 

normals to a ruled surface along a generator form a hyperbolic paraboloid 

cross-ratio of four tangent planes to a ruled surface at pomts of a gen- 
qual to the cross-ratio of the pomts 

wo ruled surfaces are symmetric with respect to a plane, the values of 
leter of distribution for homologous generators differ only m sign 

Particular form of the Imear element A number of prop- 
ruled surfaces are readily obtained when the linear element 
a particular form, which we will now deduce 
n orthogonal trajectory of the generators be taken for the 
In this case 



ake the change of parameteis, 



sir element (53) is reducible to 

c?/ = du + [(u — ay + ^ ’] dv^ 

;le 0 which a cuive makes with the generators is 

Y _ 

tan 0 = \/(w + /3y' 

3 expression for the total curvature is 
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Hence a real ruled surface has no elliptic points All the points'^ 
are hyperbolic except along the generators for which ^=0, and^ 
at the infinitely distant points on each generator Consequently 
the linear element of a developable surface may be put in the form^ 

^79) — du^ + (w — ocfdv^ 

Also, in tile region of the infinitely distant points of a ruled sur¬ 
face the latter has the character of a developable surface As 
another consequence of (78) we have that, for the points of a 
generator the curvature is greatest in absolute value at the cen^ 
tral point, and that at pomts equally distant from the latter it 
has the same value 

When the hnear element is in the form (76), the Gauss equation 
of geodesics (VI, 66) has the form 

+ (w — a) dv^^ 0 


An immediate consequence is the theorem of Bonnet 

If a curve upon a ruled surface has two of the following properties^ 
it has the third also^ namely that it cut the generators under constant 
angle^ that it he a geodesic and that it he the line of striction 


A surface of this kind is formed by the family of straight lines 
which cut a twisted curve under constant angle and are perpen 
diculai to its principal normals A particular case is the surface 
formed of the binormals of a curve It is readily shown from (73) 
that the parameter of distribution of this surface is equal to the 
radius of torsion of the curve 


107 Asymptotic lines Orthogonal parametric systems The gen- 
eratois aie necessarily asymptotic lines on a ruled surface We 
consider now the other family of these lines From (51) and (68) 
we find 

(80) D = 0, 


V 

ml 

rj 

1 

V’u 

1 

2-'+ Vu 

1 

m 

n 

H 

m^'u 

m 

y[+m!u 

K 


2 } 

*0 

n”u 

n 

z'^+ n'u 


Hence the differential equation of the other family of asymp 
totic lines IS of the form 


-\-Lu^-\-Mu + A':= 0, 

dv 
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jJf, are functions of v As this is an equation of the 
type, we have, from § 14, the theorem of Serret 

our points in which each generator of a ruled surface ts cut 
curved asymptotic lines are in con^rd cross ratio 

§ 14 it follows also that when one of these asymptotic 
known the others can he found quadratures 


the surface is referred to an orthogonal ^stem and the linear elanent is 
n (76), written 

[ (ii - <r)2 -1- jSS] do*, 

isions (80) can be given a simpler form 
78) and (81) we have 

squations XxqI = 0, = 1, 

re obtam, by differentiation, 

2a:$a^' = 0, 2K' = 0, Xxo'l = - &, 

Xl'l'=aa% SZko 

defined by Xl'sso^t 

jxpression for IX in (80) Tie multiplied by the determinant of the nght- 
iber of (78), and the result be divided by its equal, — a% we ha\e, m 
ce of the above identities, 

jy'=: — —^ [u2 (<a* ~ oa 6) + u (2 <6 — aa - 66) + i — &T 


tions (74) be solved for a and 6 as functions of a and and the resultmg 
iS be substituted in this equation, we have 

D =-^{r[(it-a)* + /3*]+/S'(w-ar) + /Sa}, 


primes indicate differentiation with lespect to ©i, gi\en by (7o), and r 
o»/3r = t-^6 


he above equations it follows that the mean cuuature (cf § 62) is express 
foim 


11^ r[(u-a)3 + /3^] + /3(^"n>) + /3n:^ 

Pi P2 [(M a)3 + i32]» 


EXAMPLES 

n the linear element of a luled suiface is in the form (76), the direction 
the limiting position of the common peipendicular to two geneiatois are 

xo + aV Vq -I- am' Zq + an 
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surfaces 


2 Fjxxve tliat the developable surfaces are the ouly ruled surfaces with 

generators whose total curvature is constant I 

3 Show that the perpendicular upon the 2 :-axis from any point of the cubic ^ 

= z lies in the osculating plane at the point, and find the asymp*. 
totie lines on the ruled surface generated by this perpendicular 

4, Determine the function 0 m the equations ^ 

X = u, 2/ = n", z — <t> (u), 

m that the osculating plane at any point M of this curve shall pass through the 
ppojectaon P of on the y axis Find the asymptotic lines on the surface gener¬ 
ated by the line MP 

5 Show that the equations 

« = wsinacosV/, y = wsin^sin^, 2 ; = v-1-wcos0, 
where $ and f are functions of e, define the most general ruled surface with a rec- 
tilmear directrix, and prove that the equation of asymptotic lines can be integrated 
by two quadratures Discuss the case where 6 is constant 

6 Concemmg the curved asymptotic lines on a ruled surface the following are 
to be proved 

(а) if one of them is an orthogonal trajectory of the generators, the determina¬ 
tion of the rest reduces to quadratures, 

(б) if two of them are orthogonal trajectories, they are curves of Beitrand, 

(c) if all of them are orthogonal trajectories, the surface is a right helicoid 

7 Determine the condition that the line of stnction be an asymptotic line, and 
show that m this case the other curved asymptotic lines can be found by quadratures 

8 Find a ruled surface of the fourth degree which is generated by a line pass 
ing thiough the two lines x = 0, y = 0, z = 0, x-\-y + z = l Show that these lines 
and the line x = 0, x4-2/4-J? = l are double lines Find the line of stnction 

9 The right helicoid is the only ruled surface each of whose lines of cur\atuie 
cuts the generators under constant angle, however, on any other luled suiface 
there are in general four lines of curvature which have this property 


108 Minimal surfaces In 1760 Lagrange extended to double 
integrals the Eulei theorems about simple integrals in the calculus 
of variations, and as an example he proposed the following problem* 

Ghven a cloud curve C and a connected surface S hounded by the 
curve, to determine S so that the inclosed area shall he a minimum 


If the surface be defined by the equation 

2 =/(2', y), 

the problem requires the determination of y) so that the inte 
gral (cf Ex 1, p 77) 

J JVl+p’‘+ <^dxdy 

* CEuvres de Lagrange, Vol I pp 354-357 Pans, 1867 
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d over the portiont of the surface botmded by C ^hall be a 
no As shown by Lagrange, the condition for this £s 

Vi. 

i+p‘+fj 

,her form, 

(14- g^r — 2jt?3« 4-(1+jp*)^ = 0 

;e left the solution of the problem m this form, and 
ir,* sixteen years later, proved that this equation is 
nt to the vamshmg of the mean curvature (§ 52), thus 
that the surfaces furnishing the solution of Lagrange’s 
are characterized by the geometncal property which now 
Ly taken as the definition of mtmmaZ iUTfaees, however, the 
dicates the connection with the defimtion of Lagrange f 
lat follows we purpose giving a discussion of mmimal sur- 
>m the standpomt of their defimtion as the surfaces whose 
irvature is zero at all the points At each pomt of such a 
the principal radii differ only in sign, and so every pomt 
Derbolic point and its Dupin mdicatnx is an equilateral 
la Consequently minimal surfaces are characterized by 
Derty that their asymptotic Imes form an orthogonal sys- 
loreovei, the tangents to the two asymptotic Imes at a 
sect the angles between the Imes of curvature at the pomt, 
‘ versa 

ecall the formulas giving the relations between the funda- 
quantities of a surface and its spherical representation 
I 

^ ^ - KG 

lese we have at once the theorem 

\eceB8ary and sufficient condition that the spherical represent 
a surface he conformal is that the surface he minimal 

)ire sur la courbure des surfaces, Memotres cles Saiants strangers, Vol X 
177 

historical sketch of the development of the theory of minimal surfaces and a 
[iscussion of them the reader is referred to the Le< ons of Darboux (\ ol I pp 
) The questions in the calculus of variations involved in the study of mini 
es are treated by Riemann, Gesaminelte M erke^ p 287 (Leipzig 187t>) and by 
Jesamimlte Abhandlungent Vol I, pp 223, 270 (Berlin, 1890) 
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Hence isoihflr ina l orthogonal systems on the surface are re 
sented by similar systems on the sphere, and conversely All 
isotheiinal orthogonal systems on the sphere are known (§§ 35, 
Suppose t'b one of these systems is parametric and that the In 
element is dcr*=X (dv^ + dif) 

From the general condition for nunimal surfaces (IV, 77), nan 

(86) €!)>' + - 2 = 0, 

it follows that in this case 0 


In consequence of this the Codazzi equations (V, 27) are reducibl 


(87) 


dv du ’ du dv 


By eliminating D or J)' we find that both D and D' are mteg 
of the equation 


Hence the most general form of D' is 

(88) i)' = ^ (w + et;) -h (^fc — iv)^ 

where (p and yjr are arbitrary functions Then from (87) we ha 

(89) D = - 2(<^ -f) + c, 

where c is the constant of integration To each pair of functi 
0, yjr there corresponds a minimal surface whose Cartesian coc 
nates are given by the quadratures (V, 26), namely 


(90) 


du X\ du dv / 


dv \\ du dv / 


and similar expressions m y and z Evidently the surface is 
only when p and are conjugate functions 

In obtaining the preceding results we have tacitly assumed 1 
neither D nor Z)' is zero We notice that either may be zero 
then the other is a constant, which is zero only for the pL 
These results may be stated thus 

Every isothermal system on the sphere is the representation of 
lines of curvature of a unique minimal surface and of the asympi 
lines of another minimal surface 
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In like maimer we may take, for the solution of equations (87),'] 
(92) D = P'=0, X»'=l 

Agam we find 


P1P2 


P\ 


£J = Q ^ pj 


m> that W6 have a result similar to the above 

The farameters of the asymptotic lines of a minimal surface may 
he 90 chosen that the linear elements of the surface and of its spherical 
representation have the respective forms 

ds^ = p dv^)^ d<T^ = ~ (di^ + dv^)^ 

9 

mheri p u the absolute value of each principal radius 

V* 

From the symmetric form of equations (87) it follows that if 
(88) and (89) represent''one set of solutions, another set is given by 
D^rs —= ^ + Dl=i{<f) — ylr)— c 

These values are such that 

DD'' 4- “• 2 D^D[ = 0, 

which is the condition that asymptotic lines on either surface cor¬ 
respond to a conjugate system on the other (§66) When this 
condition is satisfied by two minimal smfaces, and the tangent 
planes at corresponding points are parallel, the two surfaces are 
said to be the adjoints of one another Hence a pair of functions 
(^, i/r determines a pair of adjoint minimal surfaces When, in par¬ 
ticular, the asymptotic lines on one surface are parametiic, the 
functions have the values (92), and on the other the values (91) 
It follows, then, from (90), that between the Cartesian coordinates 
of a minimal surface and its adjoint the following relations hold 

.qov ^ ^ dx^ _^dx 

du dv dv du’ 

and similar expressions in the ^’s and ; 2 ’s, when the paiametric 
curves are asymptotic on the locus of (x^ y^ z) 

110 Mimmal curves on a minimal surface The lines of length 
zero upon a minimal surface are of fundamental importance When 
they are taken for parametric curves, the equations of the surface 
take a simple form, which we shall now obtain 
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the lines of length zero, or min im al lines, are parametnc, 


je;=^g==o 


5) it follows that the parametnc lines on the sphere also are 
Imes, that is, the imaginary rectilmear generators. And 
5) we find that 2^ is zero Conversely, when the latter is 
i the parametnc lines are mmimal curves, it follows from 
I that IS equal to zero Hence 

esmry and sufficient condition that a surface he minimal is 
lines of length zero form a conQugate systenu* 

►nsequence of (94) and (VI, 26) the point equation of a 
L surface, referred to its mmxmal lines, is 


dudv 


>he finite equations of the surface are of the form 
y=^U + V,, 2^-273+F 3 , 

t/j, J/g, ZJj are functions of %i alone, and Fg, F 3 are 
is of V alone, satibfying the conditions 

+r' =0, Fr+Fr+i'"=o 

95 ) it lb seen that mmimal surfaces are surfaces of trans- 
(§ 81), and from (96) that the generators are minimal 
(§ 22) In consequence of the second theorem of § 81 we 
ate this result thus 

inimal surface is the locus of the midpoints of the joins of 
on two minimal curves 


22 we found that the Cartesian cooidinates of any minimal 
ire expressible in the form 


/ 


(1 — dll. 



+ «“) F{u) du. 


2 J' uF{u)du 


I follows also from the fact that an equilateral hyperbola is the only conic for 
e directions with angular coefficients ± i are conjugate 
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Hence by tbe above theorem the following equations, due to- ■ 
Enneper ♦, define a minimal surface referred to its munmal lines 


m 


y = (l + u^)F(u)du-^J' (l + v^)^(v)dv, 

'uF(u)du+ J' v^(v)dv. 


where F and ^ are any analytic functions whatever Moreover, 
any minimal surface can be defined by equations of this form 
For, the only apparent lack of generality is due to the fact that 
the algebraic signs of the expressions (98) are not determined 
by equations (96), and consequently the signs preceding the 
terms in the nght-hand members of equations (98) could be 
positive or negative But it can be shown that by a suitable 
change of the parameters and of the functions F and <E> all of 
these cases reduce to (98) Thus, for example, we consider the 
surface defined by the equations which result when the second 
terms of the right-hand members of (98) are replaced by 




In order that the surface thus defined can be brought into coin¬ 
cidence, by a translation, with the surface (98), we must have 

(1 — v^) ^^di\ = (1 — -y^) $ dv, (1 + vl) = — (14-1^®) 4> dv^ 
Dividing these equations, member by member, we have 

1 —l + 

from which it follows that i 



Substitutmg this value in the last of the above equations, we find 
* Zeitschriftfur Mathematikund Phy^k,\o\ IX (1864) p 107 
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\ value satisfies the other equakous* Sumlar results fol- 
m another choice of signs is made The reason for the 
Eir choice made in (98) will be seen when we discuss the 
)f the surfaces 

mtally we have proved the theorem 

a minimal surface is defined hy equations (98), the neeeesary 
Icient condition that the two generating euroes he congruent 


(98) we obtain 

0, i^= |(1 + uvfF{tt) ^(v), <? = 0, 


the linear element is 

ds*=(1 + uvfF(u)^{v) dudv 


I for the expressions of the direction-cosmes of the normal 


w + V 
1 + uv 


r«= 


v^u 

l-z -1 

1 +tev 


Z 


uti—1 

r-» 

1-^UV 


linear element of the sphere is 


e have 


do^ = 


4 dudv 

(1 + uvf 


D^-F{u), D'=0, i>"=-<I)(t;), 


the equations of the lines of curvature and of the asymp« 
les are respectively 

F{u) du^ — <l> {y) dv^ = 0, 

F(u) du^ 4- 3> (y) dv = 0 


e equations are of such a form that we have the theorem 

i a minimal surface is referred to its minimal lines, the finite 
ns of the lines of curvature and asymptotic lines are given by 
tures, which are the same in both cases 

rder that a surface be real its spheiical representation must 
Consequently u and v must be conjugate imaginanes, as 
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ts seen from (101) and § 13, and the functions F and ^ must he 
onjugate imaginary Hence if RO denotes the real part of a 
action all real minimal surfaces are defined by 


; = ^ j (i^u^)F{u)du, y-R J %(L'\’V?)F{u)du^ 

z=^rJ 2uF{u)du^ 


where F{u) is any function whatever of a complex variable u 
In like manner the equations of the lines of curvature may be 
wntten in the form 


(105) RJ ^F{u)du = const, 



= const 


111 Double minimal surfaces It is natural to inquire whether 
the same minimal surface can be defined m more than one way by 
equations of the form (98) We assume that this is possible, and 
indicate by and F^(u^^ corresponding paiameters 

and functions As the parameters refer to the lines of length 
zero on the surface, each is a function of either u ot v In order to 
determine the forms of the latter we make use of the fact that the 
positive directions of the normal to the surface in the two forms of 
parametric representation may have the same or opposite senses 
When they have the same sense, the expressions (101) and similar 
ones in and must be equal respectively In this case 

(106) v^=v 


If the senses are opposite, the respective expressions are equal to 
within algebraic signs From the resulting equations we find 


(107) 



1 

u 


When we compaie equations (98) with analogous equations in 
Uj and we find that for the case (106) we must have 

^l(^l) = ^(^)» ^i(^i) = 

and for the case (107) 

^i(^i) = - v*^{v), <J>^(u,) = - u^F{u) 
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7e have the theorem 

^%%aTy and sufficient condition that two nummal surfaces, deter- 
/ the pairs of functions Fy <I> and F^, be ctmgru&fA xs that 



, and the normals at these points are parallel but of different 


neral, the functions F and F^ as given by (108) are not the 
f they are, so also are and <I>^ In this case the nght-hand 
s of equations (98) are unaltered when u and v are replaced 
; and — l/i^ respectively Hence the Cartesian coordinates 

Dints (w, v) and ^ differ at most by constants And 

egions of the surface about these points either coincide or 
rought into comcidence by a translation In the latter case 
ace IS periodic and consequently transcendental 
ose that it is not periodic, and consider a point J?(Mo> ^o) *AlS 
continuously from to — l/v^, v vanes from to 
point describes a closed curve on the suiface by returning 
iut now the positive normal is on the other side of the sur- 
tence these surfaces have the property that a point can pass 
ously fiom one side to the other without going through the 
On this account they were called double minimal surfaces 
who was the first to study them 
L the third theorem of § 110 it follows that double minimal 
j are characteiized b} the propeitj that the minimal curves 
systems are congruent The equations of such a surface 
written 

rface is consequent!} the locus of the nud-points of the 
of the curve 

!?=/(«), 

les upon the surface and is the envelope of the parametric 
*Math Anmlen Vol XIV (1878), pp 34i>-360 
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EXAMPLES 


1 The foeal sheets of a nunimal surface are applicable to one another and to 
the surface of rerolution of the evolute of the catenary about the axis of the latter 

2 Show that there are no minimal surfaces with the minimal lines in one 
family straight 

8 If two mmimal surfaces correspond with parallelism of tangent planes, the 
mmimal curves on the two surfaces corre^ond 


4 If two mmimal surfaces correspond with parallelism of tangent planes, and 
the joins of correspondmg points be divided in the same ratio, the locus of the 
pomts of division is a minimal surface 


5 Show that the right helicoid is defined by F{u) = im /2 where m is a real 
constant, and that it is a double surface 


2 

6 The surface for which F(u) =-- is called the surface of Scherk Find its 

equation in the Monge form z =/(«, y) Show that it is doubly periodic and that 
It IS a surface of translation with real generators which are m perpendicular planes 


7 By definition a meridian curve on a surface is one whose spherical representa¬ 
tion IS a great circle on the unit sphere Show that the surface of Scherk possesses 
two families of plane meridian curves 


112 Algebraic minimal surfaces Weierstrass* remarked that 
formulas (98) can he put in a form free of all quadratures This 
18 done by replacmg F{u) and 4>(v) by/'"(w) and where 

the accents indicate differentiation, and then integrating by 
parts This gives 


(109) 


a: = + «/'(«) -/(«) + 4>"(v) + v<j,'{v) - <f>(v), 

y = * - *«/'(«) + */(m) - ^ <#>"(«) + %v<^\v) 

2 = uf"{u) 


It IS clear that the surface so defined is real when f and ^ are 
conjugate imaginary functions In this case the above formulas 
may be written 

(x = R[{l- u^)f'\u) + 2 uf\u) - 2/(m)], 

(110) J y = [(1 + - 2 «/'(«) + 2/(«)], 


* Monatshenchte der Berliner Akademie (1866), p 619 
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r, it IS not necessary, as Darbonx * has pointed out, that 
be conjugate imagmaries m order that the surface be real 
lations (109) are unaltered if / and ^ be replaced by 

/i W =/(^)+-^ (1 (1 + + 2 

4>^{v) =: 0(i;) - A(1 -1;*)+Ri(l + tO - 2 Ot?, 

R, C are any constants whatever Evidently, if / and ^ 
jugate imaginanes, the same is not true in general of /^ 
but the surface was real for the former and consequently 
for the latter also It is readily found that and 
lugate imagmary functions only in case J, R, C are pure 
nes 

ulas (109) are of particular value in the study of algebraic 
Thus, it IS evident that the surface is algebraic when/ 
re algebraic Conversely, every algebraic minimal suifece 
mined by algebraic functions/and (f) In proving this we 
he method suggested by Weierstrass f 
stablish first the following lemma 

a function <E>(f 4*^^) dnd let rj) denote the real part 
f in a certain domain an algebraic relation exiets between 
^ ^ 18 an algebraic function of ^-^itj 

3 point I = 0, t; = 0 does not lie within the domain under 
ation, this can be effected by a change of variables without 
r the argument Assuming that this has been done, we 
the function 3> in a power senes, thus 

= Uq-I- 26o4(aj+« 6 j)(f 4 ii7) + (a^+) (f-f IT?) 4 > 

he a’s and S’s are real constants Evidently is gi\ en by 
= a^ + + ){f+ + 

^(aj—zS,)(f-27?)4\(a — 4 

I, 7?)= 0 denote a rational integial i elation between 
f When has been replaced by the above value, and the 
g expression is arranged in powers of ^ and tj, the coeffi- 
every term is identically zero They will continue to be 
en I and tj have been replaced by two complex quantities 

I p 20*1 ^ Monatibeilehte dor Berliner AkaiJemie pp 'Sll-SlS 
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a aad )S, proTided lihat the development remains convergent Thfi 
condition for the latter is that the moduli of a and /9 be each one 
half the modulus oi ^-h^v This condition is satisfied if we take 




JTow we have 


^ = 2 + 2 ^ 
so that a, y8]=+ iv), i + = 0. 


which proves the lemma 

^ In applying Uns lemma to real minimal surfaces we note from 
(101) that 


u + v 


1-Z 


X u — v 


consequently the left-hand members of these equations are equal 
to and respectively, where u = tv^ When the surface is 
algebraic there exists an algebraic relation between the functions 
JT Y 

z -9 3 -and each of the Cartesian coordinates * Since, then, 

1—1--^ 

there is an algebraic relation between and each of the 

coordmates given by (110), it follows from the lemma that each 
of the three expressions 

'^i(w) = (1 - «")/"(“) + 2 uf'{u) - 2/(w), 

4‘i (“)=* (1 + u^)f"(u) — 2 tuf'(u) 4- 2 

<#>8 («) = 2 uf"{u) - 2f(u) 

are algebraic functions of u, and so also is f{u) , for, 

/(m) = i (m" -1) </>! (m) - i (m^ +1) (m) -1 u(f>^ (u) 


Hence we have demonstrated the theorem of Weierstrass 

The neceesary and sufficient condition that equation (110) define an 
algebraic surface is thatf(u) he algebraic 


* For if the surface is defined by F {x y, z) = 0, the direction-cosines of the normal 

are functions ot x y z Eliminating two of the latter between ^ ^ and 

F{x, y z) = 0, we have a relation of the kind described I — Z 1 — Z 
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Associate surfaces When the equations of a mmurntl 
S are written in the abbreviated form (95), tiie linear 

da^=2{dU^dr^+dU^dr,+ dU^r;i 


the linear element also of a surface defined fay 






IS any constant There are an infinity of such surfaces, 
mciate minimal mrfaecB It is readily found that the direc- 
nes of the normal to any one have the values (101) Hence 
associate minimal surfaces defined by (111) have their tan- 
nes at correspondmg points parallel, and are applicable 
irticular interest is the surface for which Its 

IS are 


ajj= I J'(l - «*) F{v) du-^ J(1 - »*) ^(u) du, 


z^zsij'uF(u)du~iJ'v^(v)dv 


to show that is the adjoint (§ 109) of S, we ha've onlj 
that the asymptotic lines on either suiface correspond to 
9 of curvature on the other For the equations of the 
curvature and asymptotic lines are 

ilf (u) du + (v) cZy® = 0, 
iF (ii) dll (v) dv* = 0, 

vely Compaiing these with (103) and (104), we see that 
red condition is satisfied 
(98) and (112) we obtain the identities 

j dj. + dy^ dz"=^ dji^-\- dy^ -f- dz^y 
\didi^-\~ dydy^-\-dzdz^— 0 


er has the following inteipietation 

'0 adjoint minimal bui faces at points corresponding with par 
of tangent planes the tangents to corresponding curves are 
licular 
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From (105) it follows that if we put 

u + iv= J' y/F{'ujdu, 


the curves u = const and v = const on the surface are its 1 
curvature Moreover, for an associate surface the lines of 
tore are given by 


JS (i + tv)] = const, jR [^e ^ (S + tv)] = const 


ot 


COS - — sm - = const, 


U8m- + v cos - =5 const 


'EtoxEL tilis result follows the theorem 

The Ivnes of curvature on a mtntmal surface associate to a 
S correspond to the curves on S which cut its lines of curvature 
the constant angle a/^ 


Since equations (111) may be written 

^ a-{■ sm ^ 

(114) - y^=?/cosa; + 2/iSina, 

, 25^= Z Q08 0C + sm a, 


the plane determined by the origin of coordinates, a point 
minimal surface and the corresponding point on its adjoin 
tains the point corresponding to P on every associate m 
surface Moreover, the locus of these points is an ellipse v 
center at the origin Combining this result and the first 
this section, we have 


A minimal surface admits of a continuous deformation into a 
of minimal surfaces^ and each point of the surface describes an 
whose plane passes through a fixed point which is the center 
ellipse 


114 Formulas of Schwarz Since the tangent planes to a m 
surface and its adjoint at corresponding points are parallel, w( 

Xdx^-{-Ydy^-{- Zdz^= 0 


From this and the second of (113) we obtain the proportion 


dx^ dy^ 


dz^ 
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)(]uence of the first of (113) the sams of the squares of the 
ors and of the denominators are equal And so the com- 
Lo IS +1 or — 1 If the expressions for the various quanti- 
ubstituted from (98), (101), and (112), it is found that the 
—1 Hence we have 


h:^=Ydz — Zdy, dy^ = Zdx—Zdz, dz^=Xdy — Ydx 
these equations and the formulas (95), (112) we have 

2U^ = x — tx^ = x + iJ'zdy~YdZf 
2t7j = y—+ z J*Xdz — Zdx, 

|^2Cr, = a —= J'xdx—Xdy, 

2V^ = x + tXi = x — iJ' Zdy~Ydz, 

■ '2‘V^ = y-itiy^ = y~iJxdz — Zdx, 

2 Fg = z + zzj = z — Ydx~Xdy 

0 

5 equations are known as the formulas of Schwarz * Their 
nee IS due to their ready applicability to the solution of 
3lem 


^terminc a minimal surface passing through a given curve 
ntting at each point of the curve a given tangent plane f 

lying this problem we let (7 be a curve whose coordinates 
re analytic functions of a parameter t^ and let A", F, Z be 
functions of t satisfying the conditions 

= X Xdx + Ydy + Zdz = 0 


, Vol LXXX (1875) p 291 

problem is a special case of the more generil one sohed by Cauchj To deter 
itegt al surface of adiferential equation2ntssitig through a tun e and admitting 
int of the curve a given, tangent plane For niiunnal surfaces the equation is 
hy showed that such a surface exists in general aud that it is unique unless the 
characteristic for the equation His researches are inserted in A oh XIV XV 
iptes Bendus The reader may consult also Kowalewski, Theorie der partiellen 
algleichungen Crelle Vol LXXX (1876), p 1, and Gkiursat, Coure d Analyse 
tque, Vol II, pp 663-^67 (Paris, 1906) 
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Jl denote the values oi x, y, z when t is replaced by a ^ 

complex variable Vv* values when t is replaced 

% the equations 


(118) 


'x=u,+ F,= 

- y^U,+ V, = y-^ + \J\xdz~Zdx), 
i=17,+F,= 


define a mini md surface which passes through C and adnnts at 
each point for tangent plane the plane through the point with 
direction-cosines X, Y, Z For, when v, and v are replaced by t, 
these equations define C And the conditions (96) and 


^XdU^ = 0, 2^dFi=0 


are satisfied Furthermore, the surface defined by (118) affords 
the unique solution, as is seen from (116) and (117) 

When, in particular, C and t are real, the equations of the real 
mimmal surface, satisfying the conditions of the problem, may be 
put in the form 


i = jS (Zdy — Y c?^) j, 

^ ^ {Xdz — 

i = JS 1^2 + tj^ (Fdfa;~-X6Zy)j 


As an application of these formulas, we consider minimal suifacos containing a 
straight line If we take the latter for the z axis, and let 0 donott I lie ingle which 
the normal to the surface at a point of the line makes with the x axis, we h ivc 

aj = y = 0, 2 = t, X=cos0, F=sin0, Z = 0 

Hence the equations of the surface are 

X u 

sin0(Zt, y = Itij cos (pdt, z = R(u) 

Here 0 is an analytic function of t, whose form determines the chaiacter of the 
surface For two points corresponding to conjugate values of u, the z coordinates 
are equal, and the x- and y-coordinates differ in sign Hence 

Every straight line upon a minimal surface is an axis of symmetry 
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XZAHPLES 

tangents to correi^nding curves on two associate miniTnal sorfaoes meet 
stant angle 

orresponding directions on two s^plicable surfaces meet under constant 
latter are associate muumal surfaces. 

IV that the catenoid and the right helicoid are adjoint surfaces mid deter- 
unction F(u) which defines the former 

Che 8. geodesic on ammiuial surface 8 Show that 
equations of the surface may be put in the form 

7 , I* are the coordinates of a pomt on C, and X, /&, f the diiection-cosines 
innal, 

denotes the curve on the adjoint 8i corresponding to C7, the radu of first 
d curvature of 0 are the radii of second and first curvature of C, 

' is a plane curve, the surface is symmetric with rei^ct to its plane 

surface for which F{u) = 1 — ^ is called the surface cf JSenruberg, it is 
Ugebraic surface of the fifteenth order and fifth class. 

GEmRAL EXAMPLES 

edge of regression of the developable surface circumscribed to two con- 
irlcs has for projections on the three principal planes the evolutes of the 
cs 

definition a tetrahedral surface is one whose equations are of the form 
4 (i6 — a)*»(r — a)*», y = B(u~‘ 6)»»(c — 6)«, 2 = C(w — c)”»(u — c)», 

Cj m, n are any constants Show that the parametric curves are con 
>d that the asymptotic lines can be found by quadratures, also that when 
e equation of the surface is 

ill 

- c) + - a) + - 6) = (« - ft)(6 - e) {a - c) 

ermine the tetrahedral surfaces, defined as in Ex 2, upon which the 
ic cuives aie the lines of curvature 

d the surfaces normal to the tangents to a family of umbilical geodesics 
ptic paraboloid, and find the complementary surface 

every point of a geodesic ciicle \Mth center at an umbilical point on the 
abc = ^(ar - r ), 

3 the radius \ectoi of the point (cf § 102) 

3 tangent plane to the director-cone of a ruled surface along a generator 
1 to the tangent plane to the surface at the infinitely distant point on the 
iding generator 
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7 Upon tbe hyperboloid of one sheet, and likewise upon the hyperbolic parab-J 

obid, the two lines of stnction coincide if 

’ I 

8 The line of stnction of a ruled surface is an orthogonal trajectory of the 
generators only in case the latter are the binomials of a curve or the surface is a 
n^t conoid 

9 Determine for a geodesic on a developable surface the relation existing 
between the curvature, torsion, and angle of inclination of the geodesic with the 
generators 

10 If A denotes the shortest distance and a the angle between two lines Zi and 
Z 2 , and the latter revolves about the former with a helicoidal motion of parameter a 
(cf § 62), the locus of Z 2 is a developable surface if a = ^ cot or If a = ^ tan or, the 
surface IS the locus of the binormals of a circular helix 

11 If the lines of curvature in one family upon a ruled surface are such that 
the segments of the generators between two curves of the family are of the same 
length, the parameter of distribution is constant and the line of stnction is a line 
of curvature 

12 If two ruled surfaces meet one another in a generator, they are tangent to 
one another at two points of the generator or at every point, in the latter case the 
central point for the Common generator is the same, and the parameter of distribu 
tion has the same value 

13 If tangents be drawn to a ruled surface at points of the line of strlction 
and in directions perpendicular to the generators, these tangents form the conju 
gate luled surface It has the same line of stnction as the given surface More 
over, a generator of the given surface, the normal to the surface at the central 
point C of this generator, and the generatoi of the conjugate surface through C 
are parallel to the tangent, principal normal, and binormal of a twisted cuive 

14 Let C be a curve on a surface iS, and S the ruled surface formed by the 
normals to S along C Derive the following results 

(a) the distance between near by generators of S is of the first order unless C is 
a line of curvature, 

(&) if r denotes the distance from the central point of a generator to the point of 
intersection with S, ^2 (dXf = - S dxdX 

(c) the tangent to C at a point M is conjugate to the tangent to the suiface at M 
parallel to the line of shortest distance , 

(d) the maximum and minimum values of r are the principal radii of /S, pi, and 
/ 02 , and the above equation may be written r = pisin^^ + P 2 cos2 0, where <f> is the 
angle which the corresponding line of shortest distance makes with the tangent to 
the line of curvature corresponding to p 2 

16 If C and C' are two orthogonal curves on a surface, then at the point of 
intersection (cf Ex 14) 1111 

16 If (7 and C'are two conjugate curves on a surface, then at the point of 
intersection (cf 1^) 1 1 1 1 r R 

r^r'~Pi^P2* r'^ R' 
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two soifaces aie applicable, and the radii of first and second ooryatare 
eodesic on one surface are equal to the radii of second and first curvature 
responding geodesic on the other, the surfaces are Tmnwi^»3 

e surface for which F m (98) is constant, say 3, is called the mnumcU mar- 
vneper, it possesses the following properties 

I an algebraic surface of the ninth degree whose equation is unaltmd 

, z are replaced by y, as, —z respectively, 

eets the plane s = 0 in two orthogonal straight lines, 

e put = a — tjS, the equations of the surface are 

= 3a:-f SuriSa-o:*, y = 3/3 + 8a*/? - jS*, i8 = 8a«-8/5», 
irves a = const, /? = const are the lines of curvature, 
lines of curvature are rectifiable umcursal curves of the third order and 
)lane curves, the equations of the planes being 

x + a*-8a-2a« = 0, y-/5z-8i8-2/9^ = 0, 

lines of curvature are represented on the unit ^heie by a double family 
whose planes form two pencils with perpendicular axes which are tangent 
ere at the same pomt, 
asymptotic lines are twisted cubics, 

sections of the surface by the planes x = 0 and y =s 0 are cubics, which 
i curves on the surface and the locus of the double pomts of the Imes of 
) 

associate minimal surfaces are positions of the original surface rotated 
le angle — a/2 about the 2 -axis, where a has the same meaning as in § 118, 
surface is the envelope of the plane normal, at the mid point, to the join 
0 points, one on each of the focal parabolas 

= 4a, y = 0, r = 2a* —1, x = 0, y = 4/3, ^ = 1 — 2/3*, 

{normal to the two parabolas at the extremities of the join are the planes 
IS of curvature through the pomt of contact of the first plane 

□d the equations of Schwarz of a mmimal surface when the given curve 
iptotic line 

t 8 and S be two surfaces, and let the points at which the normals are 
Drrespond for convenience let S and 8 be referred to their common con- 
tem Show that if the correspondence is conformal, either 8 and 8 are 
Lc, or both are mmimal surfaces, or the parametiic cur\es are the Imes of 
on both surfaces, and form an isothermal system 

nd the coordinates of the surface which corresponds to the ellipsoid aftei 
3 r of Ex 20 Show that the surface is periodic, and investigate the pomts 
ding to the umbilical points on the ellipsoid 

hen the equations of an ellipsoid are in the form (11), the curves m + c = 
on spheres whose centers coincide with the origin, and at all points of 
rve the product pW is constant (§ 102) 
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SURFACES OF CONSTANT TOTAL CURVATURE W-SURFACES 
SURFACES WITH PLANE OR SPHERICAL LINES OF CURVATUK 


115 Spherical surfaces of revolution Surfaces whose total cui 
vature JS: is the same at all points are called surfaces of constan 
curvature When this constant value is zero, the surface is devel 
opahle (§ 64) The nondevelopable surfaces of this kind are calle( 
^henoal ox pseudosplierical^ according as jK' is positive or negative 
We consider these two kinds and begin our study of them witl 
the determmation of surfaces of revolution of constant curvature 
When' upon a surface of revolution the curves v = const an 
the meridians and u = const the parallels, the linear element i 
reducible to the foim 


( 1 ) ds^ = du^ + O dv^^ 

where (r is a function of u alone (§ 4b) 
sion for the total curvature (V, 12) is 

1 


( 2 ) 


K = - 


y/a 


In this case the expres 


For sphencal surfaces we have K=l/a^^ where a is a real constant 
Substituting this value in equation (2) and integrating, we have 

(3) = c cos ’ 

where h and c are constants of integration From (1) it is seer 
that a change in h means simply a diffeient choice of the paralle 
u = Q If we take J = 0, the linear element is 

(4) ds^ = du^+^(ioa-dv^ 

a 

From (III, 99, 100) it follows that the equations of the meridian 
curve are 

(5) r = c? cos ~» z= f \|l-“4sin^- du^ 

a J \ a 
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b V measures the angle between the mendian planes, 
re three cases to be considered, according as e £3 equal 
ber than, or less than, a 


I c = a Now 


u 

= acos-» 
a 


u 

«==asin-» 

a 



Fig 26 


eqnentlythesurfaceis a sphere 

II e>a Fromiheexpression 

ollows that sm* - < 1 and con- 
a 

yr > 0 Hence the surface is 
of zones bounded by minimum 
whose radu are equal to the 

n yalue of cos and the greatest parallel of each zone is 

5 c, as m fig 26, where the curves represent geodesics 

HI <?<a Nowr vanes from 0 to c, the former correspond- 
le value u = ma7r/2, where m is any odd mteger At these 
u the axis the mendians meet the latter under the angle 

Hence the surface is made up of a senes of spindles 

For the cases II and III the expression for z can be 
integrated in terms of elliptic functions * 

It IS readily found that these two surfaces are 
applicable to the sphere with the mendians and 
parallels of each m coriespondence Thus, if we 
wnte the linear element of the sphere in the foim 

= du + cos® - dv , 
a 

it follows from (4) that the equations 

- 6 

u = u. V — -v 
a 
27 

determine the correspondence desired 
=»vident that for values of b other than zero we should be 
to the same results However, for the sate of future 



*Cf Bianchi, Vol I, p 233 
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reference we write down the expressions for the linear elem< 
when & = — 7r/2 and — 7r/4 together with (4), thus 


( 6 ) 


f 7/ 

(i) cos^ ~ dv\ 

^ ' a 

(ii) ds^ = du^ + sm^ ~ 

a 

(m) da^ = dv? -f- ^ cos® dv® 


Let be a surface with the linear element (6, i), and consid< 
the zone between the parallels = const and = const A pon 
of the zone is determined by values of u and v such that 

2: w ^ Wq, 2 tt >: 2: 0 


The parametric values of the corresponding point on the sphei 

are such that ^ ^nrc 

- 


Hence when <? < a, the given zone on S does not cover the zor 
on the sphere between the parallels = const and = const 
but when c > a it not only covers it, but there is an overlappmj 
116 Pseudosphencal surfaces of revolution In order to find tl 
pseudosphencal surfaces of revolution we replace K in (2) by — !/< 
and integrate This gives 

= c. cosh - 4-^2 sinh -» 
a a 


where and are constants of integration We consider fin 
the particular forms of the linear element arising when either ( 
these constants is zero or both are equal They may be writte 


0 ) 


(i) d8^ = du^+c^cosh^-dv\ 

d 

(ii) ds® = d%® + c* sinh® - dv^y 

a 

(ill) da‘^^dv^+dv^ 


Any case other than these may be obtained by taking for eith( 
of the values cosh 6^ or sinh^—4-6^^ where 6 is a constan 
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inge of the parameter u the corresponding linear elements 
cible to (i) or (ii) Hence the forms (7) axe the most generaL 
responding mendian curves are defined by 

f (i) r = ccosh”» 


i (u) r = tfsinh~» 


(ill) r = ce% 

sider these three cases in detail 

I The maximum and minimum values of smh.^~ are 

a 

Hence the maximum and mimmum values of r are 
\.t pomts of a maximum parallel the tangents to the mend- 
perpendicular to the axis^ and at 
\i a minimum parallel they are par- 
bhe axis Hence the former is a cus- 
[ge, and the latter a circle of gorge, 
the surface is made up of spool-like 
It is represented by fig 28, upon 
he closed curves are geodesic circles 
other curves are geodesics These 
pherical surfaces are said to be of 
erhohc type * 

II In order that the suiface be real 
Dt be greater than a\ a restriction 
essary in either of the othei cases 
)ut 6 =a sin a,I the maximum and 

m values of cosh® - aie cosec® a and 1, and the coriespond- 
a 

les of r aie a cos a and 0 The tangents to the meridians 
e of the former circle aie perpendicular to the axis, and at 
its for which r is zero they meet the axis undei the angle a 
the surface is made up of a senes of parts similar in shape 

* Of Bianchi, Vol I, p 223 t Cf Bianchi, Vol I p 22b 


i 



Fig 28 




binh*-dw, 
a 


~/^R 

~/^R 


cofih*-dtt, 
a 


du. 


m 
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to hour-glasses Fig 29 represents one half of such a part, 
the curves is an asymptotic line and the others are parallel geodes 
The surface is called a paeudasphencal mrfaee of the elliptic type 



Case III In the preceding cases ti 
equations of the meridian curve cj 
be expressed without the quadratu 
sign by means of elliptic functions 
In this case the same can be done 1 
means of trigonometric functions Fo 

if we put ^ « 

sin 

a 


equations (iii) of (8) become 

(9) r = asin^, as = a (log tan ^-f-cos ^ 


We find that is the angle which the tangent to a meridian at 
point makes with the axis Hence the axis is an asymptote to th 
curve Since the length of the segment of a tangent between th 
point of contact and the intersection with the axis is r cosec < 
or a, the length of the segment is independent of the point o 
contact Therefore the meridian curve is a tractrix The surfaci 
of revolution of a tractrix about its asymptote is called the pseudo 
sphere^ or the pseudospherical surface of the 
parabolic type The surface is shown in 
fig 30, which also pictures a family of 
parallel geodesics and an asymptotic line 
If the integral (3) be written in the foim 

nz u , u 

wG=c. cos - -h sin -9 
a a 

the cases (i), (ii), (in) of (6) are seen to 
correspond to the similar cases of (7) We 
shall find other marks of similarity between 
these cases, but now we desiie to call at¬ 
tention to differences 

Each of the three forms (7) determines a particular kind of 
pseudospherical surface of revolution, and c is restricted in value 



* Cf Bianchi, Vol I pp 226-228 
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the second case On the eontr^y each of tine three fonsis 

to define any of the three types of spherical snriaces of 

cn according to the magnitude of c 

(IV, 61) we find that the geodesic cnryatnre of the par- 

L the surfaces with the linear elements (7) is measuiped by 

ressions -tin 

— tanJi — 1 — coth —» — 

a a a a a 

[> two of these expressions can be transformed into the 
u be replaced by u plus any constant, it follows that two 
nheneal surfaces of revolution of different types are not 
le to one another with mendians m correspondence 
Seodesic parametric systems Applicability Now we shall 
lat in corresponding cases of (6) and (7) the parametne 
systems are of the same kmd, and then we shall prove 
ten such a geodesic system is chosen for any surface 
tant curvature, not necessarily one of revolution, the 
lement can be brought to the corresponding form of (6) 

3 first place we recall that when on any surface the curves 
t are geodesics, and u = const their orthogonal trajectories, 
ar element is reducible to the form (1), where G is, in 
a function of both u and v, and the geodesic curvature 
urves u = const is given by (IV, 51), namely 

1 1 

Pg Vm 

n particular, the curvature of the surface is constant, Vy 
by equation (2) in which K may by replaced by il/a' 
for spherical surfaces, the general form of Vtf is 

y/G = (j> (y) COS - 4- (v) Sin - ? 

a u 

pseudospherical surfaces 

= <^ («;) cosh ~ -f '\|r(t;)smh”i 

) and are, at most, functions of v W e consider now the 
ses of (6) and (7) 
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Casi^ I From the forms (i) of (6) and (7), and from (Ift)/! 
follows th^t the cnrve w = 0 is a geodesic and that its arc ^ 
measured by cv Moreover, a necessary and sufficient conditi®| 
that the curve w = 0 on any surface with the Imear element (J 
satisfy these conditions is 


;\ 

/ 1 

j -0, 
/«-!) 

\v5 sw X 


Applying these conditions to (11) and (12), we are brought to the 
forms (i) of (6) and (7) respectively 


Case II The forms (ii) of (6) and (7) satisfy the conditions 



which are necessary and sufficient that the parametric system be 
geodesic polar, in which cv measuies angles (cf VI, 54) Wher 
these conditions are applied to (11) and (12), we obtam (ii) of (6) 
and of (7) respectively 


Case III For (m) of (6) the curve w = 0 has constant geodesic 
cuivature 1/a, and for (in) of (7) all of the curves u = const 
have the same geodesic curvature 1/a Conversely, we find from 
(11) and (12) that when this condition is satisfied on any sur 
face of constant curvature the linear element is reducible to 
one of the forms (iii) We gather these lesults together into 
the theorem 

The linear element of any mrface of constant curvature is reducible 
to the forms (i), (ii), (iii) of (6) or (7) according as the parametric 
geodesics are orthogonal to a geodesic^ pass through a pointy or are 
orthogonal to a curve of constant geodesic curvature 

When the hnear element of a surface of constant curvature is 
in one of the forms (i), (ii), (in) of (6) and (7), it is said to be of 
the hyperbolic^ elliptic^ or parabolic type accordingly 

The above theorem may be stated as follows 

Any spherical surface of curvature Ijc? is applicable to a sphere 
of radius a in such a way that to a family of great circles with 
the same diameter there correspond the geodesics orthogonal to a 
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\<yde8ic on the 9wrfaee^ or all the geoieence tkrofugh any 
%ty or thoBe which are orihogonei to a curve of geodcBBc 
e Ija 

yeeudoBphencal surface of curwjdure — 1/if is appheable to a 
yhencal surface of revolution of any of ^ee types, 
g as the latter surface is of the hyperiohe^ dhptie, or paa^ 
pe^ to its meridians correspond on the given surface geodesses 
e orthogonal to a geodesic^ or pass through a pomt^ or are 
alto a curve of geodesic iurvature l/ou 

0 case of sphencal surfaces one system of geodesics can 
11 three conditions, for in the case of the sphere the great 
n.th the same diameter are orthogonal to the equator, pass 
both poles, and are orthogonal to two small circles of 
/V2, whose geodesic curvature is l/o. But on a pseudo- 
1 surface a geodesic system can satisfy only one of these 
ns Otherwise it would he possible to apply two surfaces 
ation of different types m such a way that meridians and 
I coirespond 

the foregoing theorems it follows that, in order to carry 
applicability of a surface of constant curvature upon any 
he surfaces of revolution, it is only necessary to find the 
s on the given surface The nature of this problem is 
li in the theorem 

ietermination of the geodesic lines on a surface of constant 
e requires the solution of a Riccati equatton 

ovmg this theorem we consider first a sphencal surface 
in terms of any paiametric system It is apphcable to 
e of the same curvature v ith center at the ongin 
Didmates of this sphere, expressed as functions of the 
ers w, V, can be found by the solution of a Riccati equa 
65) To great circles on the sphere correspond geodesic 
1 the sphencal surface, hence the finite equation of 
)desics IS ai + -h ci = 0, where a, 6, c are arbitrary 
bs 

1 the surface is pseudospherical we use an imaginary 
of the same curvature, and the analysis is similar 
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matiOQ of Hazzidakis Let a spherical surface | 
e defined m terms of isothermal-conjugate para^ 


H~ H a 


fie Codazzi equations (V, 13') reduce to 


(14) 


dll 
dE 
. dv 


du dv 

?^_2 — 
dv du 


= 0 , 


= 0 


Fxom these equations follows the theorem 

The hnes of mrvature of a epherical surface form an isotherma 
conjugate system 


For, a solution of these equations is 

_Er—(j = const, jF=0 


When this constant is zero the surface is a sphere because of (13 
Excluding this case, we replace the above by 

(15) cosh^o), 0, (? = a® sinh^cr) 

Now 

(16) D — = a sinh o) cosh g> 


When these values are substituted in the Gauss equation (V, 12 
namely 

aT^ 1 P \ dE F dFA d \ F dE 1 dGV 1 

^ ^2H\dvlirdu H dv HE duy dulHE dv H duW"a 


it IS found that © must satisfy the equation 
(18) — + -^ + sinh (o cosh (0 = 0 

V%t O'O 


Conversely, for each solution of this equation the quantities (1£ 
and (16) determine a spheiical suiface 

If equations (14) be differentiated with respect to u and v respec 
tively, and the resulting equations be added, we have 

(19) d^E ^ d^Q d^G 

du^ dv du^ dv^ 

* The ambiguity of sign may be neglected as a change of sign gives a surface syn 
metrical with respect to the origin 




a R ORM vnON OF HAZZIDAKES 


STS 


Kjuence of (14) eqaation (17) is redneihlo to 


_1 
4ir‘( 




1 




affae 
dv duj 


Sff* W ^ 


H 


as (14) are unaltered if JS and be interchanged and the 
F be changed The same is true of (17) because of (19) 
I Hence we have 


linear element of a epTieriedl sufface rtferred to an leothermaXr 
e system of parameters he 

ists a second spherical surface of the same curvature referred 
liar parametric system with the linear element 
dsl = G ^Fdudv + E dv*, 
h the same second quadratic form as the given surface, 
>•, the lines of curvature correspond on the two surfaces 

ter fact is evident from the equation of the hues of curv*i- 
^ 26), which reduces to Fdu^ {O—E) dudv—F di^^ Q 
V, 69) it IS seen that the linear elements of the spherical 
itation of the respective surfaces are 

da^ ^\(G du^ — 2 J?’ dudv + E dv '), 
da-^ ” ^ ^ + G diP) 


cular we have the theorem 

solution CO of equation (18) dettrmines tuo spherical surfaces 
ture 1/a , the lineai elements of the surfaces are 
ds^= rt^(cosh’G) (fi/’H- binh’cw di’), 

(sinh G) d^^’-^-cosh’a) dr ), 
hen sphe7 leal 1 epresentations 

I d£r^= sinh co du cosh <o dv\ 

I do-i^= cosh’cG d?/’-f- sinli’tu do ', 
r, then principal radii are respectively 

p^= a coth G), />2 = ^ 

p[= a tanh g), pa = ^ coth co 
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Bianchi* lias given the name Sazz%ddki8 transformation to® 
relation between these two surfaces It is evident that the fon® 
theorem defines this transformation in a more general way ' 
119 Transformation of Bianchi We consider now a pseu^ 
spherical surface of curvature —l/a“, defined in terms of isotherms 
conjugate parameters We have 

£ = -^' = -1 t 

H H a'' 

and the Codazzi equations reduce to 

»+£«_2»^=o, “+?®_2M'=o 

du du dv dv dv du 

These equations are satisfied by the values 
(22) cos® 6), = 0, G = sin® 

where o) is a function which, because of the Gauss equation (V, 12 
mtist satisfy the equation 

Conversely, every solution of this equation determines a pseud< 
spherical surface whose fundamental quantities are given I 
(22) and by 

(24) D = — D" = — a sin 0 ) cos co 

Moreover, the linear element of the spherical representation is 

(25) (Zcr® = sin® 0 ) du^ + cos® co dv^ 

There is not a transformation for pseudospherical surfaces sir 
liar to the Hazzidakis transformation of spherical surfaces, bi 
there are transformations of other kinds which are of great iii 
portance One of these is mvolved in the following theorem < 
Ribaucour 

If in the tangent planes to a pseudospherical surface of curvatu 
— 1/d circles of radius a he described with centers at the points c 
contact^ these circles are the orthogonal trajectories of an infinity c 
surfaces of curvature — 1 /a® 

♦Vol II p 437 

t This choice of sign is made so that the following formulas may have the custoi 
ary form 
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>ving this theorem we imagme the given sni&ee S rdEened 
les of curvature, and we associate witii it the moving tnho- 
)se axes are tangent to the parametric hues From (22) 
75, 76) it follows that 

= 0, ^i=oos«>, gr = sm», jjSsO, r = ^, rj = ^, 

ov du 

^ = acosa), i7i = asm<», ^^=17 = 0 


j tangent a;^plane we draw from the ongin M a s^ment 
li a, and let 0 denote its angle of inclmation with the 
iidmates of the other extremity with respect to these 
aoosd^ a sin d, 0, and the projections upon these axes of 
lement of as moves over S are, by (V, 61), 


a 

a 


j^— sin 0 d0 -h cos CDdu ^ dt^^sm 


[' 


cos 0 + sin fi) dv +(— du + 

\dv 




a[cos CD sin 0 dv-^BmcD cos 0 du\ 


now the conditions which 0 must satisfy m order that the 
fj be tangent to the locus of denoted by and that the 
plane to at be perpendicular to the tangent plane to 
Under these conditions the direction-cosines of the tangent 
I with reference to the moving trihedral are 

sm — cos 6^ 0, 


e the tangent to the above displacement must be in this 
re have 

10 Bm0 cos G) I dw 4-( ~ + cos 0 sin ©) d«» = 0 

\dv J \du ) 


equation 
mt to 


must hold for all displacements of JIT, it is 


vu ow ^ 

--=: cos G) sin o, 

du dv 

30 , 3(0 

-1-= — sm o) cos 

^ 3v 3u 


0 


equations satisfy the condition of mtegrability in conse- 
of (28) Moreover, 0 is a solution of equation (28), as is 
differentiating equations (28) with respect to u and v 
vely and subtractmg 
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By means of (28) the above expressions for the projections 
displacement of can be put in the form 

a cos 0 (cos (0 cos ffdu + smco sin 0 dv), 
asm0 (cos co cos 0 du + sin co sin 0 dv)^ 
a (cos (& sm 0 dv — sm o) cos 0 du) 

From these it follows that the linear element of is 
ds^ = (cos^ 0 dv? + sin^ 0 dv^ 

In order to prove that 8 ^ is a pseudospherical surface referred to I 
its hues of curvature, it remams foi us to show that the sphencajj 
representation of these curves forms an orthogonal system We"* 
obtam this representation with the aid of a trihedral whose vertex 
is fixed, and which rotates so that its axes are always parallel to 
the corresponding axes of the trihedral for 8 The point whose 
coordinates with reference to the new trihedral are given by (26) 
serves for the spherical representation of 8 ^ The projections upon 
these axes of a displacement of this point aie reducible, by means 
of (28), to 0 ^QQg G) sm 0 — sm o) cos 0 dv), 

sin 0 (cos (0 sin 0 du — sm w cos 0 dv), 

— sm Q) sm 0 du — cos co cos 0 dv^ 
from which it follows that the linear element is 
dal = sm*’ 0 du^ -1- cos^ 0 dv^ 

Since 0 IS a solution of (23), the surface 8 ^ is pseudospherical, of 
curvature — lla^ and the lines of curvature aie parametiic To 
each solution 0 of equations (28) theie corresponds a surface 8 ^ 
Darboux* has called this process of finding the transfoi mation 
of Bxanchi As the complete integral of equations (28) involves an 
arbitrary constant, there are an infinity of surfaces as lemarked 
by Ribaucour Moreover, if we put 

(29) </> = tan^, 

A 


these equations are of the Riccati type m Hence, by § 14, 

When one transform of Bianchi of a pseudospherical surface is 
Jcnown^ the determination of the others requires only quadratures 


Vol III, p 422 
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[, 24) it follows that the diffeirezitial equakoii of tilie 
hich the lines joining corro^nding points on 8 and 
mt IS 

cos sm ^ cZw — sin ® cos ffdv = 0 
g such a curve, equation (27) reduces to 

d6+ — du + — dv = 0 
dv du 

71, 56) it IS seen that this is the Ghiuss equation of 
pon a surface whose first fundamental coefficients 
lues (22) Hence 

B on 8 to which the lines joining corresponding points on 
} tangent are geodesics 

nal trajectones of the curyes (80) are defined by 
coswcos^du + smwsm^do = 0 

of (28) the left-hand member of this equation is an exact differential 
— a(cosu cos^du + smcasin^do), 

f/® IS an integrating factor of the left-hand member of (30) Conse- 
y define a function 17 thus 

di7 = (cos (a sin^du — sin w cos^do) 

nd 17 the linear element of S is expressible in the parabolic form (7), 

dss = d^" + 

1) defines also the orthogonal trajectones of the cunes on Si to 
8 MM\ are tangent, and the equation of the latter curves is 

sin w cos^du — cos w s>inddv = 0 

IS an integrating factor of tins equation, and if we put iLnudinglv 
df = ae^''“(sin w cos^du — coswsm^dT?), 
lent of iSi may be expressed 111 the parabolic form 
ds} = d^2 -f e-2f/«df2 

ssions (32) and (33) are of the foim of the lineai element of a surface of 
hiiite equations of the gtodtsics c in be found by quadrituu b Htia c 

nchi transformation is known for a surface the finite equation of its 
e found by quadratures 

j also from the preceding theorem and the list one of ^117 
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12|)* Transformation of Backlund The transformation of Bi 
:^only a particular case of a transformation discovered by Backluui 
fey means of which from one pseudospherical surface S another 
of the same curvature, can be found Moreover, on these two sin 
faces the hues of curvature coirespond, the join of ^ n q, ..j) 
pomts IS tangent at these points to the surfaces and is of consta^ 
length, and the tangent planes at corresponding pomts meet und^ 
constant angle 

We refer S to the same moving trihedral as in the preceding 
case, and let X and 0 denote the length of MM^ and the angh 
which the latter makes with the a>axis The coordinates of an 
Xcos 0i X son 0, and the projections of a displacement of are 


(34) 


• X Bind dO + a cos codu — X smd 


\ cos 0 d0 -h asm Q>dv-h\ cos 0 
X (cos a) sm0dv — sm co cos 0 du) 


du d'^, 
\dv du ) 

i^du + ^ dyV 

\dv du / 


If <r denotes the constant angle between the tangent planes tc 
S and /Sj at M and ilfj respectively, since these planes are to inter 
sect in the direction-cosmes of the normal to are 

sm a- sm 0, — sin <r cos 0, cos a 

Hence 0 must satisfy the condition 

X sm <rd0 — a sm <r(cos co sm 0du — sm co cos Odv) 

-f X sm o- (— du-\ - dv] 

\dv du ) 

+ X cos <r(sm co cos 0du — cos co sm 6dv) = 0 

Since this condition must be satisfied for every displacement, it is 
equivalent to 

( d0 

T—h — ) = ^ ^ cos CO sm 0 — X ( os <7 sm co cos 0. 

du dv) 


^ l'b0 dcj^ 

X sm cr-1-=. 

duj 


■ a sm (T sm co cos 0 cos a cos co sm 0 


»Om ytor med konstant negativ kroknmg, Lunds Umversitets Ar<i<ikrift Vol XIX 
(1883) An English translation of this memoii h is been made by Miss Emily Coddington 
of New York, and privately printed 
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equations be differentiated witb respect to v and u respect- 
id the resulting equations be subtracted, we have 

a*sin*o- —X*=0, 

Qch it follows that X is a constant. Without loss of gen- 
we take X = asmo' If this value be substituted m the 
juations, we have 


L 4-= Sind cos ® — cos<r cosdsm«, 

/dd 'M /I 

+ —1 = —cosd sm® -t- oos<rsmdco6«, 
HJ 


>e equations satisfy the condition of integrability If they 
rentiated with respect to u and v respectively, and the 
y equations be subtracted, it is found that d is a solution 


asequence of (35) the expressions (34) reduce to 

»d (cos ® cos d + cos <r sm ® sm d) du 

+ a smd(sin ® cos d — cos c cos ® sm d)dv, 

3 d(cos ® sm d —■ cos <7 sm ffl cos d) du 

+ a sm d(sm ® sm d + cos a cos ® cos d) dv, 

<r (cos ® sm 6 dv^ sm ® cos d dtf), 

Imear element of is 

d s * = (cos'* d dw® -{- sm“ d dv^) 

inner similar to that of §119 it can be shown that the 
1 representation of the paranietuc curves is orthogonal, 
sequently these curves aie the lines of curvature on 
bions (35) are reducible to the Riccati form by the change 
ole (29) Moreover, the geneial solution of these equations 
two constants, namelj cr and the constant of integration 
ve have the theorem 

e integration of a Riccati equation a double infiuitg of pseudo- 
I surfaces can he obtained from a given surface of tins kind 

u to this as the transformation of Backlund^ and indicate 
, thus putting m evidence the constant a 
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121 Theorem of permutabihty Let /Sj be a transform of 
means of the functions (6^, o-j) Since conversely ^ is a transfo ^ 
j! « j xu~ equations for the latter similar to (35) are reducib| 
rpe, all Ae transforms of can be found by qoad|, 
oven these quadratures can be dispensed with becaus^ 

. theorem of permutahihty due to Bianchi* ,4 

jOj and are traneforms of Shy means of the respective pavr^ 
junctions (^j, <rj) and ® function <f> can he found without^ 

'odratures which is such that hy means of the pairs ((^, 
i, o-j) the swfaces S^ and S^ respectively are transformable into 
j/seudospherical surface S' 

By hypothesis is a solution of the equations 
/d(h \ 

^ '--^)=sin<^cos0i—coscTgCOSf^sin^^, 

( d(h dO \ 

+ -^)= — cos <f> sin + cos a-^ sin cos 0^, 
and also of the equations 


(36) 




sm<rj 


(37) 


sm (T 


sin <r 


. .1 A Zl 

■J — 4- 1= sm cos ^ 2 — cos cr^ cos <p sin 

( g j ^0 \ 


The projections of the line on the tangents to the lines of 
cnrvatuie of and on its normal, where and aie correspond¬ 
ing points on and S\ are 

(38) a sm cr^ cos a sin <t^ sin 0 

The direction-cosmes of the tangents to the lines of curvature 
of with respect to the line iOf^, the line MQ^ perpendiculai to 
the latter and in the tangent plane at Jf, and the noimal to S are 
cos ft), — cos (7j bin ft), — sin o-^ sm o), 
sm ft), cos (T^ cos ft), sm cr^ cos co 

From these and (38) it follows that the coordinates of J/' with 
respect to and the normal to S are 

a [sm ft-j + sm <t^ cos (^ — &))], a [sin cos cr^ sm — co)], 
a [sin o-j sm cr 2 sm {j> — co)] 


* Vol II, p 418 
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3 coordinates of with xespeot to the axes of the moying 
for S are 
V 

— = cos sin a-j-f oc» sin cr^ ooe{<f> — m) 

(x> 

— sm Oj sin cr, cos sm (4> — 

* ~==smffjsm<r^+sin ^jSin<r,co6(^ —») 

4- cos sm (Tj cos sm (^ — »), 

—= sm o-j sm <r,sm(^ — a) 

I. ^ 

e transformed by means of <r^ and the same function ^ 
mates a/', y", s" of the resulting surface can be ol^amed 
by mterchangmg the subscripts 1 and 2 Evidently s' 
e equal A necessary and sufBcient condition that ^ 
to a/', y" respectively is 

cos it") + sm y") = 0, 
cos ^0 + ® 

)ve values be substituted m these equations, we obtain 
j (^2 — — sm o-g] cos — <») 

j cos o-g sin (0g— 0^) sm (<^ — «o) = sm <r^— sm o-g cos (0g— 0^), 
5 (^a — ^i) — sm a-^] cos (<^ — 0}) 

g cos cr^ sm (0g — sm (<^ — ©) = sm — sm o-j cos (0^ — 0^) 
hese equations with respect to sin(0 —ew) and cob(<^ —<»), 






_ (cos o-Q — cos Q-^) sm (0 — ^^) _ 

sm o-j sm o-g cos (^g — 0^) + cos ar^ cos o-^—1 
sin sm o-g + (cos (T^ cos — 1) cos (g — g^) 
sm sm c, cos (^g — + cos ar^ cos cr — 1 


0 expressions satisfy the condition that the sum of their 
36 unity, and the function ^ satisfies equations (36) and 
3 nce our hypotheses are consistent and the theorem of 
nlity IS demonstrated 
ay replace the above equations by 
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The preceding result may be expressed in the following fonni 

"^ertrihe trmsforms of a given pBeudo$pherical surface are kndw^ 
(jdl ihe transformations of the former can he effected hy algehr^ 
processes and differentiation ^ 

Thus;, suppose^ that the complete integral of equations (36) is 
(41) 0 

and that a particular integral is 

corresponding to particular values of the constants, and let 
denote the transform of 8 by means of 9^ and All the trana 
formations of 8^ are determined by the functions <f> and o-, where 



Exceptional cases arise when cr has the value For all values 
of c other than c^ formula (42) gives <^ = 0 ) 4 - mrr^ where m is an 
odd integer When this is substituted in equations (36) they re¬ 
duce to (35) In this case 8^ coincides with 8 

We consider now the remaining case where c has the value <7^, 
whereupon the right-hand member of (42) is indeterminate In 
order to handle this case we consider c in (41) to be a function of 
O', reducing to for o- = If we apply the ordinary methods to 


the function tan 




? which becomes indeterminate 


for <r = cTj, differentiating numerator and denominator with respect 
to cr, we have /, \ o \ 

V 2 / dc 




where c' is an arbitrary constant It is necessary to verify that this 
value of </) satisfies the equations (36), which is easily done * 


* Cf Bianchi, Yol II, p 418 
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rransfonnatxon of Lie Anotlier traosform&tion of peendo- 
1 surfaces which, however, is analytacal m character was 
ed by Lie * It is immediate when the sqr&ee is xe&rred 
symptotic lines, or to any isotheimal-conjugate system 


the parameters in terms of which the surfaoe is de&L^d m 
re isothermal-conjugate, the parameters of the asymptotic 
y be given by * 

u + = 2 fi 

i of these curvilmear coordinates the hnear elements of the 
and its sphencal representation have the forms 

= a^(do^ + 2 cos 2<&d(xdJ3 + 
da^= dc^— 2 cos 2 ® dadjS-j-djS^^ 
ation (23) takes the form 


le form of this equation it is evident that if © = ^(a, J3) be 
3n, so also is (o^=^{am, j3/m), where m is any constant 
rom one pseudospherical surface we can obtain an infinity 
s by the transformation of Lie It should he remarked, 
, that only the fundamental quantities of the new surfaces 
5 given, and that the determination of the coordinates re- 
he solution of a Riccati equation which may be different 
at for the given surface 

as called attention to the fact that eveiy Backlund tians- 
)n IS a combination of transformations of Lie and Bianclii f 
to prove this we effect the change of parameters (43) upon 
IS (35) and obtam 


( ^ /n I \ 1 + COS O’ .n \ 

— (0 -\-eD) = - - Sin (o — o)}, 

da^ ' sin O’ ^ 

d V 1 —COSO’ . 

^ sin O’ ^ ^ 


* Archtv for Mathamntik og 2i’aturvidensJcab Vol TV (1879) p 150 
tCf Bianchi Vol II, p 434, Darboux Vol UI p 432 
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Tn partaculax, for a transformation of Biancbi we have 

— (0 + eo) = sin (0 — <b), ^(6 — a>) = sm(0 + a) 

da' op 


Suppose that we have a pair of functions € and to satisfying 
these equations, and that we effect upon them the Lie transforma- 
taon for which m has the value (1 + cos ff)/sin tr This gives 




14- cos a 


sin<j 

4-008 0 - 


a. 


sino- 


1 — cos <r 
sino- 
1 — cos <r 
sm<r 


0 } 


As these functions satisfy (44), they determine a transformation 
But 6^ may be obtained from (o^ by effecting upon the latter 
an inverse Lie transformation, denoted by upon this result a 
Bianchi transformation, and then a direct Lie transformation, 
Hence we may write symbolically 

which may be expressed thus 

A Backlund transformation B^ is the transform of a Bianchi 
transformation ly means of a Lie transformation * 


EXAMPLES 

1 The asymptotic lines on a pseudosphencal surface are curves of constant 
torsion 

2 Every surface "whose asymptotic lines are of the same length as their spherical 
images is a pseudosphencal surface of cuivatuie — 1 

3 Show that on the pseudosphere, defined by (9), the curves 

& cos0d0 + sin20V<*^sin20 ~ b^dv = 0, 

where h is a constant, are geodesics, and find the ladius of curvature of these curves 

4 When the Imeai element of a pseudospheiic al feiuficc is m the paiabolic 
form (ill) of (7), the surface defined by 

dx dy dz 

a;=x-a~, y=y-a — , z - z - a — 

du du du 

is pseudosphencal (cf § 76), it is a Bianchi tiansform of the given surface 

Sphencal surfaces admit of transformations similar to those of Lie and Backlund 
The latter are imaginary but such combinations of them can be made th it the resulting 
surface is real For a complete discussion of these the reader is refeiled to chap v of 
the Lezioni of Bianchi 



lielicoids 
= woosu, 


F*-STJEFAGES 


m 


y = UBmv, z = + 

, k are constants, are i^hencal soifaces 

lelicoid whose mendian curve is the tractnx is called tbe smfoce ^ Dtai. 
[nations when sin <r denotes the hehooidal parameter and oq 6«' the <xm- 
h of the segment of the tangent between the curve and its Show 
rface is pseudosphencaJ 

curves tangent to the joins of corre^nding points on a p6eudoci)henQal 
1 on a Bhcklund transform are geodesics only when =x/2. 

? be a pseudosphencal siiifaoe and Si a Bianchi transform by means of 
e (§ 119) Show that 

Xi = cos w (cos5 Xi + sin X 2 ) — sm »JT, 

X 2 = sin w (cosdXi + sin^Xa) + 00 s »X, 

X' = sindXi - cos^X2, 

X 2 , X are direction-cosines, with re^ct to the le-azis, of the tangents 
s of curvature on 8 and of the normal to S, and Xi, X 2 , X^ are the 
ictions for Si 

^-surfaces Fundamental quantities Mmiiifal surfaces^ 
aces of constant curvature possess, in common with a 
my other surfaces, the property that each of the pnn- 
[11 IS a function of the other Surfaces of this kind were 
iied in detail by Weingarten,* and, m consequence, are 
'^eingarten surfaces^ or simply Jf'-surfaces Since the pnn- 
lii of surfaces of revolution and of the general helicoids 
bions of a single parametei (§§ 46, 62), these areJf surfaces 
1 find othei surfaces of this kind, but now we consider 
lerties which aie common to Jr-sui faces 
L a suiface S is refeired to its lines of curvatuie, the 
equations may be given the form 

d log __ 1 dp^ glo g __ 1 ^p 

dv P '-'Pi 

tion exists between p^ and p , as 
f(Pv P.) = ^^ 

Ration of equations (45) is leducible to quadratuies, thus 

^ fJti. ^ f-^- 


• CreUe Vol LXII (18b3) pp 160-173 
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where IT and F" are functions of » and v respectively Withoui. 
changing the parainetric lines the parameters can be so chosem 
lliat the above expressions reduce to 


(47) 




dps 

Pi~Pa 


Thus S' and ^ are expressible as functions of or and conse¬ 
quently they are functions of one another This relation becomes 
more clear when we introduce an additional parameter /c defined by 

f dpt 

(48) 


By the elimination of from this equation and (46) we have 
relation of the form ^ 


When this value is substituted in (48) we obtain 

p^-<t>{/c)-K<l)'(K), 

where the accent indicates differentiation with respect to k From 
(47) it follows that -t r- 1 

fC cp' 


When these values are substituted m the Gauss equation for 
the sphere (V, 24), the latter becomes 


d / ^/c\ , _^ 

du\<f)'^ duj dv\/c^ dvj K<f>' 


This equation places a restriction upon the forms of fc and ^ (/c), 
but it IS the only restriction, for the Codaz/i equations (45) aie 
satisfied Hence we have the theorem of Weingaiten * 

When one has an orthogonal system on the unit sphere for tvhich 
the linear element is reducible to the form 


(49) 





there exists a W-surface whose lines of curvature are represented by 
this system and whose principal radii are expressed by 

(50) = (f)(K), p^ =<;!)(«)_ K(l)'(/C) 
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le coordinates of the sphere, namelj X, F, F, are knovn 
ns of u and v, the determination of the IF-sorface with this 
ntation reduces to quadratures For, from the formulas 
agues (IV, 82) we have 


C ax, , ax, 

*=-J'■‘a; 

r ST. , ST . 



rht-hand members of these equations are exact differentials, 
he Codazzi equations (45) have been satisfied If X, X, 
aot known, their determination requires the solution of a 
equation The relation between the radu of the form (46) 
ined by elimmatmg jc from equations (50) 
find readily that the fundamental quantities for the sur- 


i,ve the values 






II 

. X = 

0, 

G: 



1 

D' = 

0, 

D" = 

<f> — K(j)' 

~ r 

om (48), (50), ; 

and (51) 

we 

obtain 



Va = 

f t/Pi 

p^eJ ^ 


Vg = 

r cipt 


sider the quadratic form 

- [(AD'- ID)du + (FD"-GD)dudv + {FD"- OD')di ’], 
tf 


when equated to zeio defines the lines of cui\atuie When 
lines aie parametiic, this quadratic foim is leducible by 
of (IV, 74) to 

'\Qf(Pi—p)duJv 


consequence of (47) this is further reducible foi Tf -surfaces to 
Since the cm vatuie of this latter foim is zeio, the cur\dtuie 
also is zeio, and consequently (§ 135) the foim (53) is redu- 
y quadiatuies to dudv Hence we have the theoiem of Lie 

hnes of curvature of a Tf ’•surface can he found hy quadratures 
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124 Evolute of a TT-surface The evolute of a TT-surface po$. 
giesaes several properties which are characteristic Referring to th^ 
results of § 75, we see that by means of (52) the linear elements oi 
^ the sheets of the evolute of a TT-surface are reducible to the form 


(64) 

or, in terms of /c, 
(55) 


( 2 
ds^ = dp^ -he^ du% 


ds^ = ^'^dK^ + fc^ dv\ 


From these results and the remarks of § 46 we obtain at once 
the following theorem of Weingarten 

Each surface of center of a W surface is applicalle to a surface of 
revolution whose meridian curve is determined hy the relation between 
the radii of the given surface 


We have also the converse theorem, likewise due to Weingarten 

If a surface he applicable to a surface of revolution^ the tan- 
genU to the geodesics on corresponding to the meridians of the 
surface of revolution are normal to a family of parallel W-surfaces, 
ij- be deformed in any manner whatever^ the relation between the 
radii of these W-surfaces is unaltered 


In proving this theorem we apply the results of § 76 If the 
linear element of be 

ds^ = du^ + dv^^ 

the principal radii of S are given by 
(56) = p,= u--^- 

Since both are functions of a single parameter, i i elation exists 
between them which depends upon U alone, and consequently is 
unaltered m the deformation of 

From (V, 99) the projections upon the moving tnhedial for 
of a displacement of a point on the complementaiy suiface are 
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quence of formulas (V,48,75) tte expression ir{qdu + q^dv) 
act differential, which will be denoted d/u Hooce tlie 


ement of is 




iich it follows tliat also is applicaUe to a sur&oe of 
Dn * 

ast theorem of § 75 may be stated thus 

BBBary and sufficient condition that the ctsympiotie lines on 
ices of center of a surface S correspond is that 8 he 

^ace, in this case to every conjugate system on 8^ or 8^ there 
nds a conjugate system on the other 


(V, 98, 98') it follows that when /S is a IF-suifaee, and 
this case, we have 

1 




iPi-piY 


t corresponding points the curvature is of the same kind 
ceptional form of equation (46) is afforded by the case where 
lOth of the pimcipal radii is constant For the plane both 
infinite, foi a circular cylinder one is infinite and the other 
ite constant value The sphere is the only surface with both 
ite and constant For, if and are different constants, 
)) it follows that S' and ^ are functions of u and v respec- 
/hich IS true only of developable surfaces When one of the 
infinite, the suiface is developable There remains the case 
le has a finite constant value, then is a canal surface (§ 29) 
asidering the last case we take 


)m (48), we have 

linear element of the spheie is 


da-" = 


du 

K 




ely, when the linear element of the sphere is reducible to 
Q, the curves on the spheie lepresent the lines of curvature 
ifinity of parallel canal surfaces 


* Cf Daiboux Vol III p 329 
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125 Surfaces of constant mean curvature For surfaces of eon- 
stant total curvature the relation (46) may be written 




e 

-» 


Pi 


where c denotes a constant When this value is substituted m (48) 
we have, by integration, 


( 59 ) p^=V7+~e, 

$o that the linear element of the sphere is 


c 


< 60 ) 

/ 

Conversely, when we have an orthogonal system on the sphere foi 
which the linear element is reducible to the form (60), it serves foi 
the representation of the lines of curvature of a surface of constani 
curvature, and of an infinity of parallel surfaces 
When c is positive, two of these parallel surfaces have constani 
mean curvature, as follows from the theorem of Bonnet (§ 78) Ir 
fact, the radii of these surfaces are 


(61) p,^V?T'e±V-c, 

If we put 

(62) e = K = a csch a>, 

and replace u by au^ the linear element (60) becomes 
t?cr’== hinh^ct) cosh^ft) dv^ 


In like manner, if we replace u by lauy v by and take 
(68) <? = K = ai sech ct>, 

the linear element of the sphere is 

dcT^— cosh^o) du^-\- sinh'^ft) dv^ 


For the values (62) we have, from (61), 


ae" 


( 64 ) = P. = ±- ^ . 

sinh (o ^ cosh co 

and the linear elements of the corresponding surfaces are 

( 65 ) ds^^ d(d'li^dv^) 
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31, for the values (63) the radix have the values 
coshd^’ sinh®’ 

linear elements are the same (65) In each case the mean 
re IS ± 1/a We state these results in the following form 

*ne8 of curvixture upon a mrfaee of constant mean curvature 

i leothermic eystem^ the parametere of which can le chosen 

the linear element has one of the forme (65), where w te a 

of the equation 

a®co ^ 

+ sinh to cosh <» = 0 

OU OVr 

ly^ each solution of this equation determines two pours of 
le surfaces of constant mean curvature ±l/a, whose Itnes 
ture correspond^ and for which the radii p, of one surface 
I to the radii of pg, p^ of the applicahle surface 

i be shown that if © = ^ {u^ v) is a solution of equation (67), 
s 

©i = <^(wcos<r —t;smo-, wsincr4* cos(r), 

IS any constant whatever Hence there exists for spherical 
a transformation analogous to the Lie transformation of 
phencal surfaces This transformation can be given a geo- 
interpretation if it is considered in connection with the sur- 
constant mean curvature parallel to the spherical surfaces 
j denote the surface with the linear element 

dsl— aV"»(dw‘*H- dv’) 
it 


Wj = -a cos <T — t; sin <r, = w sin o- 4- v cos a-, 

tion (68) becomes = I’j), and (69) leduces to 

ds^ = {du^ 4 - dt “) 

E we make a point (w, v) on S with the linear element (65), 
L the positive sign is taken, correspond to the point (w^, ? J 
he surfaces are applicable, and to the lines of curvature 
>t, = const on S correspond on the curves 

cos (T “ -y sin a = const, u sin a + v cos a = const 
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But ilie latter ent the lines of curvature « = const, v = const on' 
8^ under the angle <t Moreover, the corresponding principal radu 
of 5 and xSi are equal at corresponding points Hence we have the 
following theorem of Bonnet * 

A mrfaee of constant mean curvature admits an infinity of applv- 
ecMe surfaces of the same kind with preservation of the principal 
radii at corresponding points^ and the lines of curvature on one 
wrface correspond to lines on the other which cut the lines of 
vmat/wre under constant angle 


Wemgarten has considered the IT-surfaces whose hnes of 
‘urvature are represented on the sphere by geodesic ellipses 
and hyperbolas In this case the Imear element of the spheie 
is reducible to the form (§ 90) 


2 ^ 

2 


di? 


COS^ 


(O 

2 


Comparing this with (49), we have 


G> (O 

/c = sin-:-? <^^=COS-i 

z z 


from which it follows that 


0 = 


(o + sin (D 


Hence 

(71) 


Pi = - 


G) + Sin ft) 


P2 


CO — sin CO 


and the relation between the radii is found, by the elimination 
of G), to be 

(72) 2{p^-p^) = t,m2(p,+ p) [• 


*Memoire siir la theorie des smfaces ipplic ililes snr line siirfai o doniu e Journal de 
VEcole Poly technique j Cahier 42(1867) pp llet scq In this memoir Bonnet solves eom 
pletelythe problem of finding applicable surfaces with eoriesponding principal r idii equal 
When a surface possesses an infinity of applicable suif w es of this kind its hues of curv 
ature form an isothermal system 

t Darboux (Vol III, p 371) proves that these surf lees in ly be geneiatcd is follows 
Let C and C\ be two curves of constant torsion differing only in sign iho hx us of the 
mid points M of the ]oin of any points P and Pi of these curves is i suif lee of translation 
If a line be drawn through M parallel to the intersection of the osculating planes of C and 
Cl at P and Pi, this line is normal to a TT surface of the above type foi all positions of M 
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Etttled IF-surfaces We conclude the present study of 
es with the solution of the problem 
termme the W-wafacet wlaeh are ruled 

problem was proposed and solved simnltaneously by 
i * and Dim f We follow the method of the latter 
106, 107 we found that when the Lr>ftnr element of a 
iiface IS m the form 


[(« - af+ /3*] de*, 

essions for the total and mean curvatures are 

K—j, K. -p- 

IS a function of v at most, and 
^ = — 


ier that a relation exist between the principal radu it is 
y and sufficient that the equation 


Lk — 

du dv dv du 


= 0 


5ed identically If the above values be substituted, the 
r equation reduces to 

— a) r -h j8'(u‘-a)-h 

0 dv[ / J 

[ ^ ] dv ^ 


IS an identical equation, it is true when 2 ^ = «r, m which 

reduces to j8'=0 Hence y8 is a constant and the abo'se 

L becomes „ n 

r\u — af + r'iS + = 0 


IS equation must be true independent!} of the value of u 
ind a" are zero Therefore we have 


a = ev + d, = e, r = ^, 

d, A; aie constants 
inear element is 

ds^ == dv? + [(w — cv d)® + dv^ 

t dtnnaZi, Vol \II(18b5) pp 205-210 


h Vol VII (1866), pp I 3 O-I 0 O 
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In order to interpret this result we calculate the expression 
for the tangent of the angle which the generators = const 
make with the line of striction 

From (III, 24) we have ^ 

tan d = -, 
c 

consequently the angle is constant Conversely, if 6 and the param¬ 
eter of distribution yS be constant, a has the form (73) Hence we 
have the theorem 

A nece%Bary and sufficient condition that a ruled surface he a 
W-surface is that the parameter of distribution he constant and that 
the generators he inclined at a constant angle to the line of stric- 
tion^ which consequently is a geodesic 

EXAMPLES 

1 Show that the helicoids are W sui faces 

2 Find the form of equation (49), when the surface is minimal, and show that 
each conformal representation of the sphere upon the plane detci mines a minimal 
surface 

3 Show that the tangents to the curves v — const on a spheiical suiface with 
the linear element (i) of (6) aie normal to a IT suiface foi which 

Px 

P2^ Pi = cot — 

4 The helicoids are the only suifaces which au such that the cuives 
Pi = const meet the lines of curvature under constant inglt (if 1^ \ 23, p 188) 

6 The asymptotic lines on the surfaces of centei of i suificc foi which 
^1 + p 2 = const coirespond to the minimal lines on tlu spin in il ic picscntation 
of the surface, and, when pi— P 2 = const, to a rcctumil u systi m on tl»c spheie 

127 Spherical representation of surfaces with plane lines of 
curvature in both systems Surfaces whose lines of cuivatuie in 
one or both systems are plane curves have been an object of study 
by many geometers Since the tangents to a line of ( urvature and 
to its spherical representation at corresponding points aie paiallel, 
a plane line of curvature is represented on the sphere by a plane 
curve, that is, a circle, and conversely, a line of curvature is plane 
when its spherical representation is a circle 
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SOI 


onsider first the determination of surfaces with plane 
curvature ih both systems from the point of view of 
lerical representation * To this end we must find orthog- 
5tems of circles on the sphere If two circles cut one 
orthogonally, the plane of each must pass through the 
the plane of the other Hence the planes of the circles 
system pass through a point m the plane of each circle 
econd system, and consequently the planes of each family 
Dencil, the two axes being polar reciprocal with respect to 
ire f 

onsider separately the two cases I, when one axis is tan- 
the sphere, and therefore the other is tangent at the same 
d perpendicular to it, II, when neither is tangent 

I We take the center of the unit sphere for origin 0, the 
-axes parallel to the axes of the pencils, and let tlie coor- 
of the point of contact be (0, 0, 1) The equations of the 
of planes may be put in the form 

—1)= 0, y-f —1) = 0, 

L and V aie the parameters of the respective families 
t equations be solved simultaneously with the equation 
,phere, and, as usual, AT, T, Z denote coordinates of the 
TQ have 

2u y 2v u — l 

U^-\-V -f-l’ + u-\‘l +1 

3 linear element of the sphere is 

,7 4 {dll ill ) 

(w + V -hi)’ 

II As in the preceding case, we take for the z axis the 
perpendicular to the axes of the pencils, and for the oo- 

ses we take lines through 0 paiallel to the axes of the 
The cooidmates of the points of meeting of the latter 
e 2 axis aie of the form (0, 0, a), (0, 0, 1/a) The equa- 
the two pencils of planes could be written in forms 

Jianchi Vol II, p 266, Darboux, Vol I p 128 and Vol IV p 180 
►onnet, Journal de I Ecole Polytechmque Vol XX (1853), pp 136,137 
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QTmOar to (74), but the expressions for X, Y, Z will be found 
to be of a more suitable form if the equations of the families 
of planes be wntten 


X 


tanw 

Vl — 


— a) = 0, 


y 


a tanhv 

vf^ 



0 


Proceeding as m Case I, we find 


(77) 


^ Vl — 

cosh v-\- a cos u 
y— Vl — a^ sinh v 
cosh v-\- a cos u 
cos u-\- a cosh v 




cosh v-\- a cos u 


and the linear element is 
(T8) 


— dv^) 

(cosh v-{-a cos 


From the preceding discussion we have tacitly excluded the sys¬ 
tem of meiidians and parallels As before, the planes of the two 
families of circles foim pencils, but now the axis of one pencil 
passes thiough the center of the sphere and the othei is at infinity 
Hence this case corresponds to the value zero foi a m Case II In 
fact, if we put a: = 0 in (77), the resulting equations define a spheie 
referred to a system of meridians and parallels, namely 


(79) 




sini6 

cosh^^ 


sinh V 
coshv 


cos u 
cosh V 


Since the planes of the lines of cuivature on a suiface aie parallel 
to the planes of their spherical images, the curves v = const on a 
surface with the representation (79) he in parallel plines, and the 
planes of the curves u = const envelop a c^luidei riicsc suifaces 
aie called the molding surfaces'^ We shall consuki them latci 

128 Surfaces with plane lines of curvature in both systems 
By a suitable choice of coordinate axes and paiaineters the 
expressions for the direction cosines of the normal to a suiface 
with plane lines of curvature in both systems can be given one 

* These surfaces were first studied by Monge, Application de L'Analyse a la G4om4 
trie, § 17 Pans, 1849 



IN BOTH STSTEHS 


orms (76) or (77) For the eomplete determinatioE of all 
of this kind it remains then for us to find the expires- 
the other tangential coordinate that i8> the distance 
e origin to the tangent plane The linear element of 
)re m both cases is of the form 

dfT— » 

IS such that 


dudv 

7^1, 39) we see that the equation satisfied by IT is 
« 

aiogx^ Hogx^ ^ 
dudv dv du du dv 


equence of (80), if we change the unknown function in 
ice with the equation m is of the form (80) 

jhe most general value for W is 


W= 


U-j- V 
X ’ 


T and V are arbitrary functions of u and v respectively 
B any surface with plane Imes of curvature in both systems 
Lvelope of a family of planes whose equation is of the form 

2 W2; + 2 vy + (t4^-|- V®—1)2 = 2 (i7-h F), 


sin ux —Vl— sinh vy + (cos w + a cosh v)z 
= F)Vl-a 

expressions for the Cartesian coordinates of these surfaces 
found without quadrature b^ the methods of § 67 Thus, 
surface envelope of (81) we have to sol\e for a*, y, z equa 
) and its derivatives with respect to u and v The latter are 

x-\-uz^TJ\ ^ = F', 

he accents indicate differentiation We shall not carrj out 
ition, but lemark that as each of these equations contains 
parameter they define the planes of the lines of curvature 
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i 

4 


From the form of (83) it is seen that these planes in each sys¬ 
tem envelop a cylinder, and that the axes of these two cylin¬ 
ders are perpendicular This fact was remarked by Darboux, 
who also observed that equation (81) defines the radical plane 
of the two spheres 


(84) 


7? -f- -j“ 2 ViX -f" ^ ^ 

l)z = — 2V 


These are the equations of two one-parameter families of spheres, 
whose centers lie on the focal parabolas 


(85) 


2^1 = —— 


and whose radii are determined by the arbitrary functions U and V 
The characteristics of each family are defined by its equation and 
the correspondmg equation of the pair (83) Consequently the ong- 
mal surface is the locus of the point of inteisection of the planes 
of these characteristics and the radical planes of the spheres 
Similar results follow for the equation (82), which defines the 
radical planes of two families of spheres whose centers are on the 
focal ellipse and hyperbola 


( 86 ) 


a;j=^Vl —a^sintfc, yi= 0, 

^ 2 = 0 , sinh 


When in particular « = 0, these curves of center are a circle and 
its axis 

From the foregoing results it follows that these surfaces may be 
generated by the following geometrical method due to Darboux * 

Every surface with plane lines of curvature in two system ? can he 
obtained from two singly infinite families of spheres whose centers he 
on focal conics and whose radii vary according to an arbitrary law 
The surface is the envelope of the radical plane of two spheres S and 2, 
belonging to two different families Tf one associate with iS and 2 two 
infinitely near spheres S' and 2', the radical center of these four 
spheres describes the surface, and the radical planes of S and S' and 
of 2 and 2' are the planes of the lines of curvature 


*Vol I,p 132 
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Surfaces with plane lines of curvature in one systesn. 

» of Monge When the lines of curvature in <Hie system 

te, the curves on the sphere are a family of elides and 

thogonal trajectones, and conversely Every system of 

d may be obtained from a system of circles and their 

lal trajectories in a plane by a stereogxaphie projection. 

ermmation of such a system m the plane reduces to the 

Lon of a Riccati equation (Ex 11, p 50) Smoe the circles 

es of constant geodesic curvature we have» m oonseguenee 

rst theorem of § 84, the theorem 
* 

letermination of all the euffaees unih pkme hnee of eurm- 
one system regutres the solution of a Bxceatu equation and 
>j,res 

haU discuss at length several kmds of surfaces with plane * 
curvature in one system, and begm with the case where 
irves are geodesics They are consequently normal sections 
urface Their planes envelop a developable surface, called 
ctor-developable, and the Imes of curvature m the other sys- 
the orthogonal trajectories of these planes Conversely, 

IS of any simple infinity of the orthogonal trajectories of a 
imeter system of planes is a surface of the kmd sought 
3 planes cut the burface orthogonally, and consequently 
e Imes of curvature and geodesics (§ 69) Smee these 
are the osculating planes of the edge of regression of 
^elopable, the orthogonal trajectories can be found by 
ures (§ 17) 

ose that we have such a surface, and that C denotes one of 
trajectories of the family of plane lines of cur\ ature 
coordinates of C be expressed m terms of the arc of the 
rom a point of it, which will be denoted hy v As the 
E each plane line of curvature T is normal to C at its point 
ing with the latter, the coordinates of a point P of F w ith 
e to the moving trihedral of C are 0, ? Since P desciibes 

ogonal trajectory of the planes, we must have (I, 82) 

dv T dv T 
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'witsre T denotes the radius of torsion of C If we Chang’s ths 
j«irameter of (7 in accordance with the equation 


(87) - 

the above equations become 


di) 

dv^ 


+ ?= 0 , 


Bl 

dv^ 


—17 = 0 


'he general integral of these equations is 

58) v — cos sin sm -h cos 

vhere and T7^ are functions of the parameter u of points of T 
iVTien v = 0 we have and so the curve F in the plane through 

the point v = 0 of (7 has the equations v = ^^^2 Hence the 

character of the functions and TT^ is deteimined by the foim of 
the curve, and conversely, the functions and determine the 
character of the curve 

By definition (87) the function measures the angle swept 
out in the plane normal to C by the binormal of the latter, as this 
plane moves from ^; = 0 to any othei point Hence equations (88) 
define the same curve, in this moving plane, for each value of 
but it IS defined with respect to axes which have rotated through 
the angle Hence we have the theorem 

Any surface whose lines of curvature in one system are geodesics 
can he generated hy a plane curve whose plane rolls^ without slipping^ 
over a developable surface 


These surfaces are called the surfaces of Mange, by whom they 
were first studied He proposed the pioblem of finding a suiface 
with one sheet of the evolute a developable It is evident that the 
above surfaces satisfy this condition Moi cover, they furnish the 
only solution For, the tangents to a develop ible along an ele¬ 
ment lie in the plane tangent along this element, and if these 
tangents are normals to a surface, the latter is cut normally by 
this plane, and consequently the curve of intersection is a line of 
curvature In particular, a molding surface (§ 127) is a surface 
of Monge with a cylindrical director-developable 

Since eveiy cur\e in the moving plane of the lines of curva¬ 
ture geneiates a surface of Monge, a stiaight line in this plane 



MOLDING SURFACES 


SOT 


)8 a developable surface of Monge For, all the normals 
iirface along a generator lie m a plane {§ 26) Hence 
essary and sufficient condttum that a curve F tn a plane 
^0 a curve C at a point Q generate a surface of Monge as 
le moveSy remaining normal to the curvcy is that the line 
a point of T to Q generate a developcible 


Molding surfaces When the orthogonal trajectory C is a 
irve, the planes of the curves T are perpendicular to the 
Cy and consequently the director-developable is a cylinder 
ight section is the plane evolute of C The sor&ce is a 
surface (§ 127), and all the lines of curvature of the seo- 
bem are plane curves, — involutes of the right section of 
nder Hence a molding surface may be generated by a 
live whose plane rolls without slipping over a cylinder 
11 apply the preceding formulas to this particular case 
1/t is equal to zero, it follows from ( 88 ) that 17 and f are 
s of u alone If u be taken as a measure of the arc of the 
we have, in all generality, 

ri = V, 

lie function U determines the foim of T If we take the 
the curve C for « = 0, and x^y denote the coordinates 
it of Cy the equations of the surface maj be written 


^o4-?7cosi>, y = yo-frsiny, 2= ^ Vl —Z; ' duy 

lenotes the angle which the principal normal to C makes with 
IS Since 


ds^ 


ds, 


= — cos i , 


Lote the ladius of cun xtuie of C, then ds^^ = l diy and the 
s of the surface can be put 111 the lo h»\ iiil loini, gi\en b} 

iff / ^ 

x = U cos v-h J sill t diy 

y = l sill ^ 

2 = Vl — ( du 

•Vol I p 10) 


4 



t 
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The equations of the right section of the cylinder are 

F' cos V dvy 

V' sin V dv 

In passing, we remark that surfaces of revolution are molding sn 
faces, whose director-cylinder is a line, this corresponds to tl 
ease F = 0 

EXAMPLES 

1 When the spherical representation of the lines of curvature of a surface 
isothermal and the curves in one family on the sphere are circles, the curves in t 
other family also are circles 

2 If the lines of curvature in one system on a minimal surface aie plane, th( 
m the other system also are plane 

8 Show that the surface 

a; = au + sinucoshu, 2 / = ^ + ct cos w smh v, z = Vl - a’ cos u cosh v 
is minimal and that its lines of curvature are plane Find the spherical represen 
tion of these curves and determine the form of the curves 

4 Show that the surface of Ex 8 and the Enneper surface (Ex 18, p 209) 
the only minimal surfaces with plane lines of curvatuie 

5 When the lines of curvature in one system he in parallel planes, the suif 
IS of the molding type 

6 A necessary and sufficient condition that the lines of curvature in one syst 
on a surface be represented on the unit sphere by great ciicles is that it be a g 
face of Monge 

7 Derive the expressions for the point coordinates of a molding suifacc by 
method of § 67 

131 Surfaces of Joachunsthal Another mteiestun^ class 
sui faces with plane lines of curvature m one system ut those 
which all the planes pass through r straight line I.et one of th 
lines of curvature be denoted by T, and one of the othei syst 
by C The developable enveloping the surface along the latter 
for its elements the tangents to the curves T at tlien point' 
intersection with C Since these elements lie in the jilmes of 
curves T, the developable is a cone with its vertex on the line 
through which all these planes pass This cone is tangent to 
surface along C, and its elements are orthogonal to the lattei C 
sequently C is the intersection of the surface and a sphere v 


x = Z^ + VC 08 V = J 
y = y, + Vsmv= J 
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t the vertex of the cone which cuts tlie surface ozthogo- 
lence we have the following result, due to Joachimstiial* 

the l%ne» of eurvoitwre m one eyetem he tn ylanee ptteemg 
a line i>, the linee of curvature %n the second system be on 
ohose centers are on D cmd which cut iJie surface orthogonally, 

surfaces are called surfaces of JocLchimetJud Each of the 
f the first system is an orthogonal trajectory of the circles 
1 the spheres are cut by its plane. Therefore, in order to 
le equations of such a surface, we consider first the orthog- 
lectones of a family of circles whose centers are on a line 
tter be taken for the i^axis, the circles are defined hj 

J = r sin 1 ? = r cos ^ 

denotes the radius, 6 the angle which the latter makes 
) ^-axis, and u the distance of the center from the origin 
3 a function of u^ and 6 is independent otu In order that 
me equations may define an orthogonal trajectory of the 
9 must be such a function of u that 

cos 0— SI n 5= 0, 
du du 


jration we have 


dd an 

r-r-sin^ = 0 

du 




denotes the constant of integiation 
each section of a surface of Joachimsthal by a plane 
its axis IS an orthogonal trajector} of a family of circles 
enters are on this axis, the equations of the most general 
of this kind are of the form 

= r sin 0 cos v, y = r sin ^ sin v, z = u + r cos 

' denotes the angle which the plane through a point and 
i makes with the plane y = 0, and 0 is given by (90), in 
ow F is a function of v 


*Crelle, Vol UV (1857), pp 181-192 
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When V is constant 0 is a function of u alone, and t|^e surfa^ 
fe on^ of revolution For other forms of V the geometiical gener< 
tion of the surfaces is given by the theorem 

Ghven the orthogonal trajectories of a family of circles whose ce^ 
ters he on a right line D, if they be rotated about D through dy 
ferent angles^ according to a given law, the locus of the curves is 
surface of Joachimsthal 

132 Surfaces with circular lines of curvature We conside 
next surfaces whose lines of curvature in one system are circle 
Let <r denote the constant angle between the plane of the circ] 
(7 and the tangent planes to the surface along C (cf § 59), p th 
radius of normal curvature in the direction of 0, and r the radii 
of the latter Now equation (IV, 17) may be written 

(91) r = p sin (7 

As an immediate consequence we have the theorem 

A necessary and sufficient condition that a plane line of curvatm 
be a circle is that the normal curvature of the surface in its directu 
be the same at all of its points 

Since the normaL to the suiface along (7 aie inclined to its plar 
under constant angle, they form a right ciiculai cone whose verte 
is on the axis of C Moreover, the cone cuts the suiface at rig] 
angles, and consequently the sphere of radius p and center at tl 
vertex of tlje cone is tangent to the suiface along C Hence tl 
surface is the envelope of a family of splieics of variable or co 
stant radius, whose centers lie on a cuive 

Conversely, we have seen in ^29 tint the (liaiacteiistics 
the family of spheres 

{X— i) -{-{y — fj) = /i , 

wheie X, y, z are the cotndmates of a cm vc cxpu ssi d in terms of i 
arc, and li is a function of the s uiic p uaiuctci, au ciiclcs of ladi 

(92) r = R{\~-llf)\ 

whose axes are tangent to the cuivo of centers and whose centc 
have the coordinates 

(93) x^ = x-aEE\ 


— ^hE\ z^—z — yEE^y 
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y are the dixection-cosines of the and the accent 
} differentiation The normals to the enYeiope along a 
ristic form a cone, and conseqnently these circles are linew 
tnre upon it. Hence 

essary and sufficient condition that the lines of euroatstre m 
ly he circles is that the surface he the envelope ef a mngle 
of spheres^ the locus of whose centers u a curve^ the radu 
termined hy an arhtrary law 

equations (91), (92) it follows that JS'=scos<r. Hence the 
re geodesics only when R is constant, that is, for canal 
(§ 29) In this case, as is seen from (92), aH the circles 
1 

ircles are likewise of equal radius a when 
jB* = (s “4“ “I" 

IS the arc of the curve of centers and c is a constant of 
ion Now equations (93) become 

x^{s+c)a yi = y — («4‘<?)A (« + <?)y, 

re the equations also of an involute of the curve of centers 
This result may be stated thus* 

trxng he unwound from a curve in such a way that its moving 
y M generates an involute of the curve^ and if at M a circle 
ucted whose center is If and whose plane is normal to the 
hen as the string is vmvonnd this circle generates a surface 
Willy of equal <udtsfo} lines of curvaturt 

ocus of the centeis of the spheies enveloped b} a suiface is 
y one sheet of the e\olute of the surface, and the radius 
phere is the ladius of iioimal ciiivatuie m the diiection 
ciicle Consequent!} tins radius is a function of the 
er of the spheres Comersel}, fiom ^ 75, we ha\e that 
is a curve = 0, and consequently 


♦ Cf Bianchi, ^ ol II, p 273 
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Exeliading the case of the sphere, we have that is a function € 
^ alone. From the formulas of Eodrigues (IV, 32), 

dx _^ ^ ^ = — 

dv^ dv dv^ dv ^ dv^ 

we have, by integration, 

a; = —y = —55 = — p 2 -^-f ZTg 
Hence the points of the surface lie on the spheres 

and the spheres are tangent to the surface 

Since the normals to a surface along a circular line of curvatur 
form a cone of revolution, the second sheet of the evolute is th 
envelope of a family of such cones The characteristics of such 
family are conics Hence we have the theorem 

A necessary and sufficient condition that one sheet of the evolute o^ 
a mrface he a curve is that the surface he the envelope of a single infinit 
of spheres, the second focal sheet is the locus of a family of conics 

133 Cyclides of Dupm From the preceding theorem it result 
that if also the second sheet of the evolute of a surface be a curve 
it IS a conic, and then the first sheet also is a conic Moreover, thes 
conics are so placed that the cone formed by joining any point o 
one conic to all the points of the other is a cone of revolutior 
A pair of focal conics is characterized by this pioperty And s 
we have the theorem 

A necessary hnd sufficient condition that the lines of curvature i 
both families be circles is that the sheets of the evolute he a pair Oj 
focal conics ^ 

These surfaces are called the cy elides of Du pin Tliey aie th 
envelopes of two one-parameter families of sphcies, and all sue 
envelopes are cyclides of Dupin A spheie of one f imily touche 
each sphere of the other family Consequently the spheres of whic 
the cyclide is the envelope are tangent to three spheies 
We shall prove the converse theorem of Dupin f 

The envelope of a family of spheres tangent to three jixed i^phere 
IS a cyclide 

* Cf Ex 19, p 188 

t Applications de g^omHne et de mechaiiique pp 200-210 Pans, 1822 



C YCLEDBS, OF DUPIN 


SIS 


)laiie determined by the centers of the three spheres cuts 
3 r m three circles If any point on the cucamference C, 
lal to these circles, be taken for the pole of a transfonna- 
reciprocal radii (cf. § 80), C is transformed into a straight 
Since angles are preserved in this transformation, the three 
leres are changed into three spheres whose centers are on X 
ly the envelope of a family of spheres tangent to these three 
Ls a tore with L as axis Hence the given envelope is trans- 
into a tore However, the latter surface is the envelope of 
I family of spheres whose centers he on L Therefore, if 
'’6 transformation he reversed, we have a second family of 
tangent to the envelope, and so the latter is a cyciide of 
We shall now find the equations of these surfaces. 

V 1/v ^i) the coordinates of the points 

ocal conics which are the curves of centers of the spheres, 
the radu of the spheres The condition of tangency is 

(x,- (y,- y,)*+ {B,+ JB,)* 

nder first the case where the evolute curves are the focal 
8 defined by (85) Now equation (94) reduces to 

L and jKg are functions of u and v respectively, this equation 
alent to 

IS an arbitrary constant whose variation gives parallel 


e method of § 132 we find that the coordinates (f, f) of 
.ers of the ciicular lines of curvature = const and the 


> are 


;, = l(M^+l + a)a4-«T^ 
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Hence if P be a point on the circle and d denote the angle wbi^ 
the radius to P makes with the positive direction of the normal 1 
the parabola (85), the coordinates of P are 

cos 9, y = p 3 me, i=?- cos 9 


z = ^ + - 


VIT 


This surface is algebraic and of the third order 

If the evolute curves are the focal elhpse and hyperbola (86),weha'i 

(96) ^j=i(acosM + *)5 

where «is an arbitrary constant whose variation gives paraUel surface 
This cyclide of Dupin is of the fourth degree When in particul 
the constant a is zero, the surface is the ordinary tore, or anchor ring 
134 Surfaces with spherical lines of curvature in one systei 
Surfaces with circular lines of curvature m one system belong ei 
dently to the general class of surfaces with spherical lines of cur\ 
tuie in one system We consider now surfaces of the latter kmc 
Let S be such a surface referred to its lines of curvature, ai 
in particular let the lines v = const be spherical The coordinat 
of the centers of the spheres as well as their ladii aie functions 
V alone They will be denoted b} (V„ V,) and E By Joachm 

thal’s theorem (§ 59) each sphere cuts the surface under the sai 
angle at all its points Hence for the family of sphtu s the expi( 
sion for the angle is a function of v alone, we c ill it / 

Smee the direction-cosines of the tangent to icuive » = const a 

dv' ' Vi fiv’’ 

when the linear element of tlu sphoiual icpusi iil ilioii is wiitt 
da’= S^du^+^dv , the coouliintis of A' iic of the loim 

1C sin Vd \ 


(97) 


x = V^+ 




It sin 7 ? V 

V? 


+ ^\ A c os K, 


OK 


+ 1 /i c OS V, 


„ Jt sin !■ o/ , jr 

z = V.+ - 7 =r-- +//. lOsP 

* For othei geometiical coiistiuetions of the tydidfs of Du pm tlu r( idoi is refei 
to the article in tho 7'cfer Wisb( mthajlcn Vol 111 1 p 2‘)0 
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hesis Xy ¥j Z are tiie directioii-coeines of the nomiai to 
Dtly we must have 

s^S=« 

lues of the derivatives obtained from (97) be reduoed by 
(V, 22), and the results substituted m the above equa- 
» first vanishes identically and the second reduces to 

XF' + TF' + ZVi + (^ cos F)'-5 sm fV?= 0 , 

B primes indicate differentiation with respect to v Con- 
when this condition is satis^ed, equations (97) define a 
n which the curves v = const are sphencal Hence 

saart/ and mfficient condition that the curves v = const of an 
I system on the unit sphere r^esent spherical lines of citr- 
}on a surface is that five fiunetions of namely F^, F,, F,, 
he found which satisfy the corresponding equatum (98) 

)te that i;, F., and E cos F are determined by (98) 
withm additive constants A change of these constants 
rst three gives a translation of the surface If E cos F be 
by a constant, we have a new surface parallel to the 
e Hence ♦ 

lines of curvatuu in one system upon a surface be spherical^ 
IS true of the cot rt^jionding system on each parallel surface 

equation (98) is homogeneous in the quantities J T I, Fj, 
i', Ji sin V, the littei aie (ktcimmed onl} to within a factor 
ay he a function of i 11ns function may be chosen so 
he spheres pass thiougli a point Fiom these results we 
theoiem of Dobiinerf 

ach surface with sphencal lines of curvature in one system 
associated an infinity of nonparallil surf at ts of the same 
' the same ^plicrital repiestntation td thest lines of (uriaiure 
hese surfaces there is at least oni foy uhuh all the spfieres 
mqh a point At corresponding points of the loti of the cen~ 
iheres of two surfaces of the fiamily the tangents are parallel 

Bianchi Vol II p SO) ^ Crelle 'V ol XCI\ (18S?) pp 1 IS, 125 
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If the valtied oix,y,z from (97) be substituted m the formu^ 
of Rodngues (IV, 32), 


(99) 


dx _^ ^ _££ 

Su ~~ du' dv dv ’ 


and similarly for y and z, we obtain by means of (V, 22), 


—/)j=jRcosr+ 


EsmFgV^ 


— p^=R cos F+ 


{B sin F)' 


i N' 

^ ^ ^ dv 


Conrersely, when for a surface referred to its lines of curratur 
the principal radius / 0 i is of the form 

dv 


( 100 ) 




where and (/>2 are any functions whatever of v, the curve 
t; = const are spherical For, by (V, 22), 

a / 1 gA\_ 1 aV? 8X 
aw \V^ 8y / 8y aw 

Consequently, from the first of (99), m which is given the abov 
value, we obtain by integration 

where is a function of v alone Similai lesults follow for y and z 
As these expressions are of the form (97), we have the theorem 

A necessary and sufficient condition that th Imen of eurvatur 
v = const he spherical is that be of the form (100) 


EXAMPLES 

1 If the lines of curvatuie in one system aie ind one is a circle, a 

are circles 

2 When the lines of curvature in one f imily on % sui faco are circles, thei 
spherical images are circles whose spherical centers constitute the spheiical ind 
catiix of the tangents to the curve of centers of the spheres wliirli aie envelope 
hy the given surface Show also that each one parameter system of nicies on th 
unit sphere represents the circular lines of curvature on an infinity of surfaces 
for one of which the circles are equal 
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$1T 


le lines of cnryatnieof a9Qrfa4»ar6parainetno,aiidt^cturm eonst 

Bal,wehaTe wtr 

/*»•” BanF"*" ft ’ 


/>i, B denote the radu of geodesic oaiTatiire and nonoal eoiratam In the 
9 = const, and of the sphere respeetively, and V ddaotee the aii|^ nixleir 
Inhere cuts the sorfaoe 


m a line of ciinratnie is sphencal, the developehle cnzcmnserdni]^ His 
ong this line of cniratore also drcmnscnbes a sphere, Mid oonreieely, 
Leyelopable circumsonbes a inhere, the line of corvatiire liee on a 8|diere 
with the latter (cf Ex 7, p 149) 


5 be a psendosphencal sorfaoe with the S|dienoal xepresentatioai ol 
curvatoie Show that a necessary and sofficaentecmditi<m that the corfes 
beplaneis ±/_ 2 _M _0 

tuKsmu Sd/ ’ 
that in this case w is given by 


COStf = 


V'-TT 


nd y are functions of u and e respectively, which satisfy the conditions 
17 2 = + (a - 2)ira + 6, F * =:F^ + aF^ + (a + ft - 1), 

>eing constants, and the accent indicating diSerentiation, unless JJ' or 


3n the lines of curvature v = const upon a psendosphencal surface are 
linear element is reducible to the form 

_ a® tanb* (u + o) du^ ^ a® sech^ (u + «) cfu* 

~~ C — A cosh 2u + JBsinh 2 14 C-h A cosh 2v + Bsink 2 v — 1 * 

J5, C are constants Find the expressions for the principal radiL 

3n the lines of curvature v = const on a spherical surface are plane, the 
nent is reducible to 

cot2 (w + v) du^ a!* esc® (u + v) dffl 

(Jj3 — . - »,, ■_ ^ _ ■ - - - - 1 - j 

.4 siu 2 M + 5 — 1 ^ sm 2 r — jB 

ind B are constants Tlie surfaces of Exs 6 and 6 are called the surfaces 
r of constant curvature 


GENERAL EXAMPLES 

lines of cuivature and the asymptotic lines on a surface of constant 
can be found by quadratuies 

en the linear element of a psendosphencal surface is in the form (in) of (7), 

u 

Lons X = cv^ y = ae'<* determine a conformal represjentation of the surface 
plane, which is such that any geodesic on the surface is represented on 
by a circle with its center on the x axis, or by a line perpendicular to 
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3 When the linear elements of a developable surface, a spherical surface, a^ 
a pscudosphencal surface are in the respective forms 

^ ds^ = a2(dw2 + sm^udv^), ds^ = a^{du^ + smh2udw2), 

the finite equations of the geodesics are respectively 

Au 008 V + J5u sm V + C= 0, A tancos r + 5 tan w sin r + a = 0, 

A tanhw cosD + B tanh wsmu + C = 0, 
where A^ B, C are constants, if the coefficients of A and B are in any case equated^! 
to a> and V, the resulting equations define a correspondence between the surface and*^ 
the plane such that geodesics on the former correspond to straight lines on the latter 
yind the expression for each linear element in terms of x and y as parameters 

4 !Eaeh surface of center of a pscudosphencal surface is applicable to the catenoid. ' 

6 The asymptotic lines on the surfaces of center of a surface-of constant mean ^ 

ojrvature correspond to the minimal lines on the latter 

6 Surfaces of constant mean curvature are characterized by the property tha* 
if u = const, V = const are the mimmal curves, then Z) is a function of u alone 
and Z ' of tj alone 

7 Equation (23) admits the solution w = 0, in which case the surface degen- * 
erates into a curve Show that the general integral of the corresponding equations 

u-\- vcoe<r 

(36) IS tan 0/2 = Ce , take for S the line a; = 0, y = 0, z = aw and derive 
the equations of the transforms of 5, show that the lattei aie surfaces of Dim 
(Ex 6, § 122), 01 a pseudosphere 

8 Show that the Backlund transforms of the surfaces of Dim and of the pseudo 
sphere can be found without integration, and that if the pseudosphero be trans¬ 
formed by the transformation of Bianchi, the resulting suif ico may be defined by 


2 a cosh n 
cosh^w + u2 


(sin V — ncosu). 


2/ =- 


2 a cosh u 


cosh2w 4- 
2 siiih u cosh 11 


(cos V + vsiiiu), 


( 2 siiih u cosh n\ 

U --- - , 

cosmw + ^2 / 


cosh-^w + 1 

Show that the lines of curvature v = const he in plinos tliiou^h tlu z axis 

9 The tangents to i family of geodesics of the elliptic oi hyp( iboln typo on a 
pseudosplieiical suiface are normal to a W siiif ue , the u 1 itioiis lx tween the ladii 


are respectively 


Pi — P = at mil — 


Pi + c 


Pi ■ 


a (oth 


P\ + f 


a a 

wheie a and c aie const uits (ef ^ 70) 

10 Show that the lineir elements of the second siiifucs ol c ( nU i of the 
^surfaces of Fx 0 aie leducible to the ies[)e(tive foinis 

,11 , , X 


dsj — tanh'^ ^ du + se eli2 ^ dv^ 
^ a a ’ 


dst = <oth** ' (In 
a 


h ( h dvt , 


and that consequently these suifiees ire ipplu ihle to suitucs ol levolution 
whose meridians are defined by 


V + 1 

a 


sill 0, 


Vl - a^K 

where k denotes a constant 


sin 0, 


: = a ^1 
; = a ^1 


<t> 

t 111 4- ( os 0 

2i 


lof, t in ~ cos 0 
2 


')■ 

)■ 
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m 


rmiM tbe peurtimlar f om of ^ liaear ekmnt (40), ml tbe mtexo 
es upon tbe surface to whi^ tbe as^fBiptotio luies on tbe ebeets of 
oozrespond, wheu 

(a) ^ = «aist, (6) ~-~ = ootmt. 

n a TT-surface is of the type (7^, the SKurfacee oeolear aze appiioabio 
ler and to an imaginazy paraboloid of le^ntiQiu 

n a TF-surface is of the type (72) and the Imear ^eoaeatof the sphere 
1 (VI, 60), the carves a = const, and u — « = oooet. on the sfihencal 
on are geodesic parallels whose orthogonal tra^eetorieB oorresfNiiid to 
tic lines on thesarfaces of center, hezioeoneaebsbeetthm haliBiily 
such that the tangents at their points of seeehmg with an asynphoho 
lUel to a plane, which vanes in general with the seympiot^to 

7 that the equations 

K z= aZ7 cos-+fFsin-do, y = «U‘am-—Ty cos-do, 

CL J OL CL J a 

z =jVl — 

3tes an arbitrary constant, define a family of apphoable molding surfaces. 

n the lines of curvature m one ^stem on a surface are plane, and tlie 
second system lie on spheres which cut the surface orthogonally, the 
urface of Joachimsthal 

sphencal lines of curvature on a surface of Joachimsthal have constant 
Tature, the radius of geodesic curvature being the radius of the sphere 
curve lies 

n the lines of curvature in one system on a surface he on concentric 
LS a surface of Monge, whose director-developable is a cone with its 
le center of the spheres, and conversely 

sheets of tlie evolute of a surface of Alonge are the director developable 
d surface of Monge, which his the same director-developable and whose 
urve is the evolute of the generating curve of the given surface 

le lines of curvature in one svstem on i surface are plane and two in 
lystem are plane, then ill in the 1 itter system are plane 

irface with plane lines of curvature in both systems, in one of which 
cles, IS 

rface of Joachimsthal 

ocus of the oithogonal trajectories of a lamilv of spheres with centers 
t line, which pass thiough a circle o i one of the s^Jitus 
nvelope of a family of spheies whose centers lit on i pline curve < 
adii aic piopoitional to the distiiiccs of these centtis fiom a striij^ht 
1 the plane of C 

1 aibitraiy curve C be driwn in a plane, and the plane be made to move 
ay that a fixed line of it envelop in arbitrary spict curve T and at the 
the plane be always normal to the principal normal to r, the curve C 
surface of Monge 
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22 If all Bianchi transforms of a pseudosphencal surface S are surfae^S 
:teieper (cf Ex 6, § 184), 5 is a surface of revolution I 

28 When fa has the value in Ex 6, § 184, the surfaces with thfe spherics 
representation (26), and with the linear element 

ds^ = ^ZJi eos w + + Uf sin3 w dv^, 

where Ui is an arbitrary function of w, are surfaces of Joachimsthal 


24 If the lines of curvature in both systems be plane for a surface 5 with t! 
same spherical representation of its lines of curvature as for a pseudosphencs, 
surface, 5 is a moldmg surface 

25 If 5 IS a pseudosphencal surface with the spherical representation (26) c 
its lines of curvature, and the curves u = const are plane, the function given I 


du dta d<a 

smd—r + costf— + sm«— = 0, 

dv^ du dv dv 


letermines a transformation of Bianchi of S into a surface Si for which the line 
of curvature v = const are plane 

26 A necessary and sufficient condition that the lines of curvature v = cons 
on a pseudosphencal surface with the representation (26) of its lines of curvatm 

be sphencal is that jr go, 

cotw = ?'i H-» 

sma; dv 


where V and Fi are 
and of 


functions of v alone Show that when w is a solution 


1 

dut 


-1 

< 1 

0 w\ 

sin2 

cadu 


au' 

^^sm w 

dv) 

±1 

' 1 

0 a;\ 

— 1 

r 1 

0 W\ 

du\ 

^sin^o, 

0 U/ 

0 U2 ' 

^sm w 

cv/ 


of 


(2 


the curves v = const are plane or spherical, and that m the latter case V and T 
can be found directly 


27 Show that when w is a solution of (2S) and of 

d(a d^ca d^(a ^ d(o ^ 

dv dudv^ cv^ cudv du \dv/ ’ 

and ~ 0, the lines of curvature u — const are spherical on the pseud( 

du \cos 0 } dv/ * IT 

spherical surface with the spherical representation (2 >), and that when <a is sue 

a function, upon the surfaces with the linear clement 


or 


ds^ =r* (—+ fr — + V 

\dv/ \ ev^ 


cw\2 dv^ 
dv) /du)Y 


ds^: 


:(sm„ + rgj 


du^ 4-1 cos 


/0u;\2 

W 

02a, \2 

dv^ 1 

" + r -hV— \ dv\ 
d(o I 

I 


where F is a function of v alone, the curves v = const are spherical, in the forme 
case the spheres cut the surface oithogonally 
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DEFORKATIOK OF SURFACES 

Problem of Mmdmg Surfaces of cemstaat duryature Ac- 
to § 43 two surfaces are appluxtih wiiaxi a cme-io-^me 
ndence can be established between them which is of 
aature that in the neighborhood of corresponding pomts 
ndmg figures are ccmgruent or symmetric. It was semi 
3 surfaces with the same linear element are applicable, 
unetnc curves on the two surfaces being in conespon- 
But the fact that the Imear elements of two surfaces are 
s not a sufficient condition that they are not applicable, 
nee of this we have merely to recall the effect of a change 
neteis, to say nothing of a change of parametnc Imes 
5 ve are brought to the following problem, first proposed 
ling ♦ 

id a necessary and sufficient condiUon that two surfaces he 
le 

the second theorem of § 64 it follows that a necessary 
n is that the total curvature of the two surfaces at corre- 
g points be the same We shall show that this condition 
ent for surfaces of constant cuivature 
)4 we found that when K is zero at all points of a surface, 
ace IS applicable to the plane If the plane be leferred to 
em of straight lines parallel to the rectangular axes, its 
ement is 

he analytical problem of the application of a developable 
upon the plane reduces to the determination of oithogonal 
of geodesics such that when these curves are parametnc 
IT element takes the above form 

* Crelle Vol XIX (1839) pp 371-387 
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ds^^dx^-^ df 
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RefernDg to the results of § 39, we see that in this case \ 
feetor must equal umty Consequently we must find a functi 
$ such that the left hand members of the equations 

du + = dlx + ly), 

du + = d{x~ ly) 


are exact differentials, in which case these equations give x anc 
by quadratures Hence we must have 




F—iH\ 

■y/M r 


which are equivalent to 

de 1 dF F dE 1 dE 

^EHdu dv' 

ze 1 m F dE 

dv 211 du 2EHdv 


From (V, 12) it is seen that these equations are consistent wh 
jS:= 0 In this case and consequently x and can be found 
quadratures 

The additive constants of integration are of such a characi 
that if ?/o are a particular set of solutions, the most general c 

a; = cos a: — sm a; + a, ^ sin a y^LO^a />, 

where h are arbitrary constants 

In the above manner we can effect the isoinetiu lepresentati 
of any developable surface upon the plane, and consofiiu ntly up 
itself or any other developable These results may b( stated thr 

A developalle surface is applitahh to itself^ or to amj othr develt 
ahle^ in a triple infinity of ways^ and the complete determination 
the applicability requires quadratures only 


Incidentally we have the two theoiems 

The geodesics upon a developable surface can be foundby quadratur 
If the total curvature of a quadratic form be zero^ the quadra 
form IS reducible by quadratures to dad 13 
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(6 now that the total curratnre of two sorfaeos Sf is 
ire a IS a real constant. I«6t P and ^ be pomts on B 
spectively, O and geodesics throng these respectiye 
ad take P and for the poles md O aiid for the 
= 0 of a polar geodesic system on these sorfa^ The 
ments are accordingly (VIII, 6) 

da* = dw* + sm* - dt^, daf = ditf-f sin* ^ dsf 

a a 

e equations 

^ an isometnc representation of <me surface np<m fhe 
which P and G correspond to P and respectively 
g as the upper or lower sign m the second equation 
corresponding figures are equal or symmetric Similar 
)tain for pseudosphencal surfaces Hence we have 
w surfaces of comtant curvature^ different from zero^ are m 
xpphcable bo that a given point and geodeete through it on one 
rrespond to a given point andgeodeBte through it on the other 

icular, a surface of constant curvature can be applied to 
that a given point shall go into any other point and a 
through the former into one through the latter Combin- 
results with the last theorem of § 117, we have 
hvelopahle surface of constant curvature can be applied to 
0 any surface of the same curvature^ in a triple infinity of 
^ the complete realization of the applicability requires the 
f a Riccati equation 

elution of the problem of Mmding We proceed to the 
ition of a necessary and sufficient condition that two Bur¬ 
s' of \aiiable curvature be applicable Let their linear 
be 

'u -\-2l^dudf -\-(idi , di' —I'^dul -h 2d'd?/'dy'+ 6'd/ 

tion aV ind aS' aie applicable if theie exist two independ 
ions 

2 ») = <^'(?/', l'), ^(u, v) = r'), 

ng a one-to-one correspondence between the surfaces of 
bture that by means of (1) either of the above quadratic 
L be transformed into the othei 
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g24 DEFOKMATIOX OF SUEFACES 

It IS evident tlat if the two surfaces are applicable, the differ 
tial parameters formed with respect to the two linear elements 
equal Hence a necessary condition is 
(2) = A'^', Ai(</>, = A'(<^', Vr'), A,^ = A{i/r', 

where the primes indicate functions pertaining to S' These con 
ditions are likewise suflScient that the transformation (1^ change 
either of the above quadratic forms into the other For, if tfcel 
curves (f> = const, = const , const, T/r'= const be taken iwL 
the parametric curves on S and S' lespectively, the respective 
hnear elements may he written (cf § 37) ^ 

, A,^ 2 A,(<^, ^|r) d(f>d^^r 4- A,(^ 

,, A'^|r'dc|>'^- 2 A{(f , i/r') dcl>'dylr'+A',cj,fdylr'^ 


Hence when equations (1) and (2) hold, the surfaces are applicable 
The next step is the determination of equations of the form (1) 
Smoethe curvature of two applicable surfaces at corresponding points 
IS the same, one such equation is afforded by the necessary condition 

(3) ir(^, v) = K'(u'y v') 

The first of equations (2) is 

(4) A,ir=A'A' 

Both members of this equation cannot vanish identically For, in 
this case the curves K = const and li' = const would be minimal 
(§ 37), and consequently imaginary If these two equations are 
independent of one another, that is, 

A,A^/(/0, A;a'=^/(A'), 

they establish a correspondence, and the condition that it be iso¬ 
metric IS, as seen from (2), 

A,(A, A,A)=:A((A', A'A'), ^AJAJA^ 

If, however, 

(5) A,K=f{K), A[K'=f(K% 

we may take for the second of (1) 

(6) A,ir = A'^', 
unless 

(7) A,K^<f,(K), A'^K’=^{K’) 
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ndition be not satisfied, the oondituHis tbat (6) ^Afiiw> 
jic correspondence are 

i,(2r, A^) = A'(2r', • 

we consider the ease where both (5) and (7) hold. Sumo 
of \K and A^ITis afonetion oi JE;^ onrres^ssocHist. 
orthogonal trajectones t = const, form an isothermal sjs- 
aes on S (§ 41) Moreover, the fnnctaon t can be foond 
itnres, and the Imear element is redncibile to 

‘***=7^ (<*^+ «■' ^ 

JW 

particnlar = 0, the Imear element is 

anner the linear element ot i& reducible to 
ds'* =j~ {dK'*+e^^>‘^di/^), 
particular case Ai-Sr'= 0, to 

d»'*=^(dA"“ + dO 

er case the equations 

is an arbitrary constant, define the applicability of the 

ve thus treated all possible cases and found that it can 
lined without quadrature \\hethei two surfaces are appli- 
oreovei, in the first two cases the equations defining the 
dence follow directlj, but in the labt ca^e the determina- 
les a quadratuie The last case differs also in this respect 
'ation can be effected m an infinit} of wajs, whereas in 
wo cases it is unique 

urface be referred to the curves <r = const and their orthogonal trajectories 
equation (6) may be replaced by A 2 <r = A.ior and it can be shovm 

v5W 

<r) = AiCo*', A^trO is a consequence of the other conditions Cf Darboux 
27 
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we notice from (8) that in the third case tl 
fsam S IS applieahle to a surface of revolution, the parallels 
latter corresponding to the curves K == const of the former 
Texsdy, the linear element of every surface applicable to a s 
of revolution can be put m the form (8) For, a neeessai 
sufficient condition that a surface be applicable to a surf 
revolution is that its linear element be reducible to 

where U is a function of u alone (§ 46) Now 

A i rr K A 


From the second it follows that u = F{K)^ and conseq 

r d/u 

— = F,(Jr) When these values are substituted in the 
, we have, in consequence of Ex 5, p 91, 

Hence we have the theorem 


Equations (9) constitute a necessary and sufficient condition 
surface he applicable to a surface of revolution 

The equations 

^ K=K, t = ±t^^a 

define an isometric representation of a surface with the line 
meat (8) upon itself Tlierefoie we have 

Every surface applicable to a surface of revolution admit 
continuous diformation into itself in such a way that each 
K = const slides over itself 

Conversely, every surface applicable to itself in an infir 
ways is applicable to a surface of i evolution For, if the cur 
IS constant, the surface is applicable to a surface of revo 
(§ 135), and the only case m which two surfaces of variable < 
ture aie applicable in an infinity of ways is that for which 
tions (5) and (7) are satisfied 
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m 

137 Deformation of mmunal surfaces These results suggest a 
leans of determining the minimal surfaces applicable to a surface 
E revolution In the first place we inquire under what conditaous 
VO minimal surfaces are applicable The latter proUem reduces 
) the determination of two pairs of pai-ameters, 24, v and t 4 j, and 
VO pairs of functions, F(u), ^(v)* and which satisfy 

le condition 

LO) (1 + uvfF{u) <I> (v) dudv = (1 + du^dv^ 

rom the nature of this equation it follows that the equations which 
^rve to establish the correspondence between the two surfaces are 
bther of the form 


Ll) 

1* 

“i= 


L 

L2) 

U^=4>{v), 



E either set of values for and be substituted in (10), and if 
tter removing the common factor dudv we take the logarithmic 
envative with respect to u and we obtain 

_ 1 

(1 + (1 + uvY 

lS this may be written 
I Q\ du^dv^ __ dudv 

(1 + Wi2>i) (l + wr)*’ 

le spheiical images of coiresponding paits on the two suifaces are 
qual 01 sjmmetiic according as (11) oi (12) obtains (§47) Tlie 
itter case ieduces to the foiinei when the sense of the normal to 
ithei suif ice is changed \\ hen this has been done, coriesponding 
pherical images aie equal md can l)e made to coincide by a lotx 
on of the unit splieie about a diameter Hence one suiface can be 
3 displaced in space that coiresponding noimals become parallel, 
1 which case the two suifices have the same lepiesentation, that 
j, = w, v^ = v Now equation (10) is 

^hich IS equivalent to 

cF{u), <I)i(v) = i<^(i»), 

* Mio 
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0 denotes a constant If the surfaces are real, c must be oi 
the form Hence, in consequence of § 113, we have the theorem 
A immmal surface admits of a continuous deformation into a% 
infinity of minimal surfaces^ which are either associate to it or com 
he made such hy a suitable displacement 

We pass to the determination of a minimal surface which admits 
of a continuous deformation into itself, and consequently is appli 
cable to a surface of revolution In consequence of the interpre¬ 
tation of equation (13) it follows that if a minimal surface be 
deformed continuously into itself, a point p on the sphere tends tc 
move m the direction of the small circle through whose axis is 
the momentary axis of rotation, and consequently each of these 
small circles moves over itself Fiom § 47 it follows that if the 
axis of rotation be taken for the 2 J-axis, these small circles are the 
curves uv = const In the deformation each point of the surface 
moves along the curve K = const through it Hence -A is a func 
tion of uv From (VII, 100, 102) we have 

_ 

(1 + uvy F{u) <I) iy) ^ 

consequently F(yL)^{v) must be a function of uv^ and hence 

uF^{u) __ v^\v) 

F(u) ^(y) 


The common value of these two terms is a constant If it be 
denoted by /c, we have 


F(u) = cu'^y <I> (y) = cy*"^ 

where c and are constants Hence from (VII, 98) we have 

Any minimal surface applicable to a surface of revolution can be 
defined by equations of the form 


(14) 


a; = ^ C — vl’du + i c^J (1 — f v'dv, 
z = cj' u'‘'^^du + of v^^^dv. 


where c, c^^ and k are arbitrary constants 
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the curves Ar= const, are represented on the sphere by the 
•cles whose axis is the j^axis, m each fimte deformation of 
tee into itself, as well as m a very small one, the unit sphere 
es a rotation about this axis In § 47 it was seen that such 
)n IS equivalent to replacing v by we**, w“**, where a 
the angle of rotation Hence the continuous deformation 
face (14) IS defined by the equations resulting from the 
bion in (14) of we**, ve'^^ for w, v respectively 
aportant property of the surfaces (14) is discovered when 
nit such a surface to a rotation of angle a about the 
uet S denote the surface in its new position, and write 
tions in the form 

( 1 —J 

GLarly for y and z Between the parameters S, v and w, v 
►wing relations hold 

vrsve”**, 

have also 

srccosa —y sino:, y s=a?sina + y cosa, i = s 

ng these equations with (14), we find 

F (u) = % 0 (t;) = 

or the correspondence defined by u = ?«, v = ?, the surface S 
ociate of S, unless a: -f 2 = 0, m which case it is the same 

onsider the latter case, and remark that its equations 

§ 110 ) 

[«(! + »)], y.2j[i.(i-«)], * —2Jt[«los„] 

)e leplaced by we'*, and the resulting expressions be 
ty a-i, l/i, Zi, we ha%e 

= 2 ;cosa;—y sma, yj = a;sina; + y cosar, z + 21i{iac) 

n a continuous deformation, the surface slides over itself 
lelicoidal motion Consequently it is a helicoid Moreo\ er, 
> only minimal helicoid For, every helicoid is applicable 
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to surface of revolution, and each minimal surface applicable ix; 
a surface of revolution with the z axis for the axis of revolutioas 
of the sphere is defined by (14) But only when /c = — 2 will th^ 
substitution of giv6 a set of equations such as (15) 

Hence we have 

The helico%dcd minimal mrfacee are defined hy the Weieretrau 
fcrrmuiae when F(u) = c/iF 

And we may state the other results thus 

If my nonhelicoidal minimal surface^ winch is applicaile to a 
mrface of revolution^ he rotated through any angle about the axis oj 
the unit sphere whose small circles represent the curves K = const 
an the surface^ and a correspondence with parallelism of tangent 
planes he established between the surfaces^ they are associate, con 
sequently the associates of such a minimal surface are superposable 


EXAMPLES 

1 Find under what conditions the surfaces, whose equations are 

x = rcosv, y = rsinu, 2 : =/(r), 

ail = r cos u, 2^1 = r sin u, z\ = F(r) + an, 

can be brought into a one-to-one coirespondence, so that the total curvature at 
corresponding points is the same Determine undei what condition the surfaces 
are applicable 

2 If the tangent planes to two applicable sui faces at coiiespondmg points are 
parallel, the surfaces are associate minimal surfaces 

3 Show that the equations 

X = 2 / = e-^n, z= -1- he -, 

• where a is a real parametei, and a and h iie constants, clLfinc a family of paiab 
oloids which have the same total ciiivatuie at points with the sxmo ciuviliiiear 
cooidmates Are these surfaces apphcible to one aiiothci ’ 

4 Find the geodesics on a surface with the linear clement 

, - dv!* — 4 u dudv + 4 w dv‘^ 

4 (it — v^) 

Show that the surface is applicable to a suiface of 1 evolution, and determine the 
form of a meridian of the latter 

5 Determine the values of the constants a and h in 

ds'’ = du^ -f- [(it + ai?)2 -f 62] (^^ 2 ^ 

so that a suiface with this linear element shall be applicable to 

(а) the right helicoid 

(б) the ellipsoid of 1 evolution 
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SSI 

scessaiy and sufficient condition that a sorfaoe be i^licabld to a imrfaoe 
4 on IS that each curve of a family of geodesic parallels have constant 
urvatore 

V7 that the hehcoidal mmimid solaces are s^licahle to the catenoid and 
it helicoid 

Second general problem of deformation We have seen that 
[ways be determined whether or not two given surfaces are 
>le to one another The solution of this problem was an 
at contnbution to the theory of deformation An equally 
nt problem, but a more difficult one, is the following 
termirie all the eurfaceB applicable to a gvoen one 

problem was proposed by the French Academy m 1859, and 
1 studied by the most distinguished geometers ever since 
rh it has not been solved in the general case, its profound study 
to many interestmg results, some of which we shall derive 
\ linear element of the given surface be 

irface applicable to it is determined by this form and by a 
namely whose coefficients satisfy 

Lss and Codazzi equations (§ 64) Conversely, every set of 
s 2>, D\ D" of these equations defines a surface applicable 
Lven one, and the determination of the Cartesian coordinates 
nresponding surface lequires the solution of a Riccati equa- 
ut neither the Codazzi equations, nor a Riccati equation, can 
jrated m the geneial case with our present knowledge of 
tial equations Later we shall make use of this method in 
iy of particular cases, but for the present we proceed to 
osition of another means of attacking the general pioblem 
1 the values of Z), 1)\ obtained from the Gauss equations 
re substituted in the equation H K = — JU , the lesult- 

ition is reducible, m consequence of the identit} =1—A 
6, p 120), to 





$ 
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Tbm eqaataoB, which is satisfied also by y and jj, involves 013 

G and their derivatives, and consequently its integratioji^ 
will give tibe complete solution of the problem It is linear m 
TMx 

WWJ’ 

studied hy Ampere Hence we have the theorem 


and therefore is of the form; 


The determination of all mrfacee applicable to a given one reqwiret 
the mtegration of a partial differential equation of the second ordm^ 
of ike Amp^e type 


In consequence of (16) and (V, 86) we have that the coordinates 
of a surface with the Imear element 

^7) da^ = Edu^ + 2 Fdudv + G dv^ 

are integrals of 

(18) A 0 = (1^A,0)A, 

ifEerential parameters being formed with respect to (17) We 
i find that when one of these coordinates is known the other 
two can be found by quadratures 

Our general problem may be stated thus 

Given three functions G of u and v, to find all functions 

Xy yy z of u and v which satisfy the equation 

da?-\- d%f’\- dz^=^Edu^+2Fdudv + Gdv^y 

where du and dv may he chosen arbitrarily 


Darboux * observed that as the equation may be written 

(19) d]f^Edu^-^ 2Fdudv + Gdv^— dz^y 

whose left-hand member is the linear element of the plane, or of a 
developable surface, the total curvature of the quadratic form 

must be zero (§ 64) 

In order to find the condition for this, we assume that z is 
known, and take for parametric lines the curves z = const and their 


*Lc,Vol III,p 253 
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rnal trajectones for v=coii8t With this choice of parame- 
} nght-hand member of (19) reduces to {E~l)d^+Gdi^ 
idition that the corvatore of this form be zero is 

K denotes the curvature of ihe surface But this is the 
)n also that be a solution of (18) when the differential 
bers are formed with respect to However, the 

rs of equation (18) are differential parameters, consequently 
jlution of this equation whatever be the parametric curves 
Bversing the above steps we prove the theorem 

i z ts any integral of the equation (18), the quadratic form (20) 
} curvature 


n such a solution is known we can find by quadratures 
J5) two functions a;, y such that the quadratic form (20) is 
da?dif^ provided that 


r^_(|iYir«_gYi_^_|£|?T>o. 

\du/ J L \dv/ J L cx^ J 


< 1 Hence we have the theorem 

he a solution of = (1 ““ \d)K such that A^z < 1, it is one 
ectangular coordinates of a surface with the giien linear ele- 
nd the other two coordinates can he obtained by quadratures 


Deformations which change a curve on the surface into a 
iirve m space We consider the problem 

X surface be deformed in such a manner that a giien curie C 
comes into coincidence with a given curve F in space ^ 

.he surface be referred to a family of curves orthogonal to C 
their orthogonal trajectories, C being the curve ?; = 0, and 
being the parameter w, so that j& = 1 for v = 0 The same 
3ns hold for F on the deform 
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ZU 


tite gdodesic curvature of C ib unaltered in the deforn 
(168), it follows from the equation (IV, 47) for the new su 
namely 


(21) p = p^smco, 

ttot the deformation is impossible, if the curvature of T a 
point IS less than the geodesic curvature of C at the correspoi 
point Since both p and p^ are known, equation (21) deten 
S!, and consequently the direction of the normal to the new sl 
along r IS fixed This bemg the case, the direction of the tan 
to the curves u = const on the new surface at points of F c 

found, and so we have the values of ^ ^^ for 

dx d dz 

as well as —> — for v= 0, the latter being the direction-cc 

du du du 


of the tangent to F 
spect to 14, we obtain thewalues of 


If these expressions be difPerentiated 

d^x d^y d^z d^x d^y 
_ 




dudv^ dudv^ 


du^ du 

ioT v—Q Since F=0 and A^==l for tJ = 0, the Gauss equa 
(V, 7) for v = 0 are 


( 22 ) 


du^ 2Gdvdv ’ 

d^x _ldEdx 1 dGdx 
dudv 2 dv du 2G du dv ’ 

, dv^ 2 du du 2G dv dv 


All the terms of the first two equations have been dettin 
except I) and , hence the latter aie given by these equil 
Since the total cuivatuie K is unalteied by the defoimation 
known at all points of F, consequently i^. given by 11 
, unless D is zero, in which case F is an asymptotic 

d X 

and p =p When 2)"is found we can obtain the value of —^ 

dv 

the last of equations (22) From the method of deiivation of < 
tion (16) it follows that the above process is equivalent to fir 
d^x 

the value of — from equation (16), which is possible unless D 
Excluding this exceptional case, we remark that if equations 
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differentiated with respect to u, we obtain the ralnes of all the 

nvatives of x of the third order for t; = 0 except ^ The latter 

ly be obtained from the equation which results from the differ- 
tiation of equation (16) with respect to v By contmumg t.bia 
[)cess we obtain the values for t? = 0 of the derivatives of a; of all 
iers, and likewise of y and z If we indicate by subscript null 
s values of functions, when v = 0, the expansions 


^ /dx\ /dc^\ l/^ar\ 4 


+ 


/ 

\dudv, 




d similar expansions for y and s, are convergent m general, as 
luchy has shown,* and x^y^z thus defined are the solutions of 
nation (16) which for t; = 0 satisfy the given conditions Hence 


A surface S can be deformed in such a manner that a curve C upon 
comes into coincidence mth a given curve F, provided that the 
rvature of F at each point is greater than the geodesie curvature 
C at the corresponding point 


There remains the exceptional case p^Pg If the desired def- 
mation is possible, F is an asymptotic line on the deform, and 
nsequently, by Enneper’s theorem (§59), its radius of toision 
Ufcjt satisfy the condition t^ = —l/JT Hence when C is given, F 
determined, if it is to be an asymptotic Ime 
If F satisfies these conditions, the value of D'' for t’ = 0 is arbi- 
iry, as we have seen But when it has been chosen, the further 
termination of the values of the derivatives of x, y, z of higher 
der for v = 0 is unique, it being the same as that pursued m 
e general case Hence equation (16) admits as solution a famil} 
these surfaces, de[)ending upon an aibitrai} function Foi all 
these suifaces the directions of the tangent pUnes it each 
lint of F are the same Hence we have the theoiem 


Que)} a curve C upon a surface there ensts in ^puit a unique 
rve F until which C can he brought into coincidence by a di Torma- 
m of S in an infinity of loays, moreover^ all the nttv sin facts ait 
ngent to one another along F 


* Cf Goursat, I e< ons sur I integration des equations aux denvees partielles dti i>ecohd 
irCf chap ii Pans, 1896 
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If C m an asymptotic line on it may be taken for F, hence 
A surface may he subjected to a continuous deformation during 
hich, a given asymptotic line is unaltered m form and continues to 
an asymptotic line on each d^orm 

This result suggests the problem 

Qan a surface be subjected to a continuous deformation in which a 
rve other than an asymptotic line is unaltered f 

By hypothesis the curvature is not changed and the geodesic 
irvature is necessarily mvanant, hence from (21) we have that 
11 © must have the same value for all the surfaces If c5 is the 
me for all surfaces, the tangent plane is the same, and consequently 
e expansions (23) are the same Hence all the surfaces coincide 
this case However, there are always two values of 55 for which 
aw has the same value, unless 55 is a nght angle Hence it is 
issible to have two applicable surfaces passing through a curve 
hose points are self-correspondent, but not an infinity of such 
irfaces Therefore 

An asymptotic line is the only curve on a surface which can remain 
laltered in a continuous deformation 

140 Lmes of curvature in correspondence We inquire whether 
surface S can be deformed in such a manner that a given < uive 
upon it may become a line of curvature on t!ie new Ruifa(e 
ippose it IS possible, and let F denote this hue of (uiMituie 
he radii of curvature and torsion of V must satisf} (21) and 
''t— d55/c?8 = 0 (cf § 59), wheie is the same foi V as foi (' If 
e choose foi 55 any function whatevei, the furutions p ind r an 
us determined, and F is unique Since w fixes the din < turn of the 
ngent plane to the new surface along l\ tlieio is onl> om (h foim 
S of the kind desired for each choue of w (< f V)) lb m c 
A surface can he deformed in an mfinittf of tnn/H that <i (/ikh 
' rve upon it becomes a line of curvature on tin dt fvnn 

This result suggests the following problem of Honm t 
To determine the surfaces which can he deformed with pn r\ afinn 
their lines of curvature 

* Memoire sur la thdorie cles surfaces applicables sur une surface donnee, Journal (U 
^cole Polyteahmqv^y Cahier 42 (1867), p 68 
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VO I 


ae method of Bonnet m making use of the funda- 
as in the fom (V, 48,65) We assume that the lines 
s paxametno In this oase these equations reduce to 
Sq dr dr, 

- rv 

__ 1_8^ 1 dVa 

•\/q dv ‘ du 

lations it follows that if 8 and S’ are two applicable 
ed to correspondmg lines of curvature, the functions 
the same value for both surfaces, and consequently 
ue of ibe product qp^ Hence our problem reduces 
nation of two sets of functions Pi, q, qf, satisfying 
ations In consequence of the identity 

pW’^M* 

the first two of (24) 



ntegralsare p'*’=p^+/{'»)* ?'“=?*+ where/(e) 

fum turns of and « respectively The parameters it, 
iHcn so that these functions become constants a, /3, 
iitly 

V'l’-p^+n, q'^=q*+8 

lions he imiltiplud together, the lesulting equation is 

iiK luiH of (2 )) to titlui of the forms 

.V-f I (/■'a f itfi - 0, l>[ 8 + '/■*« — = 0 

IwesK that (I and/-fc innol liothlx positivi if »S'is red, 
Ht (ond ill it till > ( annot liolh hi lugativc We issume 
till and jioHitiVI, and without lossof gcnciality wiitc 

if (2S) iiduiis to /»/—</-l in (oiif 01 mity with this 
a flint tioii «, thus 

Pi = (osh 6), y = siiih « 
jiis (2*)) may 1 hi rephutd hy 

pj — HI nil ft), y’ = < osh o) 
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McKTeoyer, the fundamental equations (24) reduce to 

dao 1 doo _^ ^ 1 

dv"^ ^ -yjQ dv du ^ du 

d^co , , 

du^ dv^ 

Comparing these results with § 118, we see that the sphe 
representation of lines of curvature of the surfaces S and S' rei 
tively is the same as of the lines of curvature of a spheiical su] 
and of its Hazzidakis transform Conversely, we have that e 
surface of this kind admits of an applicable surface with lin^ 
curvature in correspondence 

The preceding investigation rested on the hypothesis that nei 
the first nor second of equations (24) vanishes identically Sup 
that the second vanishes, then g' is a function of u alone, say 
Since the product p^q differs from the total curvature only 1 
factor (cf § 70), p^ cannot be zero , theiefore r = 0 and g''= <j!) 
Equation (25) is now of the form pi<l>{'if) — p[<l>i{u) If p[ be el 
nated from this equation and the fiibt of (27), it is found thn 
also IS a function of u alone Hence the curves v = const on 
sphere are great circles with a common di urn ter, and tlieicfoi 
is a molding surface (§130) Tlie piramttd n m<iy l)e (hosd 
that we may take g=l and ;?, = //, tin n fiom (27) ind (25) 
find = -j -wluie a is an aihitiai\ const. 

Hence we have the theorun 

A necesmry and viffidoit (ondition iluif a ^tnfan (fdnut of 
ajypUoahle surface until hm 8 of <unatnn in <01 h spondt in is t 
the sulfate have tlu sann spluiual npa st ntatnni (d its tun s of < 
vatuie as a sphrnal siufau or h< a nnddim/ sutfatt in tin f 
ease there is oni apphcatdi surian^ and tin spin mat n pn s< ntut 
of its lints of cur vat an is tlu nanu as of tin I la' idakis tiansfn 
of'2, in the Sicond case thtrt is an infinity td appinaldt siufau 

141 Conjugate systems m correspondence WIu n two siiiln 
are appheabh to one inotliei, tluie is is\st(iu of (oinsj)ondi 
lines which is conjugate foi both suifucs (c f 5()) I he ksu 
of §140 show that loi a given conjugate s}sUm on i suifiec 


i-K H p ns 
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there is not m general a surface applicable to 8 with the corre¬ 
sponding system conjugate We inquire under what conditions a 
given conjugate system of S possesses this property 
Let 8 be referred to the given conjugate system If the corre¬ 
sponding system on an applicable surface 8^ is conjugate, we have 

for the total curvature of the two surfaces is the same We replace 
tlus equation by the two 

JJjsatanhd D, i?(' = coth^ D", 

thus defining a function 6 The Codazzi equations for 8 are 


Since these ecjuations must be satisfied by and D{', we have 


(80) 


ad 

aw 


•{f} 


D 

l>" 


taiili d, 


dv 



^oothd 


The condition of mtogiability of (30) is leducible to 


As the two loots of tins ((jii ition diffi i onlj iii sign, and tlius lead 
tos^niiiKtiK Hurfi((s \\( IK ((I ( onsid< I only OIK If it he suhsti- 
lultd in (10) \^< ohl nil (wo < onditioiis upon /', A, />, />", winch 
ai( n(((ssn^ in oidi i (hit S idinil of xn aj)|)li( ihlc suiface of the 
kind sought II( IK ( 111 g< IK I il Uk k is no solution of the piohlein 
IIowcvii, il (Ik two (\|)Ussions in the hi u kets ol (31) vanish 
identic ill}, (Ik condiiioiis of iiitcgi ihility of cquatioiis (30) are 
coniph (t ly H it isIk (1 iiid s idmits oi in iiilinity of applicable sui 
faces upon which the cooicliiiitc ciims foini a conjugate system 
Coiisc epic ntl} wc hive thi'lluouin 

// a ((tHpfflfitt m on <t nut fan S (orn spomh to a (onjvgate 
ityntun on nmn than om sin tan applttabU to it (omspondi to a 
conjugati '<i/sti m tni an nijimtif of Hntfaas applicable to S 
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We give this result another interpretation by considi 
the spherical representation of S From (VI, 38) we have 

r22'l JD fl2V flllD" fl2V 
(32) \ijW~ 12/’ Vi) JO 111’ 

where the symbols formed with respect to the lineai 

ment of the sphencal representation of 8 If we substitute t 
values in (30), we get 

|?=(in'ooth9, 

aMl2J dv liJ 


and the condition that these equations have an integral mvol 
a parameter becomes 


(33) 




The first of these equations is the condition that the cu 
upon the sphere represent the asymptotic lines upon a certain 
face 2 (of § 78) Moreover, if K denotes the total curvatun 
2, and we put K=!-^l/p\ we have 


(34) 


&u 12/’ dv ll/ 


Now equations (33) are equivalent to (34), and 


2"iogp_|_a_iog/) ^J<>gp_o, 

dudo dti Cl' 


which reduces to 


dudv 


' 0 As the general integial of this equal 


!:» p = '\lr{v), where (f) and ^|r aie arbitrary functions of u i 

V respectively, we have the following theoicm due to Hiiuu hi**^ 


A necessary and suffi<ient tondthon that a surface S admit a c 
tinuous deformation in winch a conjugate si/stem rimains conjng 
IS that the spherical npn mentation of this systi m In that of the asyy 
totic lines of a surface whose total curvature^ ejpnssid in terms 
parameters referring to these lines^ is of the form 




_ 


* Annah Ser 2 Vol XVIII (18‘)0) p 120 ?amI(zioru Vol II p 83 
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The pseudospherioal surfaces afford an example of surfaces with 
of this form In this case <f) and ^|r are constants, so that equa- 

{ 121' ri2V 

jj==| 2 j- 0 , which, m consequence of 
2), are equivalent to ® t^®se are tihe condi- 


)ns that the parametric curves on /S be geodesics A surface with 
conjugate system of geodesics is called a surface of Voss We 
lie these results thus 


A surface of Voss admits of a continuous deformation in which the 
odesic conjugate system is preserved, consequently all the new sur- 
ices are of the same hind 


EXAMPLES 

1 Show that every integral of the equation Aid = 1 is an integral of the funda 
mtal equation (18) 

2 On a right helicoid the helices are ai^mptotlc lines Find the surfaces appli 
Die to the htluoul in hik h a way that one of the helices is unaltered in form and 
itinuis to be an aHyniptotic line 

3 A suiface apphrahle to a suifaoo of revolution with the lines of curvature 
the two Hill f v( (s in (oi tcHpondunco is a surface of revolution 

4 Show that the < quationn 

y-Krnln^^ z=j* \/l —icV^du, 

fine a f iinily of ajiplu al)l<^ hui f k < h <»f levolution with lines of curvature in corre 
nidi IK ( 1 ) 1 H( iiHH th<f (lit (t of a sail it ion of the parameter k 

5 I(tsd(iiot< iKiiifKi ]i ii ilh ] to n Hplu IK al Huifue 2 1 ind the surface 
[)1k ihu to S NMtIl pM M I \ itlOII of tlK llIK H of < in V itUK 

6 If S| and S hi ippln ihli HUifniH iifitiid to the (oinnion conjugate sys 
II, till n I ooidin ill s C] vj / V ni solutions of tin Hum iioint oqiution 

VI, i()) mil till IninlioK/, | //, 1 (j*^ | //^ also is i solution 

7 Sliow (lilt till loins III I point uiiiili iliMilis in lonstint i itio tin join of 
II spoiiiliiu points on tin sniitusSi uui S ot I\ U is iHiiifid upon wlncli the 
[IKK till Inns toini i i onjn^ iti hvsti m I ndi i wli it condition ih tins surf ice 
)lii ihli to S] mil S 

8 I In ti 1 1 ilii ill il Hill t u I 

X 1 (o 1 k)*(o ) n)’* 1/ H{h t H)^{h f 

nits of m inlinitV ot ili foinis 

= li(ai } u)Uci t 13)^ yi /fi(/q-I-M)*('>i + «i = f’i(ci + m)*(^i + v)* 

e cuiviH u V upon tin hi HuifamH aie congiucnt, and consequently each is an 
mptolic liiu on tin huifaii thioiigh it 
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the five conditions (39), (41) From this it follows that there is 
arbitrary function of v involved in the problem, and (ori'.('(|ii,>iii]^ 
there is an infinity of ruled surfaces with the lineai element (40|, 
There are two general ways in which the choice of this ar^| 
trary function may be made, ■— either as determming the form 
the director-cone of the required surface, or by a property of the! 
directrix We consider these two cases '* 

143 Method of Muiding The first case was studied by Mm< 
mg * He took I, n in the form 


(42) I = cos <f) cos i/r, m== cos <f) sin ^lr^ 

which evidently satisfy the second of (39) 
reduces to 


n = sin <f), I 

The first of (41)" 


(43) 


^/2 cos*<^= 


If we solve equations (39) and (41) for z^, the resulting 

expiessions are reducible by means of (VII, 63) to 

(44) xl^ = Z cos -t- [Z'6 ± {mnJ — m'n) V sm'‘ 6^ — 6“], 

(X 


and analogous expressions for y[ and z[ Hence, if be an arbi¬ 
trary function of v, and be given by 


(45) 



cZv, 


the functions obtained from (44) by quadratures, together 

with Z, m, n from (42), determine a luled surface with the linear 
element (40) 

Each choice of (f> gives a different director-cone, which is deter¬ 
mined by the cuive in which the cone cuts the unit sphere, whose 
center is at the vertex of the cone Such a cuive is defined by a 
1 elation/((/), '\/r)=0, so that instead of choosing <j) arbitrarily we 
may take f as arbitrary, foi, by combining equations (43) and 
/((jf), '\|r) = 0, we obtain the expressions for <j) and ^jr as functions 
of V Hence 


A ruled surface may be deformed in such away that the director 
cone takes an arbitrary form 


*Crelle,Yo\ XVIII (1838), pp 297-302 
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a the given ruled surface is nondevelopable, the radicand 
IS different from zero, and consequently there are two dif- 
ets of functions Hence there are two apphcable 

irfaces with the same diiector-cone If the parameters of 
tion of these two surfaces be calculated by (VII, 73), they 
id to differ only in sign Hence we have the theorem of 
11 * 

led mrfaee admvte cf an appltoMe ruled surface such that 
nding generators are parallel, and the parameters of dtstru 
hffer only in 9%gn 

Particular deformatious of ruled surfaces By means of the 
ig results we prove the theorem 

ed surface may he deformed in an infinity of ways so that a 
rve becomes plane 

given curve be taken for the directrix of the onginal 
Assuming that a deform of the kind desired exists, we 
plane for the rcy-plane From (44) we have 

a*n cos 0Q + hn^ ±Vm) Va”bin^^o— 
n consequence of (42) and (43), reduces to 

<^'4- a® sm^ cosdQ± cos^Va^—sin^^Q— 6^=: 0 

egral of this equation involves an arbitrary constant, and 
5 theorem is proved 

ireceding example belongs to the class of problems whose 
statement is as follows 

^orm a ruled surface into a ruled surface in such a way that 
rm of a given curve C on the original surface shall possess a 
"property on the resulting surface 

onsider this general problem Let the deform of C be the 
of the requued surface, and let 1^, n^, 

the direction-cosmes of its tangent, principal normal, and 
I If <r denotes the angle between the osculating plane to 
e and the tangent plane to the surface, we have 

Z = ^0 cos 0Q + bin 0Q (Iq cos cr 4- Xq sm <r), 

* Annah, Vol VII (1865), p 116 
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and similar expressions for m and n Wlien these values are sul 
stituted in the first two of equations (41), the resulting equation 
are reducible, hy means of the Frenet formulas (I, 60), to 

C cos <r / . i 


(47) 




P 

j‘oos_^ -f. (cos <r sm 0^)' - 


+ 


[(sm 


<rsinpj 


sin <r sin j * 
COSO-sin 




These are two equations of condition on o-, p, r, as functions of ‘ 
Each set of solutions determines a solution of the problem, for^ 
the directrix is determined by expressions for p and t, and equa- * 
tions (46) give the direction-cosines of the generators ^ 

We leave it to the reader to prove the above theorem by this 
means, and we proceed to the proof of the theorem 


A ruled surface may he deformed m such a manner that a given 
curve G becomes an asymptotic line on the new ruled surface 


On the deform we must have cr = 0 or <r = tt, so that from (47) 



sinO’ 


the sign being fixed by the fact that p is necessarily positive 
second of (47) reduces to 


1 __ 6 ^ 
T ^ sin^^o 


The 


If the curve with these intrinsic equations be constructed, and in 
the osculating plane at each point the line be di.iwii which makes 
the angle 6^ with the tangent, the locus of these lines is a ruled 
surface satisfying the given conditions 

When the curve C is an orthogontil trajectoiy of the generators, 
the same is true of its deform Hence 


A ruled surface may he deformtd %u such a waif that all the (fener- 
ators become the principal normals of the deform of anij one of their 
orthogonal trajectories 


Havmg thus considered the deformation of ruled surfaces in 
which the geneiators lemam straight, we inquire whether two 
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ixfaces are applicable with the generators of each coire- 
g to curves on the other Assume that it is possible, and 
3 onst be the generators of S and w = const the curves ' 
Diresponding to the generators of From (V, 18) it 
that the conditions for this are respectively 

S!'= —1//>“ But equations (48) are the necessary and 
t conditions that there be a surface 2 applicable to S 
upon which the asymptotic lines are parametric (cf VI, 8) 
curves const and w = const are geodesics on 8 and 
sequently on 2 Therefore 2 is doubly ruled Hence 
y ruled surfaces S and are applicable to one another^ the 
rs correspond unless the surfaces are applicable to a quadnc 
generators of 8 and 8^ corresponding to the two different 
of generators of the quadnc 


EXAMPLES 


tiled surface can be deformed into another ruled surface m such a way 
)desic becomes a straight line 

lied surface formed by the binormals of a curve 0 can be deformed into 
noid, the latter is the nght helicoid when the torsion of 0 is constant 
converse also 

the hyperboloid of revolution, defined by 


z u r , u 

- = — cos - H- sin -, 
c A c c 


y u V V 

- = - sin— cos-, 
c A c c 


= c* + the ciicle of gorge is a geodesic, which is met by the generators 
angle cos-^c/A 

w that the ruled suiface which results fiom the deformation of the 
id of Tx 3, in which the ciicle of goige becomes straight, is given by 


ud V 

: -COS - 

A d 


ud V 
l/ = —sill- 
A a 


uc 

« = —-f r 

A 


w that the ruled suifoce to which the hypeiboloid of Ex 3 is applicable 
llelism of corresponding generators is the helicoid 


i V ~ d^ V 
-cos- + —-;rSin- 

i c c2 + c 


y u V 

^ sin — - 

c A c c 


c2 - V 

-cos 

c + c 


z u 2c 


the ciicle of gorge of the formei coiiesponds to a helix upon the litter 
en the directrix is a geodesic, ecpiations (47) i educe to 


^0 "i" ^ ~ 
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7 When an hyperboloid of revolution of one sheet is deformed into another * 
ruled surface, the circle of gorge becomes a Bertrand curve and the ;,Ln( latots 
are parallel to the corresponding binormals of the conjugate Bertrand curve 

8 A ruled surface can be deformed in such a way that a given curve is made 
to he upon a sphere of arbitrary radius 

9 When a ruled surface admits a continuous deformation into itself the total 
curvature of the surface is constant along the line of striction, the generators meet the 
latter under constant angle, and the parameter of distribution is constant (cf § 126) 

10 Two applicable ruled surfaces whose corresponding generators are parallel 
cannot be obtained from one another by a continuous deformation 


GENERAL EXAMPLES 


1 Determine the systems of coordinate lines in the plane such that the linear 


element of the plane is 


ds2 = 


du2 + 


■(ir + F)2 

where U and V are functions of u and v respectively 
9 Solve for the sphere the problem similar to Ex 1 
8 Determine the functions 0 (u) and 0 (it) so that the helicoids, defined by 
X = a VZ72 — 62 cos-— -y y = a Vu® — 62sin^^-^^, z = bv + \l/, 

shall be applicable to the surface whose equations are 

x — Ucosv, y = Usinv, z— J y/l — U 
where U is any function of u 

4 Apply the method of Ex 3 to find helicoids applicable to the pseudosphere, 
to the catenoid 

5 The equations 


X = a V2it — 2 cos -, y = a V2u — 2 sm -, 
a a 


W* / 

*=-(«-]) 


define a paraboloid of revolution Show that suifaces applicable to it iic defined by 
® ~ “|”/802 “"/208 + j* (/2d/3 —fidf^) — J* (0od08 — 0ld02)J, 

y = —/801 + y*(/sd/i — fldf's) ~ J (03^01 — 0i^Z08)j, 

^ = -^ 1^/201 —f\4>2 + y*(/id/a —/ dfi) ~ J*{(pid(p 0 d 0 i) j 

where a is a real constant, and then’s and 0 s irc functions of i p u iint U r and 
^ respectively such that 

fi +fi -\-fi = 1 , 4>i + 02 + 0 | = 1 , /i 0 i +/20 ~ u 

6 Investigate the special case of h X fifoi winch ^^'an(lj^^ ik <onju^i(( imaginary 


functions, and 


fi = 


2 -f u — 2 (x^ 


fi = I 


2 — a — 2a'' 


2 V 2 a 2 V 2 a 

and the 0 ’s are functions conjugate imaginary to the f\ 


/s = cx, 
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3W that the surface of translation 

«= a(cosM + cos®), y = a(sintt + sm®), « = c(tt + ®) 

)le to a surface of revolution 

>w that tiie minimal surfaces applicable to a spiral surface (Ex 22, p 161) 
imed by the functions P(u) = cu»»+»‘, #(®) = and that the asso- 

ices are similar to the given one 

the coe£Qlcients j&, F, Q of the Imear element of a surface are homogeneous 
Df u and V of order — 2, the surface is applicable to a surface of revolution 

z,y,ZBxe the coordinates of a surface 8 referred to a conjugate system, 
ons 

P?5, = ^ = p^ ^ = 0—. ^ = 0?^ 

du du du du du* dv dv dv ^dv 

able if P and Q satisfy the conditions 

f+(r-«|“j=o, 

ChnstofEel symbols are formed with respect to the Imear element of 8 
on the surface 8% whose cohrdmat^ are x', z't the parametric curves 
Qjugate system, and that the normals to 8 and 8' at corresponding pomts 
el 

ow that for the surface 

Vi(«)d« + 0i(i)), y = J* Vt(v)du + z =J'>fs(u)du + 4>s(v), 

j any function of u and ®, and/i, /sj/s, 0i, ^8 are functions of u and 

^ely, the parametric curves form a conjugate system Apply the results 
to this surface, and discuss the case for which X is independent of v 

8 and 8i are two applicable surfaces, and 8i denotes the surface corre 
to jSi m the same manner as iS to 5 in Ex 10 and by means of the same 
P and Q, then 8' and are applicable surfaces 

X, y, z and Xi, Zi are the coordinates of a pair of applicable surfaces 
a second pan of applicable surfaces S' and Si is defined by 
= X + X(« 4- JKi) - A:(y + j/i), Xi = xi - h(z + Zi) + k(y + yi), 

= y + A:(x + Xi) - i7(2 + Zi), yi = yi- k{x H- Xi) + p(« + Zi), 

= 2 + + yi) - h(x + Xi), 4 yi) + k{z + Xi), 

and k are constants Show that the line segments joining correspond 
of 8 and S' are ecjual and parallel to those for 8i and Si , that the lines 
iiresponding points on 8 and Si meet the similar lines foi 8 and 8i , and 
ommon conjugate system on /S and Si coi responds to the common conju 
m on S' and Si 

jply the results of Fx 18 to the surfaces of translation 
1^3 _ 1,2 2a®, y = 2+ 1)2 — 2a® — 2 Vb® 4 - Su^du, z = 2bu, 

42®2 — 2 a® — 2 J Vb® 4 Su^du 

zi = 2j* Va® - 3 i^d® 

t when p = A = 0, A; = — 1, the surface S' is an elliptic paraboloid 


, yi = — w® + ®® 4 2^* V6®~4"Tw®du, 
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15 Show tiiat the equations 



f = J Vl — ^du, z = aU + —, 


where the accent indicates differentiation with respect to the aigument, define a 
family of applicable surfaces of translation Apply the results of Ex 12 to this case 


16 Show that when S and 5i in Exs 12 and 18 are surfaces of translation, and 
their generating curves correspond, the same is true of 8' and Si 


17 If lines be drawn through points of a Bertrand curve parallel to the binor- 
mals of the conjugate curve, their locus is applicable to a surface of revolution 

IB If a real ruled surface is applicable to a surface of revolution, it is applicable 
to the ri^t helicoid or to a hyperboloid of revolution of one sheet (cf Ex 9, § 144) 

19 A ruled surface can be deformed in an infinity of ways so that a curve not 
orthogonal to the generators shall be a line of curvature on the new ruled surface, 
unless the given curve is a geodesic, in the latter case the deformation is unique 
and the line of curvature is plane 


20 Let P be any point of a twisted curve (7, and Mi, M^ points on the principal 
normal to C such that / /. / 7 j* \ 

P3fi=-PK3 = osinM ~ + 


where a, h are constants and p is the radius of curvature of C The loci of the lines 
through Ml and M 2 parallel to the tangent to (7 at P are applicable ruled surfaces 


21 On the surface whose equations are 

oj = w, y z =/(w)[0(r) - v<^'(v)] + (u), 

the parametric curves form a conjugate system, the curves u = const he in planes 
parallel to the yz plane, and the curves v = const in planes piiallcl to the a:-axis, 
hence the tangents to the curves u = const at then points of intei section with a 
curve V = const are parallel 


22 Inves tigate the charactei of the surfaces of Lx 21 in the following cases 
(a), <p (v) = Vu2 + l, (b), 0 (v) = const , (c), 0 (u) = 0, (d), f(u) = au + b 

23 If the equations of Ex 21 be wiittcn 

X = 2 {, y=f(u)<pi(v) + z =/(h) 02 (v) + (u), 

the most general applicable suifaces of the same kind with paramctiic cm vcs coi 
responding are defined by 

*1 =y’ Vl+ Zt =/(m) ^ ( 0 ) + 

where /cis a parameter, and the functions ^1, (t> , 'ki, sitisfy (!»( < oiiditioiis 
*1 + 4-1 = - *, 4>i2 + *22 = *l2 + * 2, 

qr' = *^l(02^2 + <PM) — ^l(0 ^2 + 

4»24>i — 4>2<1>i 

^2^1 — 

Show also that the determination of and 4>2 lequucs only % cpiidrature 
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OATIOir OF SURFACES TEE METHOD OF WEIEGARTEE 

Eleduced form of the linear element Wemgarten has re- 
bhat when we reduce the determmation of all surfaces apph- 
a given one tnthe solution of the equation (IX, 18), namely 

\,e={i-A,e)K, 

0 no use of our knowledge of the given surface, and m 
re trying to solve the problem of findmg all the surfaces 
assigned linear element In his celebrated memoir, Sur la 
des mrfaces^^ which was awarded the grand prize of 
ich Academy in 1894, Weingarten showed that by taking 
of the given surface the above equation can be replaced 
ler which can be solved in several important cases This 
IS devoted to the exposition of this method We begin by 
ling a particular moving tnhedral for the given suiface 
lows from (VII, 64) that the necessary and sufficient con 
lat the directrix of a ruled surface be the line of striction is 

6 = xlV+ y[m!+ 0 

ctions m,' n' are proportional to the direction cosines of 
e in which the director-cone of the surface meets the unit 
irith center at the vertex of the cone We call this cuive 
ncal indicatnx of the surface From (2) and the identity 

ZZ'-f mrnI-\- nri!= 0 

n that the tangent to the spherical indicatnx is perpen- 
bo the tangent plane to the surface at the coi responding 
the line of striction This fact is going to enable us 
mine under what conditions a ruled suiface 2, tangent 
rved surface S along a curve C, admits the latter for 
of striction 

* Acta Mathematica Vol XX (1896), pp 159-200 
Sol 
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I 

We sTij>p(®e tiiat the parameters u, v are any -whatever, and 
file surface is referred to a moving trihedral We consider the 
ruled surface formed by the ®-axis of the trihedral as the origio 
of the latter describes the curve C The point (1, 0, 0) of a second 
trihedral parallel -to this one, but with origin fixed, describes the 
sphencal indicatnx of 2 From equations (V, 61) we find that the 
components of a displacement of this point are 

0, rdu + Tydv, —{qdu + q^dv) 


In order that the displacement be perpendicular to the tangent 
plane to 2 at the correspondmg point of C, that is, porpendiculai 
to the a:y-plane of the moving trihedral, we must have 

(3) rdw + rjdv = 0 


Hence if a trihedral T be associated with a surface S in any man¬ 
ner, as the vertex of T describes an integral curve of equation (8), 
the ir-axis of T generates a ruled surface whose line of stnction is 
this curve 

When the parametnc lines on S are given, and also the angle U 
which the 2 >axis of T makes with the tangent to the curve v — const, 
the functions r and r, are completely deteimined, as follows from 
(V, 52, 65) They are 


( 4 ) 


^ ^ij n2\_du 

A t 2 J du A 12 J du 


Hence if Z7 be given the value 

(5) + 

where denotes an arbitral y function of //, tin fuin tion r, is zero, 
and as the vertex of the tiihtdial desciilics i < ui\t // const, tlie 
a>axis describes a ruled surfac^c whose line of stiu tion is this curve 
Suppose now that the trihedral is sue h that r^ = 0 Fi oin (V, 48,64) 
it follows that 

( 6 ) ^ = 

consequently 

( 7 ) r==J/fAdi’ + ylr(u), 

where yjr is an arbitrary func^tion of n 
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le nght-hand member of (7) be denoted by/(u, v), and change 
meters of the surface in accordance with the equations 
v^-f(u,v) 

82 and equation (7) it follows that 
^dv ^ 

IS unaltered by the transformation, m terms of the new 
ites ir^X IS equal to unity, and hence from (6) we have 
Therefore the coordinate curves and the moving trihedral 
Eace can be chosen in such a way that 
ri=sO, r = v, JBrir=l 


lase we say that the linear element of the surface is in its 
form It should be remarked that for surfaces of negative 
re the parameters are imaginary 

General formulas If Fj, X, F, Z denote 

sction-cosmes of the axes of the moving trihedral with 
to fixed axes, we have, from (V, 47), 

\^ = X.V-Xa, —• = 


du 


du 

dv 


■.Xp-X,v, ^^X,q-.X,p, 






I _ _ Xq 

[17 — 

itions^,^!, q, q^ satisfy equations (V, 48) in the reduced form 






di^ du 


rdinates a:, z oi S with reference to these fixed axes are 
X = ^ (^Xj 4 - (f l-^l ^1-^2) 

■ p=J{^Y,+ r,Y,) du + {^,Y, + v,Y„) dv, 

z =J' + riZ^ du + + Vi^2) 

t^+V^ = X, = it + Vt=0, 


g? dv 

— —^ = — vv„ -r 
dv du dv 



[pVi-VPi+ki-9^i=^ 
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Weingarten’s method consists in replacing the coefficients of 
"f-i Vi 11^ equations (13) by differential parameters 

of u formed with lespect to the linear element of the spherical 
representation of the as-axis of the moving trihedral 
By means of (9) this linear element is reducible to 

d<7^= dFi®+ dZ^=(^+ f) du^-{- 2 qq^dudv + qfdi^ 


he differential parameters of u, formed with respect to this 
arm, have the values * 


(15) 


r* 1 *A 4 (v"+9“) 

A,(m, = = -^ 

^ ' v^q^ “ v\ vq^ 


Because of the identity (V, 88) 


we have also 
(16) 


A e A,(d,A,g)-A,V 

A A /I " 


4Ai(9 


-^22“=--^ 


If the last of equations (13) be divided by and the values of 
J^/?i’ ?/?i» jPi/?i obtained from (15) and (16) be substituted, we have 

(17) 1 A,M - i A, (M, A.ti) = 0 


In consequence of the first of equations (15), wiitten 

1 

VAj?a 

the coefficients of in (17) aie expiessiblt in terms of 

differential parameters of u foimed with itsput to (14), as was 
to be proved 

An exceptional case is that in which 0 Undei this condition 
the spherical representation of the a: axis reduces to a cuive, as is 
seen from (14) 

* Previously we have indicated by a prime differential parameters forni< <1 with respect 
to the linear element of the spherical representation For the sake of simplicity we dis 
regard this practice in this chapter 
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m 

cans of (9) we -find that 

sequently equations (11) may be written 
=J+ V'dA^ (Xy «)] du + [f jXj + VivA^ (Xy «)] dv, 
ilarly for y and z 

rhe theorem of Wemgarten Equation (17) is the equation 
(Temgarten has suggested as a substitute for equation (1) 
ice that I, li, are known functions of u and v when 
ace S is given By means of (18) equation (17) can be 
form which involves only u and differential parameters 
Tiled with respect to (14) On account of the invariant 
r of these differential parameteis this linear element 
expiessed in terms of any parameters, say w' and v' 
11 show that each solution of equation (17) determines 
e apphcable to >5 We formulate the theorem of Wein- 
is follows 

be a surface whose linear element in the reduced form is 
ds^ = (^^ + rj^) du^ + 2 (f f j + 7)7!^ dudv 4* (f+ ril) dv^ , 
h d’t e functions ofu and v such that 

dv du dv du 

more^ let be the coordinates of a point on the unit 

xpressed in terms of anij two parameters u' and v\ the linear 
of the sphere being 

da' ’ = <§' du'^ + 2 cJ"' du'dv' + ^'dv'^ 

^gral of the equation 

+ \ -A^j(AjM)-‘jAi(M, A,m)= 0, 
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iJie differential parameters being formed with respect to (23), renders 
thefdUnomg expression and similar ones in y and z total differentials 

(25) = v,)Xfu', v') + v{u„ «i) 

and the surface whose coordinates are the functions x, y, z thus defined 
has the linear element (21) 

Before proving this theorem we remark that the parameters m 
and »' may be chosen either as known functions of u and v, or in 
such a way that the hnear element (14) shall have a particular 
form In the former case X^, T^, are known as functions of li 
and v', and m the second their deteimination requires the solution 
of a Riccati equation However, m what follows we assume that 
Xi, Fj, are known 

Suppose now that u' and v' are any parameters whatever, and 
th£|,t we have a solution of equation (24), where the differential 
parameters are formed with respect to (23) Let denote the 
quantity {\uiy^ Both u^ and are functions of u' and v', and 
consequently the latter are expressible as functions of the former 
We express X,, F,, Z^ as functions of u^ and v, and determine the 
corresponding lineai element of the unit sphere, which we write 

(26) do-* = du^ + 2 duffv^ + J/, dv^ 


In terms of u^ and v, we have 


1 

K 


AiM, 


-A. 


/q 


A,(X„m,) = 


//l 


dl\ 


From these expressions it follows that if we put 

X, = i>A(^n'“i). yj=^’A(F„M,), F, = i-A(F^,iq), 

we have 


(27) 


2^1=1, XxA=o, 
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we put 

tions Fj, , F satisfy a set of equations similar to eqaa- 
,47) 

[Sequence of (27) the corresponding rotations have the values 

— _ ^ y- ^ y 

-_T" 7i 


iddy shown that these functions satisfy equations similar 

the functions f, 17 , are of the same form m (26) as 
equations similar to the first two of equations (13) are neces- 
tisfied Hence the only other equation to be satisfied, m 
at the expressions (25) be exact differentials, is 

®i)+?ifK «i)=o 

an be shown that the coefficients of (26) are expressible m 

‘ €^=vl+f, <S^i=qqi, # 1 =?“. 

by means of differential parameters of formed with 
to (26) the equation (28) can be given the form (17) 
ill the conditions are satisfied, and the theorem of Wein- 
las been established 

Other forms of the theorem of Wemgarten It is readily 
lat equations ( 22 ) are satisfied by the expressions 

f #- 8 #• 




d4> 


IS any function of u and v Since now 
1 (17) I educes to 

do dv^/ V dudv ^ v \du^ dv/ 
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i 


m 


This equation will be simplified still more by the intioduction 
of two new parameters which are suggested by the following 
considerations 

As previously defined, the functions are the direction- 

cosmes of hues tangent to the given surface S in such a way that 
the ruled surface formed by these tangents at points of a curve 
u = const has this curve for its line of striction Moreover, from 
^ —''m of Weingarten it follows that the functions Z^ 

ame significance for the surface applicable to S which 
s to a particular solution of equation (17) 

Zj^ may be taken also as the direction cosines of the 
y a large gioup of surfaces, as shown in § 67 In partic- 
onsider the surface 2 which is the envelope of the plane 

XjX -f + Z^z^u 

Each solution of equation (17) determmes such a surface If 5, y, z 
denote the coordinates of the point of contact of this plane with 2, 
we have from (V, 32) 

(32) i == uX^ + Ai(?/, Xj), 

which, in consequence of (19), may be written 

(82') 5 = 


Hence the point of contact of 2 lies in the plane through the origin 
parallel to the tangent plane to S at the corresponding point 
If the square of the distance of the point of contact fiom the 
origin be denoted by 2 and the distance from the oiigiii to the 
tangent plane by jt?,* we have 

(33) = ^» p — u 


From (V, 35, 37) it follows that the piincipal ladu of 2 
given by 


(34) 


\ = A + -i/A u -f 


are 


* The reader will observe that the functions ind q thus dclincd urc dilT( rent from 
the rotations designated by the same htters As this notation is m i illy iinploytd in 
the treatment of the theorem of Wein4,arten it his seemed best to rctiiii it, oven at th€ 
risk of a confusion of notation 
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i the differential parameters are formed with respect to (14) 
these equations we have 

( = -(/>!+/),)-2 m , 

1 AjjM = pj>t+(Pi+ p,)u + «* 

3 shall now effect a change of parameters, usmg jp and q 
3 d by (33) as the new ones By direct calculation we obtam 

Su dp dv dq' 

2^=G + 2.-?t+rf?i+!4, 

gw* dp^ ^ dpdq ^ d^^ dq 
dudv v*\dpdq ^<t^l 
^ dv ~ df^ V* dq 


means of the equations (33) and (36) the fundamental equa- 
31) can be reduced to 




"Iti 


dp 


= 0 


IS the form in which the fundamental equation was first con- 
‘d by Weingarten * Ihe method of §§ 146, 147 was a subse- 
development 

teims of the parameters p and q the formulas (29) become 




-.^Zq—p 


•/ 

\dpdq'^^ 


f,—+ —(25-/)'|i 


ese values and the expression foi Aj) given by (32) bo 
ituted in (20), it is icducible to 



* Compter Rindm Vol CXII (1891), p 607 





(39) 
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Hence the equations for S may be wntten 

lujid consequently the linear element of S is of the form 

» "=[<!)]■+ ^ «KI)]’ 

Since these vanous expressions and equations differ only m form 
from those which figure in the theorem of Wemgarten, the latter is 
just as true for these new equations We remark also that the nght- 
hand member of (40) depends only upon the form of Hence w€ 
have the theorem pf Wemgarten in the form 
When (j) %% equation (37) le a definite function of p and thk 
equation defines a large group of surfaces with the same spherica 
representation^ the functions and p denoting the principal radii 
andp and Sq the distance from the omjin to flu tangint plane anc 
the square of the distance to the point of iontait FauIi surface 2 
satisfying this condition gms hij quadraiurt s (30) a mrfate with th 
linear element (fiO) Conversfly^eadi siiifua unth this linear elemen 
stands in such relation to somt surf an safisfi/mg the (oi respondin 
equation (37) 

As a coiolLiiy to tlu pit ((ding it suits, hi\( the theorem 
The linear elonint of am/ smian S ndmddt tht form 


(41) 


ds = da 4 


< u 


dr , 


where 'xjr is a function of u and / 

For, we liave seen thit tht hm ii t h int nt of any suiface i 
reducible to the foiiii (40) If, tiun, we t hangi the parameters b 
means of the equations 

(42) M = 
we nave 

(43) ds^ =du +2}) dudv + 2 y dv^ 


<’<f> 

<'y’ 
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(42) it follows that 

dp’‘ ^ dpdq * dpdq ^ 

lequently 

du ’ 8v dpdq ' 

' !2__A4, 

du dpdq dv dp^ 

1 _ ay d^<i> / ^<i> Y 

A ajr® [dpdq/ 


. dp dq 

(44) it IS seen that consequently the inverse 

/ions (42) are of the form 


d^Ir 

i^== o ’ 
^ du 


d^|r 

dv 


equation (43) is of the form (41), as was to be proved 
er, equations (44) reduce to 

du^ df ’ dudv dpdq^' dv^^'dp^ 

rms of these parameters w, v equations (39) reduce to 
X = X^du + xdv, dy^ Y^du 4- ydvj dz = Z^du + zdv 


bhe coordinates of 2 are given by 


^ ^ _ 

dv'^ ^ dv' ^ dv 


direction-cobines of the normal to 2 are 


= Y,-X 

du du ou 

the normals to 2 are parallel to the coiiesponding tangents 
urves V = const on S Hence we have the following theoiem 

i the linear element of a surface is in the form (41), the sur- 
whose coordinates are given hy (48) has the same spherical 
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of its normals as the tangents to the curves v = const 
d 2q denote the distance from the origin to the tangent 
ad the square of the distance to the point of contact^ they 
ues (45) Moreover^ if the change of parameters defined 
ations he expressed in the inverse form 



V 


dq 


9 


I radii of 2 satisfy the condition 


d^ci> / I \ 
pipi-^-{pi+p^) 




dpdq dp- 


SS.o, 


the coordmates of S are given ly quadratures of the form 


^2) 


dx = X^d(^^+ xd(^^ 

vpj V9/ 


Moreover^ every surface with the same representation as 2, and whose 
functions jp, q satisfy (51) for the same determines ly equa¬ 
tions of the form (52) a surface applicable to 


149 Surfaces applicable to a surface of revolution When the 
linear element of a surface applicable to a surface of revolution 
IS written 

(53) ds^ = du^ -f p^ (Uj) dv^^ 

and the a>axis of the moving trihedral is tangent to the curve 
V = const, the function r is equal to zero, as follows from (4) 

In order to obtain the conditions (8), we effect the tiansformation 
of variables 

U=V^^ V = — U^y 

so that the Imear element becomes 


(54) d8^ = p^du^-j-dv^ 

Now r = /)', ri=0, and consequently in order to liave the linear 
element in the reduced form we must take 


(55) 


u = u, v = p' (— -y) 


* For a direct proof of this theorem the reader is referred to a memoir by Goursat, 
Sur un theor^me de M Wemgarteii et sur la theorie des surfaces applicables, Toulouse 
Anmles, Vol V (1891), also Darboux, Vol IV, p 316, and Biauchi, Vol II, p 198 
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a these results and (82') we find that the coordinates of the 
2 are given by 

^ — 1 dz ^ dz 

p'du^ p 


) direction-cosines of the 

normals to 

2 are 


■^1 


= 1 ^, 


if. 

1 

pdv. 

P^i 

^ p 


ire have 

\ 




p: 


2 7=X^* 

=t)*+ 

1 

we have 

the theorem 





curve which ts the deform of a meridian of a surface of revo- 
here corresponds on the surface 2 a curve such that the tangent 
to 2 at points of the curve are at a constant distance from the 
and to a deform of a parallel there corresponds a curve such 
»projection of the radius vector upon the tangent plane at a 
\ constant 

;he piesent case 77 = = 0, consequently we have, from (38), 

dp dq ^ d(f 
[nation is satisfied by 

!Z)=/(22-/), 

f IS any function whatevei In terms of this function we 
rom (38), 

^-2/, ,, = -4(2j-pT/'', 

the accents indicate differentiation with respect to the 
nt, 2q—p^ 

leans of (55) the linear element (54) can be transformed into 

ds^ = {v) dv? + dv^^ 

iction ft)(t;) being defined by 

Q) (v) = /) (— v) 
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Since i? = 5i=0, we have 


Vi = -- 


fmd we hnhw that r^v Now equations (58) become 

<»(„) = - 2 /', <o'(v) = iv(2q-pyf'. 

Mid these are consistent because of the relation 25 ’—/=!/^ 
-sidaoh resulte from (56) Hence we have the theorem 

WMn 4>{Pi 2 ) ® function of 2 q—p\ the corresponding surface 

is applicahle to a surface of revolution, the tangents to the deforms 0 
me paraMs being paraJdel to the corresponding normals to 2 

If we give if> the form (57) and put ifr = 2f', the Imear elemer 
of S 13 

(59) =(2 2 -i’*) + -V^P^ 

as follows from (40) or (58) 

150 Imes on the sphere parametric In § 147 we n 

marked that the parametric cui ves on the sphere may be any wha 
ever An mteresting case is that m which thi y are the imaginar 
generatrices In § 35 we saw that the parameters of these line, 
say a and can be so chosen that 


Consequently 

( 61 ) da^=d\^+di^+d/,^-- 


(^ - '0 


l+a/S 


1 + 


A da H i 
(1 + ali) 


Fiom (32) we hnd that tin loiiiduntis of 2, the envelope c 
the plane 1 ,j- + 1 p/ + — p - 0, 

( If r» (i> 

(62) = + ’ 




From these we obtain 
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eans of (84) the expressions for pi+p, and pj>f m terms 
1 its denvatives with respect to a and /8 can he readily 
nd thus the fundamental equation (87) put in a new form 

r, it 18 not with the general case that we shall now concern 

s, but with a particular form of the function ^(p, q) 
function has been considered by Weingarten*, it is 

'ase 


equation (37) reduces to 

Pi+pi=-(^p+'^"(p))* 
n consequence of (84), may be written 

_ w'^(p) 

dadfi~ (L + afif 


(Pi> 

H 


0 , 


i the values from (62) are substituted m (52), we obtain 

■ y =^ [( 1 +^ - (1 +^) ^] ^P> 

z = u^Z, -J u^dZ^ + (a ^ + /3 dp. 


u,= q-^-<o'{p): 


il+a$y dpdp 

2 dadl3 


(P) 


(42) and (64) we have 

w = g'—jp®—©'(jp), v=p 

he linear element (43) of S is, in this case, 
= du^ +2v dudv -f- 2 [w + 


* Acta Mathematical Vol XX (1896), p 196 
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However, from (68) it is seen that 
(70) Mj=« + -2 » 

so that (69) may be wntten 

^71) = dui + 2 [Mj+S'( t))] di^ 


Gathermg together these results, we have the theorem 

The determtnation of all the surfaces with the linear element (71) 
reduces to the integration of the equation 

_ ^"{p) 


(72) 


dad^ (l+a/3)" 


The integral of this equation for o) {p) arbitrary is not known 
However, the integral is known m certain cases We consider 
several of these 

151 Surfaces of Goursat Surfaces applicable to certain parab¬ 
oloids When we take 


(7 3) cJ{p) p\ 

m being any constant, equation (72) becomes 

_4 ^ m{\-m)p 

^ ' dad^ (1 + a/S)^ 

The general integral of this equation can be found by the method 
of Laplace,* in finite form or m terms of definite mtegials, accord¬ 
ing as m IS integral or not 

The linear element of the surface S is 


(75) ds^= du^-\-\2 m{\ — m)v 'Ido^ 

And the surfaces 2 are such that 


(76) P 1 + P 2 + = 'rti{m--Vip, 

that IS, the sum of the principal radii is propoitional to the dis¬ 
tance of the tangent plane from a fixed point These surfaces 
were first studied by Goursat,f and are called, consequently, the 
surfaces of Groursat 


Barboux, Vol II, p 66 


t American Journal Vol X (1888), p 187 
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IX has remarked * that equation (71) is similar to the imAnr 
)f ruled surfaces (VII, 68) In fact, if the equations of a 
face are written in the form 

x = x^-\-lUy, y = yo+«‘“ii « = 2,+»«y 

, , I, m, n are functions of v alone, which now is not 

Ly the arc of the directrix, the hnear element of the 
nil have the form (71), provided that 

'*=1, 2a!'^ = 0, 2a:«=2®'(v), 2a:'r=l, 2/«=.0 

sequence of the equations 

2zy=o, 2y®=0, 

s that a ruled surface of this kmd admits an isotropic 
ector If this plane be 2 ; + =: 0, that is, if 

V m! n'=l 1 0, 


/ = r, m = tF, »=1, 


IS a function of v By means of these values and equa- 
), we can put (77) in the form 


■'dv 

V' 


x + iy= 

x — iy = 2 FMj+ 2 J*V'a'dv dv. 



all find that among these surfaces there is an imaginary 
i to which are applicable certain surfaces to which Wein- 
lled attention To this end we consider the function 

eo^(p) = — — 2 xe 

lenotes a constant Now equation (66) becomes 


* Vol IV p 333 
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In consequence of the identity 

^ ;log(l+a:/3f=- 


the preceding equation is equivalent to 


2^ 


dad^ 


log (14- a/8) V 


gj> 

^p-\fK — . 


8 


3p 


c^(l+a/S)’* 

If we put . - 7 = - 

e«=e'^(l + a/8), 

this equation takes the Liouville form 


doc dp 


= 4 e" 


of which the general integral is 

1 

^ 4(1 + AE)"’ 

where A and B are functions of a and /8 respectively, and tl 
accents indicate difEerentiation with respect to these Hence tl 
general integral of (81) is 

and the linear element of S is 

(82) = dul -f 2 — v^f/c — 2 /ce dv^ 

If now, in addition to (80), we take 

the equations (79) take such a form that 

(83) (a; -|- ly) 2 : = — /cz 


Hence the surfaces with the linear element (82) are applicable t 
the imaginary paraboloid (83) The generator 2 ; 4 “^// = 0 of tb 
paraboloid m the plane at infinity is tangent to the imaginar 
circle at the point (x y z—1 t 0), which is a different poin 
from that in which the plane at infinity touches the surfact 
that IS, the point of intersection of the two generators 



DEFORMATION OF PARABOLOIDS 369 

ler interesting case is afforded when m in (78) has the 
Then «'(«) = — v*, and equation (71) becomes 

d«*= diq*+2 (Mj— t(*) 

take r=«/V2^, we obtain from equations (79) 

ich we find, hy the elimination of and v, 

(x + ty)z=:/c(x — ti/) 

erator x + ty = 0m the plane at infinity on the paraboloid 
mgent to the imaginary circle at the point (x y z=:l t 0), 
Q the case of the paraboloid (88), but the paraboloid (85) is 
to the plane at infinity at the same pomt 


$ 

GENERAL EXAMPLES 

oving trihedral can be associated with a surface in an infinity of ways so 
) vertex of the trihedral descnbes a curve u = const the x axis generates 
rface whose line of strictiou is this curve 


tangents to the curves v = const on a surface at the points where these 
met by an integral curve of the equation 

ed surface for which the latter curve is the line of stnction 

le ruled surface formed by an infinity of tangents to a surface 8 has the 
le points of contact for its line of stnction, this relation is unaltered by 
ms of 8 


7i that if X), ly, If' are the second fundamental coefficients of a sur 
the lineal element (5S), the equation of the lines of curvature of the 
surface 2 is reducible to 


D dui + D 

— dui 
P 


D dui + jy dvi 
pp'dvi 


V that the surface S associated by the method of Weingarten with a sur 
licable to a surface of revolution corresponds with parallelism of tangent 
the surface 8 complementary to 8 with respect to the deforms of the 
, and that the lines of curvature on 2 and 8 correspond 
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6 Show that when ^ has the term (67), the equation (61) is reducible to 
(pi+i>)(p2+P) = -2^(2g-l>2), 

hence the determination of all the surfaces applicable to surfaces of revolution i 
equivalent to the determination of those surfaces S which are such that if an 
M% are the centers of principal curvature of S at a point if, and N is the projectio 
of the ongin 0 on the normal at if, the product NMi NM 2 is a function of ON" 

'' Given any surface S applicable to a surface of revolution Draw through 
point 0 segments parallel to the tangents to the deforms of the meridian 
f lengths proportional to the radii of the corresponding parallels, and throng 
wXtremities of these segments draw lines parallel to the normals to S Sho\ 
that these lines form a normal congruence whose orthogonal surfaces S have th 
same spherical representation of their lines of curvature as S and are integral sui 
faces of the equation of Ex 6 

8 Let iS be a surface applicable to a surface of revolution and S the surfac 
complementary to 8 with respect to the deforms of the meridians, let also 2 an( 
2 be surfaces associated with 8 and 8' respectively after the manner of Ex 7 
Show that corresponding normals to 2 and 2' are perpendicular to one anothei 
and that the common perpendicular to these normals passes through the origin am 
IS divided by it into two segments which are functions of one another 

9 Show that a surface determined by the equation 

2 q + ^ + (/>i + P2)p + pipft = 0, 

where /c is a constant, possesses the property that the sphere described on the seg 
ment of each normal between the centers of principal curvature with this segmen 
for diameter cuts the sphere with center at the origin and of radius V± /f in grea 
circles, orthogonally, 01 passes through the origin, accoiding as k is positive, nega 
tive, or zero These surfaces are called the surfaces of Bianchi 

10 Show that for the surfaces ot Bianclii the function 0 ( 7 ), q) is of the form 

<t> = V 2 g ~ + /c, 

and that the linear element of the associated suifue 8 ipphciblc to i surfac( 
of revolution is /1 \ 

ds^ = — Kjdxp yj/ dp^ 

Show also that according as k = 0, >0, 01 <0 the line ir t Icim nt ot S is leducibh 
to the respective forms 

ds2 = du^ + ds"* = tanh^w du^ + s( (h u ds^ — i oth** n ilu^ \ ( s( h^ u dv"* 

On account of this result ind lx 10, p -{18 tin snif icch of Hi uk hi uc said to be 
of the parabolic, elliptic, 01 hyperbolic type, iccording as k - 0 0 01 <0 

11 Let 5 be a pseudosphein il suifwc with its lint u ihimnt 111 the form 
(VIII, 32), and the Bianchi transfoini whosi lincir cknu iit is (VI11, 33) Find 
the coordinates x, y, z of the bin fact 2 issoti lUd with Sj by tlu nu thod of Weiii 
garten, and show that by means of I x 8, p 201, the cxpussion toi x is icdiicible to 

i 

X = ac« (cos -f sin 02 ) + 

where JTi, X 2 , X are the dii’ection-cosiiKs with uspect to the x ixis of the tangents 
to the lines of curvature of 8 and of the 1101 m il to the lattei 
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w tliat the surfaces S and 2 of Ex 11 have the same sphencal represen- 
leir Imes of curvature, that 2 is a surface of Bianchi of the parabolic 
hat consequently there is an infinity of these surfaces of the parabolic 
have the same sphencal representation of their lines of curvature as a 
lospherical surface S 

w that if 2i and 22 are two surfaces of Bianchi of the parabolic type 
\ the same i^hencal representation of their lines of curvature, the locus 
T^hich divides in constant ratio the line joining corresponding pomts of 
3 a surface of Bianchi with the same representation of its Imes of cur- 
l that it IS of the elliptic or hyperbolic type accordmg as the pomt divides 
t mtemally or externally 

en 5 IS a pseudosphencal surface with its linear element in the form 
the coordinates Si, ^i, zi of the surface 2 determmed by the method 
ten are reducible to 

A A 

Zi = {ae «cos5 + i7smtf)Xi + (oe — ly cos^)X2, 

^us expressions for yi and zu where Xi, Fi, Zi, X 2 , F 2 , Z 2 are the 
osines of tlie tangents to the lines of curvature of 8 Show also that 2 
le spherical representation of its lines of curvature as the surface Si with 
dement (Vni, 33) 

ave from the equations 

-}■ yYi + zZi = p, 2® 4- = 2 gr, 

>f (44), (48), and (49), the equations 

jp-r: ^ —I-, y x -= — A — > > X -— = A- 

V du^ dq^ ^ dudv dpdq -W dv^ dp^ 

, z are the coordinates of S 


w that the equations for 2 similar to (IV, 27) are reducible to 

- du H-(2d 4 r (—r du +-dw) = 0, 

dv \du^ du cv J 

expressions 111 y and z Derive theiefrom (cf Ex 16) the equations 

Z) (2w H- D (2iJ 4 r (D (2w 4 D dv) = 0, 

dpdq hp^ \dq^ cpcq / 

1, D aie the second fundamental coefficients of S 

w til it the linis of curvature on 2 eoiiespond to a conjugate system on 
l(») 

w tint toi lilt sulf ut 2 wo hive 


tx ? A 1 

- - PiP - 
cp dq 


dx c)Ti . vC>Xi 
-= -(pi4/)2) — 

da cv cq 


dq cp - ■ ' 

*S be tlie suif ice lU tnied by ( 07 ) and .Si tlie suif ice whose coordinates are 

a;i = a; —WiTi, 2/i = 2/— wiFi, = z — WiZi 

»Sfi IS 111 involutt of S, that the curves p = const aie geodesics on 8 and 
vatiue on Si, iiul tli it the 1 uhi of piineipil curvature of are 
pi = Wi, = - [wi 4 2 w (p)] 
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20 Shcyv 7 tliat when m in (73) is 0 or 1, the function p is the sum of two 
trary functions of a and ^ respectively, that the linear element of S is 

da^ = du} -f 2uidv% 

that S IS an evolute of a minimal surface (cf Ex 19), and that the mean evolute 
2 IS a pomt 

21 Show that when m m (73) is 2, the general integral of equation (74) is 

p =f{(a) 

where ft and /a are arbitrary functions of a and p respectively SJiow also that t] 
surface S is minimal (cf § 161) 

22 Show that the mean evolute of a surface of Goursat is a surface of Gours 
homothetic to the given one 

23 Show that when w (p) = J then 

jp = a log (1 + a/3) + ft (a) + /a (/9), 

where/i and/a are arbitrary functions, that the linear element of 8 is 
ds^ = du} -f- 2 (wi -1- av) dv% 
and that the mean evolute of 2 is a sphere 

24 Show that the surfaces S of Ex 23 are applicable to the surfaces of revoli 

tion So whose equations are 

_ ij _ u r ! - 

XQ — aucos — t yo — ausm — f Zo = Vu‘‘— a^duy 

(X a */ 

where a is an arbitrary constant Show also that when a = ta, So is a parabolow 
26 Show that when / 2 

?) = (?+ g) 

the surfaces S are spherical or pseudosphencal according as m is positive or neg 
tive, also that the surfaces S are applicable to the sui face 

1)2 ^2 

X + ty = Vj X — %y ■=-— -?/iU, z ~ u. 

2 lin 

which is a paraboloid tangent to the plane at inhmty it a point of the tiicle 
infimty 
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lOTIinTESIlCAL DEFORMATION OF SURFACES 

Seneral problem The preoeding chapters deal with parrs 
^trio surfaces which are such that m order that one may 
Led to the other a finite deformation is necessary In 
lent chapter we shall be concerned with the mfinitesimal 
tions which constitute the intermediate steps in such a 
formation 

, y, 25, 2 /, y\ J respectively be the coordinates of a surface 
surface 8\ the latter being obtained from the former by a 
all deformation If we put 

denotes a small constant and are determined func- 

u and % these functions are proportional to the direction- 
)f the line through corresponding points of 8 and /S' From 
uations we have 

dz'^=: dx^+ dj^+dz^+ 2 €(dxdx^-{- dydy^+ dzdz^ 

+ (da? * + dyl + dzl) 

motions satisfy the condition 

dxdx^+ dydy^-\- dzdz^^ 0, 

nding small lengths on 8 and /S' are equal to within terms 
»cond Older in e When e is taken so small that e® may be 
d, the surface /S' defined by (1) is said to arise from 8 by 
teBimal deformation of the latter In such a deformation 
nt of 8 undergoes a displacement along the line through 
I direction-cosines are proportional to a?^, z^ These lines 
d the generatnceB of the deformation 
evident that the problem of infinitesimal deformation is 
nt to the solution of equation (2) Since y^, z^ are 
878 
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functions of und th,6y may bo ta^on for tbo coordinates of 
surface Equation (2) expresses the fact that the tangent 
any curve on /S is perpendicular to the tangent to the correspon 
mg curve on 8^ at the homologous point We say that m this ca 
8 and 8^ correspond with orthogonality of corresponding linear e 
ments And so we have 

The problem of the infinitesimal deformation of a surface 8 
equivalent to the determination of the surfaces corresponding to 
with orthogonality of linear elements 


153 Charactenstic function We proceed to the determinatu 
of these surfaces 8^, and to this end replace equation (2) by t 
equivalent system 


( 3 ) 


^ du du ’ ^ dv dv ’ ^ du dv dv du 


Wemgarten * replaced the last of these equations by the two 




^ ^ ^ ^ dv du 




thus definmg a function <^, which Bianchi has called the char act 
isticfunction, as usual H = y/liG—F^ 

If the first of equations (3) be differentiated with respect to 
and the second with respect to w, we have 

^ du dudv'^ ^ du dudv ’ ^ dvducv ^ ()v dado 


With the aid of these identities, of the formulas (V, 3), and of t 
Gauss equations (V, 7), the equations obt lined by the diffeient 
tion of equations (4) with respeet to u iiid v lespectively *1 
reducible to ^ 

du li 

a, 

dv 11 


• C'relle, Vol C (1887), pp 296-810 
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3 tg the case where Sias. developable surface, we solve these 
s for and obtain 


Sii dv ^ 

^^du~ KH ’ dv~ KH ’ 

denotes the total curvature of & If we solve equations 
and (5) for the derivatives of 2 ^ with respect to u 

e obtain 



lar expressions in and Hence, when the characteristic 
IS known, the surface Sj^ can be obtained by quadratures 
blem reduces therefore to the determination of ^ 
ations (5) be differentiated with respect to v and u respec- 
Qd the resulting equations be subtracted from one another, 

I 

dv I S du dv\_^dx^dX ^dx^^dX 

~jni ^ du^ 


he derivatives of A, y, Z in the right-hand member are 
by the expiessions (V, 8), the above equation reduces to 


dv ^ 

ITT/ / du 




du 


dv\ 2ljy-FD'^-GD 


KH 


H 


4> 


calls this the characteristic equation 

isequence of (IV, 73, 74) equation (7) is reducible to 





2^D'-sn"-^D 

/K 


<f>i 
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ST6 


where (f, c5®; # are the coefficients of the linear element of U 
spherical representation of S, namely 

(9) da^=S'dv!‘+2^dudv+^di^ 

and 


By means of (V, 27) equation (8) is reducible to 

a«) 


+M 




where the Christoffel symbols are formed with respect to (9) 
Since X, T, Z are solutions of equations (V, 22), they are sob 
tions of (10), and consequently also of equation (7) Therefore th 
latter equation may be wntten 





KH 


d(l> , dX\ 
do ^ dv) 


= 0 


But this IS the condition of integiability of equations (0) Ilenc 
we have the theorem 

JEach solution of the characteristic Kpjiation (letinnines a surfac 
and consequently an infinitesimal dejormation of S 


154 Asymptotic lines parametric When tlie asymptotic line 
on S are parametric, equation (10) is leduciblt, in consequence c 
(VI, 15), to 

idiogpd<t> I id\ogpd(i> 



// 


where 
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+1 or —1 according as the corratare of N is positive or 
I, equation (11) becomes 

n ji 

dudv \\/p dudv j 
, r, ^ are solutions of (11), the functions 
v^ = ZV—ep, *', = rV—ejB, v^ = Z->/—ep 
tions of (12) 

equations (6) may be put in the form 


dx^_ 

8it 


ider should compare these equations with the Lebeuvre 
s (§ 79), which give the expressions for the denvatives of 
dinates of S in terms of v^, v^, 

these results it follows that any three solutions of an 
1 of the form 

dudv 



0 

dXj 

*'1 

0 

dd 

’ dv ~ 


\du 

du 


dv 

dv\ 


f IS any function of u and v, determme a surface S upon 
he parametnc curves are the asymptotic lines, and every 
lution linearly independent of these three gives by quad- 
an mfinitesimal deformation of S 


EZAUPLBS 

ecessary and sufficient condition that two surfaces satisfying tlie condi- 
3 applicable is that they be minimal surfaces adjoint to one another 
, y, z and Xu Vi, zi satisfy the condition (2), so also do f, 97, i" and fi, 971, 
ter being given by 

f = a\X -f hiy + Ciz + di, iCi = aifi + 03971 4 - Ogfi + Ci, 

97 = a^x + 63^ + + ^3, yi = bill + 63971 + 63^1 + e , 

f = Os® -f- hzV + Czz + ds, Zi = ci^i + 03971 + Cafi + Cs, 

a2» , Cl, 03, 68 aie constants 

lecessary condition that tlie locus of the point (®i yi, z{) be a curve is 
I a developable surfxce In this case any oithogonal trajectory of the 
lanes to S satisfies the condition 

Bstigate the cases 0 = 0 and 0= c, wheie c is a constant different from zeio 
?i and Si correspond to S with orthogon ility of linear elements, so also 
ocus of a point dividing in constant mtio the line joining corresponding 
Si and 81 
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155 Associate surfaces The expressions m the parentheses < 
equation (10) differ only in sign from the second fundamental o( 
efficients, A. Mi M'i surface S, enveloped by the plane 

ri4\ Xx + Tj/ + Zz = (j>* 


Hence equation (10) may be written 

(15) iy’D,+Dl>l!-2D'Dl,= 0 

This IS the condition that to the asymptotic lines upon eith* 
of the surfaces S, there corresponds a conjugate system c 
the other (§ 56) Bianchi applies the term associate to two su 
faces whose tangent planes at corresponding points are paralle 
and for which the asymptotic Imes on either correspond to 
conjugate system on the other Since the converse of the pr 
ceding results are readily shown to be true, we have the theore 
of Bianchi f 

When two surfaces are associate the expression for the distan 
from a fixed point in space to the tangent plane to one is the cha 
acteristic function for an infinitesimal deformation of the othei 


Hence the problems of infinitesimal deformation and of tl 
determination of surfaces associate to a given one are equivalei 
We consider the latter problem 

Since the tangent planes to S and it conespondiiig poin 
are parallel, we have 

dXf. ^ dx dx d> 

du du do do On (>o 


and similar equations in and when X, g, <t, t ih functio 
of u and v to be detei mined J 

If these equations be multiplied by 


\ (\ </ 


iiid iddcd, <11 


likewise by —, —, and <ulded, we ohtiiii 
■’ dv dv do 


( 16 ) 


A = XD - /lY/, />'' = <T I >’~T !)", 

A' = XA- pn"= crJ) - t //, 


*Ct §67 tTczwni Vol II p '> 

t The negative signs before M and r ait t iktii so tli it suhst (iiicnt results iii ly h iv 
suitable form 
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, D', D'^ are the second fundamental quantities for 8^ 
ase yalues are substituted m (15), we ^d 

X — T= 0 


ntlj the above equations reduce to 

^ = X —— —j ^ —0- —— X— 

du du ^ dv dv du dv 


nake use of the Gauss equations (V, 7), the condition of 
i<y of equations (18) is reducible to 



+ B^ 

dv 


- 0 , 


md B are determinate functions Since similar equations 
and 2 , both A and B must be identically zero Calculating 
3sions for these functions, we have the following equations 
gfied by X, ft, and o- 




se equations we must add 




from the last of (16) The determination of the asso- 
aces of a given surface referred to any parametric system 
bhe integration of this system of equations Moreover, 
of solutions leads to an associate surface We shall now 
several cases m which the parametric curves are of a 
kind 

articular parametric curves Suppose that S is % sur 
i which the parametric curves form a conjugate system 
ire under what conditions there exists an associate sur- 
i which also the corresponding curves form a conjugate 
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On this hypothesis we have, from (16), 

/a = <r = 0, 

so that equations (19) reduce to 

, 91 , of 121 £logX_ 

-n2J dv 

which are consistent only when 

« / 12 \ _ ^ / 12 \ 
^mIiJ dvl^J 

that IS, when the point equation of S, namely 

_fl2\8g ri2\ag 
dudv liJaw'^l2Ja»’ 






lias equal mvanants (cf § 166) 

Conversely, when condition (22) is satisfied, the function 
given by the quadratures (21) makes the equations 


(23) 


du du dv dv 


compatible, and thus the coordinates of an associate surface ai 
obtained by quadratures Hence we have the theorem of Cosserat ^ 

The infinitesimal deformation of a surface S is the same prohle 
as the determination of the conjugate systems with equal point invar 
ants on S 


Since the relation between S and Sq is reciprocal and tl 
parametric curves are conjugate for both surfaces, these curves c 
Sq also have equal point invariants 
If S be referred to its asymptotic lines, the corresponding lim 
on Sq form a conjugate system In this case, as is seen from (IC 
\ IS zero and equations (18) reduce to 


(24) 


dzQ _ ^ djf^^ dr 

du ^ dv dv du 


moreover, equations (19) become 

' dfi 


(25) 






* Toulouse AnyiaXes^ Vol VII (180 ^), N 00 
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olution of this system is the same problem as the mt^ra- 
a partial diJfferential equation of the second order, as is 
the elimination of either unknown When a solution of 
ner is obtained, the conesponding value of the other 
a IS given directly by one of equations (26) 
nake an application of these results to a ruled surface, 
re suppose to be referred to its asymptotic Imes If the 
= const are the generators, they are geodesics, and conse- 




IX can be found by a quadrature When this value is sub- 
in the second of equations (25), we have a hnear equa- 
r, and consequently a also can be obtained by quadratures 
re have the theorem 

the curved asymptotic lines on a ruled surface are hnown^ 
'ate surfaces can he found hy quadratures 

were referred to its asymptotic Imes, we should have 
s similar to (24) These equations may be interpreted 
ys 

%ngent to an asymptotic line on one of two associate surfaces 
^el to the direction conjugate to the corresponding curve on 
surface 



S;XAMPLES 

7 fo associate surfaces aie applicable to one another, they are minimal 

y surface of tianslation admits an associate sin face of tianslation such 
sneiatnces of the two surfaces constitute tlie common conjugate system 

surfaces associate to a sphere are minimal 
m the equations of the right helicoid are 

x = ucoBv, y = w sin u, z = av, 

tenstic function of any infinitesimal deformation is 0 = 
nd F are arbitrary functions of u and v lespectively 
and show that the latter are molding suif ict s 

0 and So are associate surfaces of a sin face the locus of a point 
1 constant ratio the joins of coiresponding points of So and S6 is an 


{? 7 +r)(u“+a»)-*, 
iiiid the sui faces 
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157 Rdations between three surfaces S, S^, S,, Having thus ^ 
discussed the various ways in which the problem of infinitesimal 
deformation may be attacked, we proceed to the consideration of 
other properties which are possessed by a set of three surfaces 

S, /Si, Sq 

We recall the differential equation ^ 

dxdx^-h dydy^+ dzdz^=^ 0 , 
and remark that it may be replaced by the three 
(26) dx^ = z^dy - y^^dz, dy^ = x^dz - z^dx, dz^ = y^dx — x^dy, 

if the functions x^^ y^^ z^ are such a form that the conditions of 
mtegrabihty of equations (26) are satisfied These conditions are 

dy dz^ dz dy^ ^ dy dz^ dz dy^ ^ 

du dv du dv dv du dv du ’ 

dz dx^ dx dz^ _ dz dx^ dx dz^ 

du dv du dv dv du dv du ’ 

du dv du dv dv du dv du 


If these equations be multiplied by 

dx 

added, and likewise by 

by (IV. 2), "" 


dx dy dz 

^ ^ du du du 

% and by X, 
dv dv 


(27) 


(28) 



du 

= 0, 


= 0, 

X 

Y 



.r 

Y 


dx 

dji 

dz 


dx 

dy 

dz 

du 

du 

du 


dv 

dv 

cv 


9'/o 

dz. 


dr,, 


rz,, 

dv 

dv 

dv 


dll 

an 

dll 


respectively and 
F, Z, we obtain. 


From the first two of these equations it follows tint tlu lo( us of 
the point with coordinates z^ toiuspoiuls to A with pii<il- 

lelism of tangent planes 

In order to mteipret the last of Uitse cipi itions wc recill 
from § 61 that 


a d{Z, X) ^ a r^(\ 1 ) 

If d{u, v) ’ " h r V) 


a a(F, Z) 

H d{u, V) ’ 
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EELATIOITS BETWEEN S, S^, AND 

a IS ±1 according as the curvature of the surface is positive 
itive If we substitute these values m the left-hand mem- 

p y p y 

the following equations, and add and subtract- 

— — from these equations respectively, the resulting 
lions are reducible to the form of the nght-hand members 



ans of these and similar identities, equation (28) can be 
rmed mto 

^ Bxq dX dx^ dX ^ dx^ dJC ^ dx^ dX\ _ ^ 

^ du du ^ dv dv du dv ^ dv du) 


this equation is equivalent to (15) because of (27), the 
.les yo, m (26) are the coordinates of Hence 

El surface is known, the coordinates of the correspond- 
rface are readily found 

1 result enables us to find another property of and 
Fj, denote the direction-cosines of the normal to 
re given by 

d{u, v) ’ ‘ i/j d{u, v) ‘ ffj d{u, v) 

JT^ =VA\(rj — 1<1, Aj, Aj, (/j being the coefficients of the 
element of If the values of the derivatives of 
en by (26), be substituted in these expiessions, we have, 
sequence of (14), 


X H 






immediate consequence we have the theorem 

ormal to parallel to the radiue vector of at the corre- 
ng point 
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1 


By means of (30) we find readily the expressions for the second 
fundamental coefficients D', D'( of If we notice that 


2 


*0 


dx^ 

du 


= 0 , 



= 0 , 


and substitute the values from (6) and (30) in 

^_^ T /^ y ^“^1 

^ du ^ ^ du dv ^ dv du^ 


we obtain 


(31) 


i>''= 


^ dx^ dX^ ^ 
^ dv dv ’ 


D>i=-^{0D'l-D"D[) 
< 1 


From these expxessions follow 


f + D'lD - 2 D'D' = 0, 

[i),D'' + i)''Do-2A'A'=0 


Combimng this result with (15), we have 

The asymptotic lines upon any one of a group of three surfaces 
jSy aSj, correspond to a conjugate system on the othtr two, 

or, m other words 

The system of lines which is conjugate for amj two of thret surfaces 
>Sf, iSj, corresponds to the asymptotn lints on tiu of In i 

If the curvature of S be negative, its asyinptotu lines ue real, 
and consequently the common conjugate system on uid is 
real If these lines be paiametiic, the second of equations (‘12) 
reduces to ^ ^ 0 


As an odd number of the foui quantities in tins ((juition must 
be negative, either a% or has positive euivituK ind tin odicr 
negative Similar results follow if we begin with the issumption 
that or has negative cuivature 

If the curvature of S be positive, the conjugate syste m common 
to it and is real (cf §56), consequently the asymptotic lines 
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EELATIONS BETWEEN S, S„ AND 8, 

e real, and the cuivature of the latter is negative But 
bhat when the curvature of Sq is negative, and of 8 positive, 
?! also IS negative Hence 

a set of three surfaces 8^ /S^, 8^, one and only one of them 
Hve curvature 

)se that 8 is referred to the conjugate system corresponding 
ptotic lines on 8^ The pomt equation of /S is 

dudv \li du \.2)dv 

1 prove that this is the point equation of 8^ also 
differentiate the equation 

dx. dy dz 

ipect to V, and make use of the fact that y and z are solu- 
(33), we have, in consequence of (26), 

^ (dz, dy dy, /12\ dx, /12\ dx, 

dudv \dvdu dv duj \l S du 12 J dv 

expression in parenthesis is zero in consequence of equa- 
nilar to (24), and hence is a solution of (33) 
the parametiic curves on 8^ are its asymptotic hues, the 
1 representation of Sq and consequently of 8 must satisfy 
iition 

11 J dv \ 2 J 

ve have the theoiem of Cosserat 

rohlem of infinitesimal deformation of a surface is the same 
etermination of the conjugate systems with equal tangential 
ts upon the surface 

Surfaces resulting from an infinitesimal deformation We 
the considei ation of the surface S' arising fiom an infini- 
deformation of 8 Its coordinates are given by 

x'=x-\r€x^, y'—y-i-ey^, z'=z + €z^, 

is a small constant whose powers higher than the first are 
d Since the fundamental quantities of the first ordei for 
ely JS', F\ aie equal to the corresponding ones for 8^ by 
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mAftTig of (26) the expressions for the direction-cosmes X\ Y\ z' 
of the normal to S' are reducible to 


(S5) X'=X+€{Yz,-Zy,) 

saaA. similar expressions for Y' and Z' 

The derivatives of X' with respect to u and v are reducible by 
meaus of (29) to 


dX' 

du 

dv 


ax, / BY dZ\ea(^,dX „ aX\ 

=S'+T" s “ * i; j r• s-ST > 

a, / ar az\^.a/„„ax „,ax\ 


wlxere a is ±1 according as the curvature of is positive or negative 
When these results are combined with (26) and (34), we obtain 


^ doif dX^ _ 

^ du du ^du 

+ € 


) 


—/d' —-D — 
du du\ ^ du ^ dv , 

L ^ du) ^\du du du du)\ 


The last expression is identically zero, as one sees by writing it 

out in full From this and similar expressions for 

S —— 1 and V —the values for the second fundamental 
dv du ^ dv dv 

coefficients of 8^ can be given in the form 


(36) 


3 = _V —— = DH- 
Bu 




^' = D'+ ^ (D''D -D',D') = />'+'“ {O'jy - 
3" = D"+^(Di'D'-l>iD") 


We know that /f is equal to ± IfK according as the curvatuie 
of 8 is positive or negative (cf § 60) Also, by § 157, one and only 
one of three surfaces 8, 8^, 8^ has positive curvatuie Recalling 
that a in the above formulas is ±1 according as the cuivatuie of 
8q is positive or negative, we can, in consequence of (31), write 
equations (36) in the form 

( 3 T) ^'=D'±e^I>[, ^yr± 

where the upper sign holds when 8^ has positive curvature 
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these equations it is seen that and can be zero sim- 
isly only when D[ 19 zero Hence we have 

mxque conjugate Byetem which remainB conjugate in an mjini- 
ieformation of a Burface iB the one correBponding to a conjur 
)em on or^ what ib the same thing^ to the aBymptotic lineB 


rticular, in order that the curves of this conjugate system 
lines of curvature, it is necessary and suflScient that the 
1 representation be orthogonal, and consequently that 8^^ be 
al surface (cf § 65) From this it follows that the sphencal 
Ltation of the lines of curvature of is isothermal Con- 
if a surface is of this kind, there is a unique minimal sui- 
h the same representation of its asymptotic lines, and this 
can be found by quadratures Hence the required infinites- 
Eormation of the given surface can be effected by quadra- 
6 ), and so we have the theorem of Wemgarten * 

eBBary and sufficient condition that a surface admit an infini- 
ieformation which preserves its lines of curvature is that the 
I representation of the latter he isothermal, when such a 
IS expressed in terms of parameters referring to its lines of 
e, the deformation can he effected hy quadratures 


Isothermic surfaces By means of the results of § 158 we 
in important theorem concerning surfaces whose lines of 
re form an isothermal system They are called isothernnc 
(cf Exs 1, 3, p 159) 

equations (23) it follows that if the common conjugate 
on two associate surfaces is ortliogonal foi one it is the 
r the other In this case equation ( 22 ) reduces to 


^ , E 


0 , 


1 the geneial inlegKil is 

E V 
G~V' 

/and V aie functions of u and v respectively Hence the 
curvatuie on S form an isothermal system (cf ^ 41) 


* Sitzungsbenchte der Kbnig ihademte zu Berlin^ 1886 
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If the parameters be isothermic and the linear element written 



r{du^-\r dv^. 

it follows fiom (21) that 

, 1 

(37) 

r 

and equations (23) become 


dX(^ _ 1 ^0? 


du rdu 

dv 


]Prom these results we derive the following theorem of Bour * and 
Chnstoflel 

Iff the Imear element of an isothermic mrface referred to its lines 
qf mrmMre he ^ ^^ 2 ^^ 

a second isothermu surface can he found hy quadratures It is asso¬ 
ciate to the given one^ and its linear element is 

ds^ — ^{du^-^ dv^) 

From equations (16) and (17) it follows that the equation of the 
common conjugate system (IV, 48) on two associate surfaces 
is reducible to 

(38) /jLdu^-\-2X dudv + <7 = 0 

The preceding results tell us that a necessary and sufficient condi 
tion that S be an isothermic surface is that there be a set of solu 
tions of equations (19) such that (38) is the equation of the lines 
of curvature on S Hence there must be a function p such that 
fjL = p{ED^-FD), 2 X ^p{ED^^-GD), <t ^ p{FI)'’--0D^) 
satisfy equations (19) f Upon substitution we are biought to twc 
equations of the form 

o — o 

du do 

where a and /3 are determinate functions of iz and v Jii oidcr thal 
AS'be isothermic, these functions must satisfy the condition 

da __ 
dv du 

When it IS satisfied, p and consequently /a, X, <r aie given by quad 
ratures 

* Journal de I Fcole Polytechmque Cahicr ill (1802) p 118 
t Cf Bianchi Vol II p 30 
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der furthermore the form 

jEr(/A dv?+ 2 X dudv + a di?) 

•7) it IS seen that when the hnes of curvature are parar 
this expression reduces to 2 dudv Hence its curvature is 
V, 12), and consequently the curvature of (89) is zero 
185 it follows that this form is reducible to du^dv^ by quad- 
Hence we have the theorem of Wemgarten 

meB of curvaiure upon an iBoikerrme mrfaoe can he found hy 
ireB 


iclude this discussion of isothermic surfaces with the proof of a theorem 
our He introduced the term limxb mrfaces of a group of apphoable sur- 
BSignate the members of the group whose mean curvature is a maTimum 
un According to Ribaucour, 

lit surfaces of a group of applicable surfaces are mthermtc 


iring It we consider a member 8 of the group referred to its lines of cur 
ts mean curvature is given by D/JE D"/0 In consequence of equations 
Lean curvature of a near-by surface is, to within terms of higher order, 

Q JB e q) 

ry and sufficient condition that the mean curvature of jS be a maximum 
\m IS consequently / D ji'K 


the case of the splieie foi which the expression in parenthesis is zero, 
lat Do IS zero Hence the common conjugate system of S and 8q is com 
Lnes of curvature on the former, and therefore 8 is isothermic 


GENERAL EXAMPLES 

y, z and aci, yi, zi are the coordinates of two surfaces corresponding with 
lity of linear elements, the coordinates of a pan of applicable surfaces 

i>y ii = x + txi, rn = y + tyi, {■! = « + tei, 

(a=x-txi, i\i = V-tyu f =z-tzi, 
any constant 

VO surfaces aie applicable, the locus of the mid point of the line joining 
ling points admits ot an infinitesimal deformation in which this line is 
tiix 

itevei be the surface S, the chaiacteiistic equation (7) admits the solu 
’X + br + cZ, wheie a, b, c aie constants Show that So is the point 
id that equations (20) become 

ai = cy - + d, yi = az — cx + e, zi = bx- ay +f 

, / are constants, that consequently Si is a plane, and that the infinitesi- 
nation is in reality an infinitesimal displacement 
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4 Betenmne the form of the results of Exs 1,2, where <f> has the value of Ex B 

5 Show that the first fundamental coefficients JEi, Fi, Gi of a surface Si are a 

the form 1 / d<i> 

1 ja’ 2 js: 2 \^ au duj 


Fi = F 02 + 




\ dv du/\ dv du/ 


“1 jjijs;2 \ suj 


ft Let S denote the locus of the point which bisects the segment of the norma 
to a surface S between the centers of principal curvature of the latter In orde 
that ihe lines on 2 corresponding to the lines of curvature on S shall form a conju 
gate system, it is necessary and sufficient that 2 correspond to a minimal surfae 
with orthogonality of linear elements, and that the latter surface and S correspon 
with parallelism of tangent planes 

7 Show that when the spherical representation of the asymptotic lines of a sui 
" •'ondition ^ ^ i. (22K 

awlaj “5 d| ir 


ons (26) admit two pairs of solutions which are such that ^ = <r and = — o 
le two associate surfaces So^ So thus found by quadratures the parametn 
-j^oems are isothermal-conjugate, and So and So are associates of one another 
8 Show that the equation of Ex 7 is a necessary and sufficient condition th£ 
two surfaces associate to S be associate to one another 


9 Show that when the sphere is referred to its minimal lines, the condition c 
Ex 7 IS satisfied, and investigate this case 

10 On any surface associate to a pseudospheiical surface the curves corresponc 
mg to the asymptotic lines of the latter aie geodesics A surface with a conjuga 
system of geodesics is called a surface of Voss (cf § 170) 

11 Determine whether minimal surfaces and the sui faces issociati to pseudi 
spherical surfaces aie the only sui faces of Voss 


12 When the equations of a central quadiic an in tlu ftinn (VII, 3*3), the ass 
ciate surfaces are given by 

oio = Vaj^y UCi - u^)dii JV{I — 

yo=2V6|^y lfu(lu-\- y Id duj, 

Zo = %^/l^f lf{l + u^)du- j' V(l + »2)<ioj 


where U and V are arbitraiy functions of u ind u n spcclut ly hern e flu isso( ut 
are surfaces of translation 


13 When the equations of i pu iholoid an in tin foini 

a;=Va(w + u), y=V6(u-u), z~Auv, 
the associate surfaces are suif icts of tiansl ition wliost generators iic plane curve 
their equations are 

a;o = Va(tr + F), yo=VS{V-ir) Zu = ^JuU clu + 2 
where U and V are arbitrary functions of u ind u h spcctivcly 


y V \ 'dv, 
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ow that a quadrio admits of an infinitesimal deformation which preserves 
E curvature, and determine the corresponding associate surface 

ice the relation between 8 and 8i is reciprocal, there is a surface 8^ 
to Si which bears to S a relation similar to that of So to Si Show that 
ptotic Imes on So and 8z correspond, and that these surfaces are polar 
with respect to the imaginary sphere + + i — q 

ice the relation between 8 and So is reciprocal, there is a surface S 2 cor- 
g to So with orthogonality of linear elements which bears to S a relation 
that of Si to So Show that the asymptotic Imes on Si and Ss correspond, 
oordmates of the latter are such that 

- X 2 = y^o — «yo, yi — ya = zxo — xzoj si - = a^o — 2/a5o» 

he line joinmg corresponding points on Si and Sa is tangent to both surfaces 

ow that if S 5 denotes the surface corresponding to 8s with orthogonality 
elements which is determined by Si, associate to 8s, the surfaces S and 
sited to one another m a manner similar to Si and 8% of Ex 16 

ow that the surface S 4 , which is the associate to Sa determmed by So, is 
reciprocal of S with respect to the imaginary qphere + + + l = 0 

we continue tlie process introduced in the foregoing examples, we obtam 
inces of surfaces 

S, Si, Ss, Sb, 8r, Sg, Sn, , 

S, So, Sa, 84, 8s, 8s, 810, 

t Sn and Sio aie the same surface, likewise Sia and 89, and that conse- 
leie is a closed system of twelve surfaces, they are called the twelve sur- 
)arhonz 

lecessary and sufficient condition that a surface referred to its minimal 
lotheimic is that 2 ) JJ 

ir=v' 

ind F aie functions of u and v lespectively 

lecessaiy and sufficient condition that the lines of curvature on an iso- 
Liitace be repiescnted on the splieie by an isothermal system is that 

PI 

P2 F’ 

ind V aiG funitions of u ind v uspectively, the latter being paiameteis 
to till lines of (iiivitiiie Show tlixt the parameteis of the asymptotic 
Lich i suit let i 111 be so i hosen that F = G 

LOW tint 111 isotheiuiii suiface is tiuisfoimed by an inversion into an 
L sill I l( i 

61 and Sg lie the shet ts of the envelope of a family of spheies of tvio 
IS, wliK h aie not 01 tIioi,on il to a fixed spheie, and the points of contact of 
e XU sxid to foiuspond, 111 oidei that the coriespondence be confoimal, 
ssaiy thxt tlie lints of tuivature on Si and Sz correspond and that these 
)t isotluimie (cf >x 15 , Chap XIII) 
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rectilestear congruences \ 

160 Definition of a congruence Spherical representation A two- 
parameter system of straight lines m space is called a rectilinear 
congruence The normals to a surface constitute such a system, 
likewise the generatrices of an infinitesimal deformation of a sur 
face (cf § 152) Later we shall find that m general the lines of a > 
congruence are not normal to a surface Hence congruences of 
norLils form a special class, they are called normal congruences 
They were the first studied, particularly in investigations of the 
effects of reflection and refraction upon rays of light The first 
purely mathematical treatment of general rectilinear congruences 
was given by Kummer in his memoir, Allgemeine Theorie der 
gradlinigen Strahlensysteme * We begin our treatment of 
the subject with the derivation of certain of Kummer’s results by 
methods similar to his own 

From the definition of a congruence it follows that its lines 
meet a given plane in such a way that through a point of the 
plane one hne, or at most a finite number, pass Similar results 
hold if a surface be taken instead of a plane, this suiface is 
called the surface of reference And so we may ddinc a con¬ 
gruence analytically by means of tin cooidinates oi the lattei 
surface in terms of two paiamcteis u, i\ lUid by the diHction 
cosines of the lines in turns of tin sc jsuduntus Ihus, a con¬ 
gruence IS defined by a set of equations such is 


( 1 ) 


f X=ffu, V), 

\x=^fu, v), 


y=(#),(M, ?'), / = i>), 


where the functions f and <f> are analytic in the domain of u and » 
under consideration, and the functions <j) nic such that 

XH Y^+Z^ = -i 

* Grelle Vol I VII (ISWl) pp IK'l-i tO 
VU 
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k representation of the congmenoe upon the nnit 
mg radu parallel to the hues of the congruence, and 
tcaZ r^preBentatton of the congruence When we put 






du dv 

lent of the spherical representation is 
d<r® = S'du^ + 2 i^dvdv + ^dv^ 


?x ^ dx ax _y dx ax ^ a® ax 

du' ^~‘^dvdu' ^ 
econd quadratic form 
^dxdX=edv^+{f+f)dudv +gd‘i?y 
mental in the theory of congruences 
congruences Ruled surfaces of a congruence If 
face S' normal to the congruence, the coordinates 
1 by 

x + tX, y'=y + tY, z'^z + tZ, 

es the distance from the surface of reference to S' 
mal to the congruence, we must have 

2^Xd(2:+tX)=0, 

dent to 


VX—+ —= 0, + ^ = 0 

^ du du ^ ^ 


dv dv 


)ns be differentiated with respect to v and u respec- 
resulting equations be subtiacted, we obtain 

/=/' 

len this condition is satisfied, the function t given 
ures (8) satisfies equation (7) Since t involves an 
lit, equations (6) define a family of paiallel surfaces 
ongiuence Hence 

and sufficient condition for a normal congruence is 
be equal 

the congruence which pass through a curve on the 
rence S form a ruled surface Such a curve, and 
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oMisequentlya ruled surface of the congruence, is determinec 
relation between u and v Hence a differential equation of the 
^10) Mdu+Ndv = 0 

defines a family of ruled surfaces of the congruence We coi 
a hue l{u, v) of the congiuence and the ruled surface 2 o 
family upon which Z is a generator, we say that 2 passes thro 
We apply to 2 the results of §§ 108,104 
If ds, denotes the linear element of the curve C in which 
the surface of reference, it follows from (VII, 54), (3), and (f 
the quantities and b for 2 have the values 

\dsj dsf 

dX dx _ edu^+{f+f)dudv + gdv^ 
ds^ ds^ ds^ 

From (VII, 58) we have that the direction-cosines X, /i, v 
common perpendicular to I and to the line V of parameters u 
V + dv, where dv/du is given by (10), have the values 



dX ^ dZ 

Jl 


( 12 ) 

which, by means of (V, 31), are reducible to 




(13) 


X = 


(4"-' 


^dX 

du 


d>ll -}- ( 


dv 


^d\ 

/ _ 

OH 


dv 


da 


and similar expressions for and v 
From (12) it follows that 


.dl' dY dZ 

da- da da 


Since dXfda^ dYjda^ dZjda aie the diu ctiou-cosiiu s of the t 
to the spherical representation of tlie gcnciatois of \vi h 
theorem 

Given a ruled surface ^2 of a congruence h t (' ht tlu < 
the unit sphere which represents 2, and M the point of (ort 
ing to a generator L of 2, the limiting position of tin (omn 
pendicular to L and a near-hy generator of 2 is perpendiculo 
tangent to C at M 
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62 Limit pomts Principal surfaces By means of (VII, 62) 
I (12) we find that the expression for the shortest distance S 
ween I and V is, to within terms of higher order, 


S 


da 


dx 



d»o 

<*«o 

*0 

X 

F 

Z 

dX 


dZ 



ds^ 


= 'SXdx 


len the values (13) for Xy /a, v are substituted m the nght-hand 
mber of this equation, the result is reducible to 


1 <§'du’{- S^dv^ Sdu + ^dv 

/if da edu+fdvj fdu-^gdv 


[f iV denotes the point where this line of shortest distance meets 
1 locus of iV' IS the line of stnction of 2 Hence the distance of 
Erom the surface measured along ?, is given by (VII, 66), if 
De denoted by r, we have, from (11), 

_ e du^+ (/+/0 dudv + gdv^ 

' ^ €dv/ + 2 dudv + ^dv^ 


For the present* we exclude the case where the coefScients of 
I two quadratic forms are proportional Hence r vanes with 
) value of dv/du^ that is, with the ruled surface 2 through I If 
limit our consideration to real surfaces 2, the denommatoi is 
^-ays positive, and consequently the quantity r has a finite maxi- 
im and minimum In order to find the surfaces 2 for which r 
3 these limiting values, we leplace dv/du by and obtain 

A e +if+f)t + qf 

we equate to zero the deiivative of the right-hand member with 
ipect to f, we get 

0 {€+ + 1 (/+/)<]= 

quadratic in t Since > 0, we may apply to this equation 

isoning similar to that used in connection with equation (IV, 21), 


*Cf Ex 1, §171 
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and thus prove that it has two real roots The corTesj)oiidjng \ .iluec 
of r follow from (16) when these values of t are substituted in the 
latter Because of (17) the resultmg equation may be written 

__ e+^{f+f')i _ + 

f mdicates a root of (17) and f the corresponding value of r 
jn we wnte the preceding equations in the form 

+ 1 (/+/')] 

eliminate f, we obtam the following quadratic in r 
(18) ryr^ + [gf- {f + f')S^+e^]r + eg- (~^= 0 


If 

(19) 


and rj denote the roots of this equation, we have 

--’ 

4.ff- (/-+/-r 


The points on I corresponding to these values of r are called itg 
limit poxnU They are the boundaiits of the segment of I iipoii 
which lie the feet of each perpendiculai common to it and to a 
near-by line of the congruence "Ihe lultd surficts of tlu con 
gruences which pass througli I and lu (Utumiiud l);y ((juatior 
(17) are called ihQ principal virfanH foi the hue I Ik u an twe 
of them, and their tangent planes at tlu limit jxunts art ch U imiruc 
by I and by the perpendiculais of shoitest distinee it the linul 
points They are called the principal phinen 

In order to find other properties of the pniuipil sui faces, w( 
imagine that the parametric cuives upon the spin le lepresent thes( 
surfaces If equation (17) be written 

Sdu-\-3^dv^ c^dii + ^dc 

e du + ^if+f')dv, ^(f+f')du + gdi<~ 
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1 that a necessary and sufficient condition that the ruled 
V = const, u = const be the principal surfaces, is 


ese it follows that since the coefficients of the two funda- 
]^uadratic forms are not pioportional, we must have 

^= 0 , /+/'=0 


e first of these equations and the precedmg theorem foUows 
It 

ynncipal surfaces of a congruence are represented on the 
y an orthogonal system^ and the two principal planes for 
> are perpendicular to one another 


his particular parametnc system equation (18) reduces to 




^dX , ji^dX , 

' — du — ^—dv 
dv du 


^/^d<T 


he direction-cosmes of the perpendicular whose foot 

rait point on I corresponding to t; = const have the values 


_ =JL^ 

'■~y/'^dv' dv' dv 


;he angle co between the lines with these direction-cosines 
se with (22) is given by 


cos ft) 






u 


’^S’du^+^dv^ 


ues of and aie now 






J.. 


With the aid of (23) equation (15) can be put in the form 
r = cos^ft) 4- sin^co 


Hamilton's equation We remark that it is independent of 
ice of parameters 
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163. Pevdopable surfaces of a congruence Focal surfaces | 
jrder that a ruled surface be developable, it is necessary and sufi 
nent that the perpendicular distance between very near generatoi 
be of the second or higher order From (14) it follows that th 
ruled surfaces of a congruence satisfymg the condition 


(26) 


Sdv, + 3^ Am, + ^dv 
edu+fdv, fdu + ffdv 


are developable Unlike equation (20), the values of dv/du satu 
fvmg this equation are not necessarily real We have then th 


em 

df all the ruled surfaces of a congruence through, a line of %t tu 
re devdopable, hut they are not n.ecessanly real 


The normals to a real surface afford an example of a congrueni 
with real developables, for, the normals along a line of curvatui 
form a developable surface (§ 51) Since / and f aie equal in th 
case, equations (20) and (25) are equivalent And, conversely, the 
are equivalent only in this case Hence 

Wheh a congruence is normal, and only then, th principal surfac 
are developable 


When a ruled surface is developable its gcnciators are tangei 
to a curve at the points where the lines of slioiti st distcince inei 
them Hence each line of a congruence is t.ing( nt to two curv 
in space, real or imaginary accoiding to tin ( h u<u U i of the loo 
of equation (25) The points of < ontact aie < ilh d tin hual pom 
for the line By means of (25) we find tint tin \ ilius of r f 
these points are given by 

e <lu 4- / de I' iln \- </ de 

^ t du + j di' / dll + di> 


If these equations be wiitten in the foini 

{(''p + e)dn+(jp + f }di< - 0, 

(JP +/') dll +('p + '/)dv = 0, 
and if du, dv be eliminated, we have 

(26) {f3-3^)p'‘+[g<^-{f+f'}j + inp + i!/-ft'=^ 
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I /Oj denote the roots of this equation, it follows that 
--’ 

i 

9) and (27) it is seen that 

»'i+»*s=/»x+P,. 

(r,- r,)’- (Pj- />,)*= 


-c^) 

38iilts may be mterpreted as follows 

md-poinU of the two aegmentB hounded reBjpectively hy the 
intB and hy the focal pointe coincide 

point IS called the middle point of the Ime and its locus the 
urface of the congruence 

listance between the focal points u never greater than that 
the limit points They coincide when the congruence u normal 

bion (24) may be written in the forms 

r, —r 


2 ^-^2 
COS'^O) =- 

r,—r. 


a * 1 

Sin ft) = — 


f ©j and ©2 denote the values of © corresponding to the 
able surfaces, we have 


cos^©i = 

p —r 

cos © = - - 




2 

sin*©„ = — 


•P2 


lese and the first of (28) it follows that 

cos'*©j= sin'*©^, 


sm®©j= cos®©2, 


cos 2 ©j+ cos 2 © 2 = 0, 


sequel! tly 


TT 


a>i+(02==-jy±n7r, 


TT 


®i—Wj=-S'±M''r, 





rectilinear congruences 


denotes any integer If the latter equation be true, tt 
ible surfaces are represented on the sphere by an orthoj 
tern, as follows from the theorem at the close of § 161 Bi 
6‘i the condition that equation (26) define an oithogorial syi 
in the sphere is/=/', that is, the congruence must be norma 
m this case the prmcipal surfaces are the developables, equ. 
(30) as wen as (31) is satisfied Hence equation (30) is th 
•af solution of (29) 

planes through I which make the angles with tt 

)al plane ® = 0 are called the focal planes for the line, the 
e tangent planes to the two developable surfaces throng 
>e Incidentally we have proved the theorem 

cessary and sufficient condition that the two focal planes fc 

n line of a co'ngruenee he perpendicular is that the congruem 
oe normal 

And from equation (30) it follows that 

The focal planes are symmetrically placed with respeit to the pri\ 
aped planes in such a way that the anghs fonmd In/ tin two paii 
of planes have the same hisetting plains 

If 6 denote the angle between tlit, foi il jil.iiu s, then 
and 

p^~ p 

(32) sin 6 = cos 2 fi), = cos'^Wj — cos'^ri) ^ ^ 

The loci of the fo( il points of <t ( ik < in c ilh d its foot 

surfaces Each line of tin congnn lu ( toiu Ik s hotli sui f i< ( s, Ixin 
tangent to the edges of Kgiession of tin tw o (1( \( lop ihh s tliiough i 
Uy reasoning similar to th it einplo\( (I in tin disi ussion ol suifi(( 
of center (§ 74) we piovc tlu IIk on ni 

A congiruence may In mfunUtl as two fanuhts ot th n lopahh vi 
faces JHach focal nirlaa is tout Ju tl hy tlu th /1 lopahh k oj out famii 
along their edges of mjression and tnrtlopttl In/thost id t/u otlu 
family along the curves conjugate to thtst tth/t s 

The preceding theorem shows that of tlie two fo( <il pi uk slliioug 
a line I one is tangent to the focal surface and the other is tl: 



ASSOCIATE NOEMAL OONGKUESTOES 401 

ig plane of the edge of regression on to which I is tan- 
milar results hold for When the congnience is nor- 
e planes are perpendicular, and consequently th^e edges 
ssion are geodesics on and Since the converse is 
r6), we have 

essary and sufficient condition that the tangents to a family 
r on a surface form a normal congruence is that the curves he 
r 

EXAMPLES 

r, Z are the direction-cosmes of the normal to a surface at 

X, y, z), the line whose direction-cosines are Y^—X,Z and which passes 
le point (x, y, 0) generates a normal congruence 

re that the tangent planes to two confocal quadncs at the pomts of con- 
ommon tangent are perpendicular, and consequently that the common 
0 two confocal quadncs form a normal congruence 

L the congruence of common tangents to the paraboloids 
x2 + y** = 2 ajs, x3 ^ ys _ 2 aZf 
nine the focal sui faces 

wo ruled suiflees thiough a Ime Z are lepresented on the inhere by 
1 lines, then lines ot stnction meet Z at points equally distant from the 
int 

rder that the focal planes for each line of a congruence meet under the 
e, It IS necessary and sufficient that the osculating planes of the edges of 
of the developables meet the tangent planes to the focal surfaces under 
mgle 

ecessary and sufficient condition tint a surface of reference of a congru 
middle sin face is gS ~ (/ + /)c^+ ^ 


Associate normal congruences 11 we put 


2m 


.=Tx- 


IS (8) may be lepliced by 

t — c—j' ydu-hyidv, 

IS a constant Now ctiuation (9) is equivalent to 


dy ^ ^7i 
dv ”” du 




ct 


I 


5 



t 
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la consequence of this condition equation (34) may be written 

(36) t=^c-(f>{Uj), 

where is a function of u and v thus defined If the oilhogona 
trajectories of the curves u^= const be taken as parametric curve 
^ 1 = const, it follows from (36) and from equations m and t 
analogous to (33) and (34) that 

From this result follows the theorem 

The Unes of a normal congruence cut orthogonally the curvee o 
the surface of reference at whose points t is constant 

If 0 denotes the angle which a line of the congruence make 
with the normal to the surface of reference at the point of mtei 
section, we have 



where the Imear element of the surface is 


ds^ = B duf -h G dv^ 


If S be taken for the surface of refereiK e of a second c ongruenc 
whose direction-cosines Xj, Fj, satisfy the conditions 






- 0 , 


where <f}i{u^) is any function whatever of this (cun^iiuiKe 
normal and has the value 


Since <t>^ IS any function, thuc. is a finnl} of tin si noun il < ongii 
ences which we call the associatts of the gi\« n c ongi u< ik < uid ( 
one anothei Ihrough any point of the smf u c of u h n lu c thei 
passes a line of each eongiuenee, and all of tluM lints lit in tl 
plane noimal to the curve const thiough tin point Ihiit t 

The tzoo lines of two assoi late eongnu w (s thnnK/h tin sanu poi 
of the surfaie of reference lie in a phvu normal to tlu sari an 
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amng with equation (37) a similar one for an associate con- 
, we have 

sm g _ 

ve have the theorem 
Ofiio of tfiB smes of th6 dm^leB which the XvticB of two ccMocuite 

1068 TfldlCB with tho 7U>T7ildl tO thoiT BUvfdCB of TOfBT&fWO 18 COlfir 

ng the curves dt whose points t is constant 

i m particular/(wj m (88) is a constant, the former iheorem 
ation (38) constitute the laws of reflection and refraction of 
ight, according as the constant is equal to or different from 
ne And so we have the theorem of Malus and Dupin 

undleofrdys of light forming a normal congruence he reflected 
cted any number of times by the surfaces of successive homo- 
media^ the rays continue to constitute a normal congruence 

eans of (37) equation (36) can be put in the form 
it = c —^ Ve sin 6 du^ 

Lis result follows the theoiem of Beltrami* 

trface of reference of a normal congruence he deformed in such 
hat the directions of the lines of the congruence with respect 
rface he unalti n ci, the congruence continues to be normal 

Derived congruences It is evident that the tangents to the 
)f any one p ii imetei family upon a surface S constitute a 
nee If these euives be taken for the parametric lines 
t, and then conjugites foi u = const, the developables in 
ily li ive the curves = const foi edges of regression, and 
lopihks of the other family envelop S along the curves 
)t We m ly take S foi the bin face of reference If be 
1 foi il binfue, tlic lines of tlu congruence are tangent to 
es u — const on I he tangents to the curves v = const 
im a second lungiuitni of which is one focal suiface, 
second suifice is uniquely determined Moreover, the 



*( toiuali ili matematuhe Vol 11(1864) p 281 
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lines of the second congruence are tangent to the curves u = const 
on In turn we may construct a third congruence of tangents 
to the curves i; = const on This process may be continued 
mdefinitely unless one of th^e focal surfaces reduces to a curve^ 
or IS infinitely distant 

In like manner we get a congruence by drawing tangents to 
the curves w=const on Sy which is one focal surface, and the 
other, is completely determined The tangents to the curves 
u = const on >8Li form stiU another, and so on In this way we 
obtain a suite of surfaces 



Sy S,y S, 

which IS terminated only when a surface reduces to a curve, or 
its points are infinitely distant Upon each of these surfaces the 
parametric curves form a conjugate system The congruences thus 
obtained have been called derived congruences by Darboux * It is 
clear that the problem of finding all the derived congiuences of a 
given one reduces to the integration of the equation of its devel- 
opables (26), for, when the developables are known we have the 
conjugate system on its focal surfaces 

In order to deiive the analytical expiessions for these results, 
we recall (§80) that the (ooidinales x, z of S au solutions 
of an equation of the foirn 


d^e , cB , ?e 

-j- -1- 

du^v du rr 


where a and h aie determinate fum tioiis of u and v If tin cooidi 
nates of be denoted by tin v au ii l)\ 

CU CH (U 

where E ineasuies the distamc lx tween tlu focal points Hut 
as the lines of the congiuencc au tangent to tlic cui\( s u ~ i oust 
on we must have 


(40) 


dv du dv CU cv CU 


\ <)1 II pp Ib-Jli 
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18 a determinate function of u and v When the above 
18 8uh8tituted in the firet of these equations, the result 
le, by means of (89), to 




dx 


same equation is true for y and the quantities in paren- 
st be zero, that is, 




1 

V 


3 1 a 
dv I b 


surface Sy is defined by 


, 1 dx 


^^bdu 


«!=» + 


1 & 

b du 


ions (40) become 

\3y 6 h) du dv \2v J b/du dv J b/du 


ling m a similar manner, we find that 8^i is defined by 
ions 


,=:r + 


1 CJ 
- 1 
a (r 


, 1 

y 1= y+ ~ / ’ 

a dv 


Z-l=:Z + 


1 

a dv 


rr I _ / 1 ^ h\dx 

(u \ du a a) dv 

u (xpii HHioiis in // 1 and z i 

41) and {V)) it is sun that tin surface 8^ or 8^i is at 
((oiding as b oi u is /(lo Winn a and h aie both /eio, 
ifne of ti iiisl itioii Kl) Ihine the tangents to the 
s of a HUifot of ti inslation foiin two congruences foi 
^hi(h tin otini fo< al suifa(( is at inlinity 
I th it *S, Im i < 111 \<, /,, //p must l)t fuiK tions of u alone 
) it iollowH thit tin (ondition foi this is 

. 1 

n b h 


Linn 1 tin (ondition that S i be a cuive is 

( \ J 

cH a a 
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The funotions h and k, defined by 

Ji = — + ab, k — ^ + aJ>, 

&U, dv ' 

csdled the mvanants of the differential equation (39) Hence 
) above results may be stated 

A necessary and svffieient condition that the focal surface or 
xhe a curve is that the invariant k or h respectively of the point 
lation of S be zero 


166 Fundamental equations of condition We have seen (§ 160) 
it with every congruence there are associated two quadratic dif- 
ential forms Now we shall mvestigate under what conditions 
D quadratic forms determine a congruence We assume that we 
76 two such forms and that there is a corresponding congruence 
e tangents to 4;he parametric curves on the surface of reference 
a point are determined by the angles which they make with the 
gents to the parametric curves of the spherical representation of 
congruence at the corresponding point, and with the normal to 
unit sphere Hence we have the relations 


(dx , „ 

. ^ = ^1+/8i — + 7i 
Wv OU (V 


I similar equations in y and z, wlieie«,/^, 7, 7, are functions 


% and 0 

If 

we multiply these ((lUtitions 


\ f 
> 

1 f/ 

T K 

dy, and 

add 

, also h} 

\ r) 

■» and 1>\ 

V, 

( K ( 

J, / 

H ( U 

W ( ohhi 



( V rr 





e = 

= 



(f*" -j- /, 

7 , 

N' 

( u 

/' = 

~ a j 


</= rt, 

J /3/y^ 

7 , 

-V 

■w 

( V 

n which 

we 

deiiv( 






) 

f 

a - 

(0 0 — 


/'( --f ; 

(j y — j 

7" 


( 1 

< u 



tC — q ; 

" c ^ " 

’ ^.= 

S'!-! ' , 

— J 

7,= 


( 1 

(r 
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that equations (44) be consistent, we must have 

8 8 /dx\ 

8u\dv/ dv\8u/’ 


onsequenoe of equations (V, 22), is reducible to the form 


H 


8u 


+ 8 


dv 


+ TX>= 


0 , 


S, T are determinate functions Smce this equation must 
I by y and Z also, we must have JS = 0, 0, T= 0 

values of «, yS, a^, y8,, from (45), are substituted m these 
we have 






K‘ly^ wild! wo have a quadiatic foim whose curvature 
11 * 1 } l)c tak( n as the lunai dement of the sphoncal rep- 
1 of a lon^MutiHt, whuh ih deteinumd by any bet of 
f Vi 7 7i satiHi\in^^ tcjuations (47) Foi, when 
ations an sitislad ho ilso is ( Jb), ind consequently 
mitts <»i tin snifat of n foienct aie given by the 
s (11) 

t ill\ \Nt n in uk tliit w In n tlu (oiigiiuini is noimal, ind 
( (»i niinint is oin oi tin oitiingon il siiif k is, the 1 ist 
ns (17) IS sitislnd nhiitn ill\, iiicl tin lust two uduei 
11//1 t (|ii it lolls { \ 27 ) 

»1\ th(H( n suits to tin (h It inmi itioii of tin (ongiuciuis 
sigin (i spin in il n {in s( iit itioii of tin ii piiin ipil suihiees, 
w it li i gi\ I II n jin SI lit itioii of tin 11 di vi lop ihh s 

heneal rtprcscntation of principal surfaces and of devel- 
\ in (I ss II \ uni siitln n lit toinlitioii that tin jiiiinipiil 
{ i i ongnn in « cut the Hiiifieeof ufeieiiee in tin p*u*i 
i s IS gi\ i n h\ (1) 
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If we require that the surface of reference be the middle surfac 
of the congruence, and if r denote half the distance between tl 
limit points, we haTe, from (15), 

(48) e= — r€, g = r^ 

When these values are substituted in (47), the first two become 



and the last is reducible to * 


/50\ n dlogS dT dlogf dr a*iog<f^ ^ 

^ dudv dv du du dv dudv 



■ g / / \i, g r k 8 / / ]\ 

N(f Bvly^dv\V^\/ 


+ 2/=0 


Moreover, equations (44) become 






dv S du 




where 7 and 7 ^ are given by (49), and similar equations in y and 
Our problem reduces, therefore, to the determination of pairs ( 
functions r and / which satisfy ('iO) Evidently either of theg 
functions may be chosen arbitrarily and the other is found l)y tY 
solution of a partial diffciential equation of the second orde 
Hence any orthogonal system on the unit spheie stives for tli 
representation of the principal suifuts of a family of 
whose equations involve three aihitiaiy fiim lions 

In 01 del that the paiamctric cuivcs on the sphens k present ih 
developables of a congruence, it is nccessaiy and suthciciit that 

y = 0 , g j —f'/ - 0 , 


as IS seen from (26) If the surf ice of icfeuiue he tin middle su 
face, and p denotes half the distance between the focal points, 
follows from (15) that < g 


* Cf Bianchi Vol I p U4 
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g these equations with the above, we have 
e = g = p^ 


se values are substituted in the hist two of equations (47) 
(suiting equations are solved for y and y^, we find 



st of equations (47) reduces to 


tion of this equation determines a congruence with the 
^sentation of its developables,* and the middle surface 
Y the quadratures 



r expressioriH in y and z 

he values (^>2) are substituted m (18) the latter becomes 

(f / — /*)H—/»V C? — 0 


itly e<iuation (12) reduces to 
»m 0 

2 r 


to equation (III, Ih), we have 

f/c httuuni th to<(iI phtm h of a ionqrtLinct is equal to the 
^en the lints on the sphtrt npn sttitinq the corresponding 
*s 


uilt iH obtained readily from geometrical considerations 
ndamcntal quantities for the focal surfaces We shall 
[>f till HO n suits in deiiving tlu i xpussions for the funda- 
intities of till f<)( al surfai < s ind S , winch are defined by 
\-p\, = z + 

j^^jr-p\, z^^z-pZ 

[It is <lu« U>(}ui<lmr(l inmihntlp I htolp Norimle Sor 1, Vol VI (1889), 
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Prom these and (54) we get 





The coefficients of the linear elements of and S^, as dem 
from these formulas, are 


and 




The direction-cosines of the nomialn to and dt noted 
Tj, Z^, Fg, respectively are found from the ab()\t t({ 
tions and (V, 31) to have the values 


1 

9(y,4 3,) 

1^^-/ 

rv 

r) 

rn 

- ^ 1 



d{u^ t>) 

V'/ 

f/ 

Vv/' 

V r.' 

_ 1 

2 ) 

Cu 

ru _ 

-1 

_ j 


~ n 

d{n, v) 

-/<y 


V, /, 

i' r, 


< \ 
fU 


} 


f \ 

f u 


)• 


and similar expressions for }, and /, If tlusi* e(|uitH)ns lx diff 
entiated, and the lesulting ((jiiations lx n dm td by nio ms of (V, 2 
they can be put m the foiiu 


^ 1 J ’ cv ^ ^ \ \ J rr 

du 2 I du (V ^ I \ 2 i (u 
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Jtiese expressions and (66) we obtain 

n_= . |12V \ 

‘ V^\aM^l 2 JV 

, dx, dX, 




A"—S 


2 /KfllV 


du du 

aa-, 8 JC, 
dv du 

dx, dX, 


^du dv ’ 
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_ ^S22V 

dv dv V^llJ^’ 


the foregoing formulas we denve the following expressions 
total curvature of 8^ and of 



if.= 





EXAUPLES 

upon a Kuif iM nf II ft H nit s of a lunmil < oii^nionto the cUivos orthog- 
th« lint H of tin iniipuiint ut tit Until by ^(u, u) = roiiHl , ind ^ denotes 
(1 bit\Min a bill of fin lonf^iuiint and tin nonii il lo 1 lie hui face at the 
intttniK tin n Hin^f/ Sjl (</) nnIhio tin ditliiuitiil parameter is formed 
[H (t to tin lint iu t It im nt of s Show that f^iHioiiHt intaloii^alino ^ — conet 
( n tin latti i ih i ^i < di nn p ii illi 1 

In n Ml tin ponit i |iiitionot ihiiifait iiitnily 
( 0 tO t (f 

I (/ \ b n, 

t li< M ( U f V 

/III! (hi I o II iiiuii N of tin Miiifni I in hi found by (|U nil iluir s 

ml tin iliiiMdi 11). nil Ilf I s 1 f tin t in).t nts to tin iiuiinitni luivisona 
lalHUitiiii (1 \ J I ^MiT) ind di tt iinini umli i whil t ondilions Lhu sui 
)i S Ih i I ni\i 

ml tin iquittonif tin t>iH (tU)\\hiih idinitH ih Kolutions tin quintitUR 
1 ),i\i n h\ (11) 

Inn a lonknnini • inststn of tin tiiifstnts to the lintH of rurvitun in 
tin on i HtirfiM (In f i il dtMtinits nt muil to the i win of gcodcHic 
It of tin liniH of lunitnii in the otln i H^nttm 
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6 Let Shea, surface referred to its lines of curvature, let 8i and 82 denote the 
s of the curves v = const, and u = const respectively, ri and r 2 their radu of 

St curvature, and Bi and R 2 their radii of geodesic curvature, for the second 
ocal sheet Si of the congruence of tangents to the curves v = const the linear 
lement is reducible to ^2 

^ a = (dfl, + dsif + -pd8^, 

hence the curves si = const are geodesics, 

7 Shov7 that Si of Ex 6 is developable when n =/(Si), and determine the 
most general form of ri so that Si shall be developable 

8 Determine the condition which p must satisfy in order that the asymptotic 
lines on either focal surface of a congruence shall correspond to a conjugate system 
on the other, and show that in this case 

where $ denotes the angle between the focal planes 

9 In order that the focal surfaces degenerate into curves, it is necessary and 
sufficient that the spherical representation satisfy the conditions 


0 

(I2: 


(12)' 

(12)'] 

(12) 

Su 



12! = 

ilil 

! 2 


10 Show that the surfaces orthogonal to a normal congruenre of the type of 
Ex 9 are cyclides of Dupin 

11 A necessary and sufficient condition that the second hIk < t of tho (fuignicnce 
of tangents to a family of curves on a surface S be developable is tliat the ouives 
be plane 

169 Isotropic congruences An isotropic conqrm tm is one wlioae 
focal suifaces aie developables with minimal cd^is of n^nesaion 
In § 31 we saw that if = 0 is a necessary and sufiu it iii ( ondition 
that a surface be of this kind Referring to (")(>) and ( >7), we see 
that we must have 






= 0, 



From (54) it is seen that if p were zero tin iniddh snif k e would 
be a point, and from (55) that if the expussions in pmutlusis 
were zero the surfaces >Sj and S would l)o tuiviH ( oiis( (pn ntly 

( 61 ) = 0 

Conversely, if this condition be satisfied, Aj ind lu isotiopic 
developables Hence an isotropic tongiutiKi is one whose dcvel 
opables are represented on the sphere by miniimil lines 
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equenoe of (61) we have, from (62), 
e m^«0, 

Z+Z' also 18 zero, it follows that 

dxdX+ dydY+ dzdZ^ 0 

r IS zero, so that all the Imes of stnotiozi he on the 
rfaoe Since (61) is a consequence of (62), we have 
'ing theorem of Ribaucour,* which is sometimes taken 
finition of isotropic congruences 

l%Mt cf ttnetton of an ttotropte oongrumee he on the mid- 
, andt eonvereely, when odl the Itnet of etnehon he on the 
faae^ the eon^raenee te teotropus , moreover^ the middle eur- 
ponde to the ephencal tepreeentahon with orthogonality of 
lente 

lur has established also the following theorem f 

die envelope of an t»otropt< (ongrueme le a minimal surface 

minimal lints on ilia sphere are parametnc, in order 
his tlicon ni it is onij necessary to show that on the 
vtlopp, that iH, the eiivtlopo of the middle planes, 
ptiiidiMg lint's form a t onjiigait' system If IV denotes 
rt of till iniiltilt' itlaiio fiom the oiigm, the condition 
undsuflKniil tlial tin paiametiic lines be conjiigiu 


HiitiHfj tin 

< ({11 ition 



i 

t U ( 1 

on 


If 

1 \r, 

lio ai<I of ( 

\ JJ) 

liiitl 


^ P , If 

^ i p / —II / 

(It (I < im 

ition 0*1) i.ilmis lo ' ^ p/-0, lilt funttion » 

nt ft 

1) 

1 !• InKMiulrn im B ( oiirlmn Moyinun Niille Mcmoiret < oitronnCi 

trilr \ i.l XI 1\ (IHHl) p al 11 0 p H 
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170 Coagruences of Guichard. Gmchard* proposed and solved 
the problem 

To determine the congruencee whoee focal surfaces are met hy the 
developahles in the lines of curvature 

With Bianohi we call them congruences of Guichard 

We remark that a necessary and sufficient condition that a con¬ 
gruence be of this kind is that and of § 168 be zero From 
(56) and (57) it is seen that this is equivalent to 


(64) 




Comparing this result with § 78, we have the theorem 

A necessary and sufficient condition that the developables of a cortr 
aruence meet the focal surfaces in their lines of curvature is that the 
gruence be represented on the sphere by curves representing also 
wed asymptotic lines on a pseudosphericaZ surface 

In this case the parameters can be so chosen thatf 

c? = -~cosa), 

where cd is a solution of 




dudv 


= sin o 


In this case equation (53) is 


(65) 


iV _ 


dudv 


= p cos O) 


In particular, this equation is satisfied b) I, / (V, 11) If we 
replace p by JT in (54), we have 

^- 0 , ".0 

ou rn 

consequently, for the congruence detenmned b} this value of p, 
the middle surface is a plane 

From (55) it follows that the lines of the c ongnu ik t are taiignit 
to the lines of curvature = const on ('onseejm iitly they are 


*Lc,p 14(5 


t This Ih the only nal Holution of (fU) 
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} the nonnala to one of the sheets of the erolnte of 8^ 
osU it X| Hence the conjugate system on oorie- 
to the lines of curvature on 8i is represented on the 
the same lines as the developables of the oongruenee 
to (VI, 88), we see that condition (64) is equivalent to 

Ohnstoffel symbols are formed with respect to the hneax 
f But these are the conditions that the parametric 
Sj be geodesics (of § 86) Surfaces with a conjugate ’ 
geodesics were studied by Voss,* and on this account 
surfaces of Voss Since the converse of the above results 
i have the following theorem of Guiohard 

tary and sufficient eondtUon that the tangents to the Itnes 
ire tn one famtli/ of a surface form a oongruenee of 
that one shit of tki ivolute of the surface le a sur- 
oss, and that th tam/ents constitutinij the congruence he 
h an jKtrallel to th normals to th latter 

•notts tin liiHUiiKo from the origin to the tangent plane 
fad* of \ OSH h,, thou If, iH a Holution of equation ( 65 ) 
III ri< < If, I /f/j IS a Holiition of this < (juation, pioviderl * 
uiit Hut hiiiie the tungnit piano to h, passes through 
ponding jioint of s, tin* ahovo result shows that a plane 
tin IiiHH of tin (ongiuence, and which divides m con- 
. th* s< tMiH III Im twf < n tho fix il pointH, envelopes a sur- 
)SH Inpiitnulii \\i hi\oth< (oiollary 

tnitltjtt ttf tt ittm/f lit tut of (}uii hat (lisa surface of Vo88 

eudosphtncal congruences I he liius joining conospond- 
on i inlo^i'hf 11( il *'111 f i< f ind on one of its H w kliind 
I s,(tf i; IJn, , onstituti *m (ongrueme We 

lie (list UK I ImIumii <oiH*.p<iMl ig points is constant, 
[Ik I uigf lit pluKH to tin two Huifucs at these points 
1 ( mist ml mgh I loiii { U) it follows that the distance 

K limit points also IS (onstant 

• Vun h mr // /i ht \ *.l Will (IHKH. pp 0", 102 
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Conversely, when the angle between the focal planes of a con¬ 
gruence IS constant, and consequently also the angle 9 between 
tbe parametric lines on the sphere representing the developables, 
we h&ve, from (V, 4), 


« K"}' 4 {Ty=» 


Furthermore, if the distance between the focal points is constant, we 

have /) = a, and by (60) sm* ff 

■K'l = ■«*---4^ 


Hence the two focal surfaces have the same constant curvature 
Congruences of this kind were first studied by Bianchi * He 
called them ptmdotphencal congrueneei 

In order that the two focal surfaces of the congruence be Back- 
lund transforms of one another, it is necessary that their lines of 
curvature correspond It is readily found that for both surfaces 
the equation of these lines is reducible by means of (66) to 


Moreover, the differential equation of the asymptotu Iiiuh on each 
surface is (Sdu^— 0 Hence we have the tin on ins 

On the focal surfaas of a pseudospherical coiufrueiict the lutes of 
curvature cornspond^ and hhwise the asipnptotic luus 

The focal surfaces of a j)S( udosphf rieal ronqruom are Ifaddund 
transforms of one another 

EXAMPLES 


1 When the parameters of i con^nniKo an any wli itxrn \( r liwi lik( wih( iho 

surface of reference, a condition lucisKiry uni miflkunt tliat i (on^imiue be 
isotropic IS c f h f 0 

> *? 

(r - y 7 

2 A necessary and sufficient (ondition th it a (oni^nu in « U isotiopn isthit 
the locus of two points on each line at in < (pi il (oust ml diHt un t f non tin iniddh 
siuface shall desenbt i])plic ibk surf uis 

8 Show that e(piUion (lir>) admita ind as Holutions Pi<»\(( that in <aih 

dll dv 

case one of the focal suifaiiH is i sphere 

^ Annalif Sqt 2, Vol XV (1887) pp lbl-172 also Lcziom, \ ol I pp 12.1,324 
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mine all th« oongmenoea of Guiohaxd for which one of the focal surfaces 


I a surface Is referred to its lines of curvature, a necessary and sufB- 
ion that the tangents to the curves e b const shall form a congruence 


I is 


a/ 1 8V5 \ 

au\vS au J 


0 


mine the aurfaoee whloh are each that the tangents to the Imes of 
n each system form a oongruenoe of Guiohaid 


icongrueoces We have just seen that the asymptotic hues 
jal surfaces of a pseudosphenoal congruence correspond, 
18 true in the case of the congruences of normals to a 
I (of § 124} For this reason all congruences possessing 
irty are called Jf -eongrueneet We shall derive other prop- 
Jiese congruences 

ndition that asymptotic lines correspond, namely 
following form in (onstcpu nee of (58) and (59) 




>ni (00) it follows Hull a him esHury and sufficient condition 


nigiut in 1 iH 



r to ohtiiin an i<l< a of tin anahtu al jiroblein involved in 
ninatmn oi If lon^nuuntM \\( suppoHc that W( have two 
^ Sj(fin((l t() tlnii aH\in|)toti( line h, and iiKiuiic undci 
itionsllM hiH s joiinn^ ( OIH-v i ^ point h on the suifac ts 
iltotlnin \\ < issiinn that tin < ooidinati s of the surf K (s 
il ♦ h\ nn ms of tin Itlnuvii foiinnla8((f 79), thus 


t I 
t u 

t I 

( u 

* ( f (suit hanl 




f 1 

"i 


11 


— 

III 

"'i 



< V 



1 u 

< u 


<r 

I'l' 


j 

(1 ^ 


"s 



(/ 



{ u 

lU , 


1 

t^l' 


(. miitr, Nrmlu» Vol I X (IDHO) pp UMiT 
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and similar eqnataons m y, i, y, and 2 The functions v^, , 

^21 solutions of equations of the form 


(69) 


^=x«, ^=x^. 

dudv dudv 


and they are such that 

(70) vl+vl+vl^oc, 
where a and a are defined by 

(71) ^ = 






1 


Since z/j, j/g and p^ are proportional to the direction- 
cosines of the normals to S and S, the condition that the lines 
joining corresponding points be tangent to the surfaces S and 
S 18 

v^(x — rr) + pjy — y) + — «) = 0, 


Hence 


- x) -{- \{y — y) + - 2) = 0 

^ 1-y ^ 


x^x 


z — z 


■ 


= 7n, 


where m denotes a factor of proportionality In onlei to find its 
value, we notice that from these equations follow tlu lelations 

( 2 — xY^ 7n^^{v v^~- 

^ rn^l^laa — hi na sinV^ 

where 9 denotes the angle l)etw(( n tin fo( il pi iin s If (Ins \ ihu 
of 2 p and the V dues of A and A fioin (71) lx sui)stit uti d ui (i)7), 
it IS found that m**--1 Wt tike m I, thus ii\iiig lli< signs of 
above etpiatioiis lx (onic 

(72) J.-j. = v^v-u^u , y - ,,r, / ,V -,M, 

If the fust of these e(|uations lu dilTtu ntiat( d with u sp( (t to u, 
the result is leducible by ((>8) to 
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g m kke manner with the others, and also diflerentiatmg 
»ot to t>, we are brought to 


1 *1(5,4-*',), 


(*=1,2,8) 


kd i are factors of proportionality to be determmed 
ist of these equations be differentiated with respect to v, 
reduction we make use of the second and of (69), we find 




inner, if the second of the above equations be differen- 
1 respect to u, we obtain 




16 eciuatiotiH tiro true for t = 1, 2, 8, the quantities in 
IS must bo rero 'Ihis gives 


X = 1 kl, 

(f 


cv 


dl ^djk 
du dv 


nco with tin) hint wfi jmt 
1(K 


lu*IH Im * OHH 
K 


'.u.AoJ 


I = log - > 
>'r 


>■ I 


ittioiis (O'h 111 i\ 1 m wiitlin 
0 




' '-V' 

tun '( II n V^i/ 


.0 r 


( U I I l\ t 11 I > 

li it follows tint 0, IS II solution of tlio Inst of tqua- 
iiinl 1 (>, of till snoiiil Monovi'i, ((Illations (7.1) may 
itt< n III till foiIII 

0, I ^ K 

' (0,1 I if>^ (K. , 1.(^1".)- <’^i 

^ 1 00 dv 


( li <u 
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Hence if be a known solution of the first of equations (69), we 
obtain by quadratures three functions which lead by the quadra¬ 
tures (68) to a surface S The latter is refened to ite asymptotic 
lines and the joins of corresponding points on S and S are tangent 
to the latter And so we have 


^ a surface S be referred to its asymptotic lines, and the equations 
of the surface he in the Lelieuvre form, each solution of the corre¬ 
sponding equation 


dudv 


= \e 


determines a surface S, found by quadratures, such that S and 8 are 
the focal surfaces of a W-congruence 


Comparing (74) with (XI, 13), we see that if we put 

the locus of the point z^) corresponds to S with orthogo- 

ality of linear elements Hence 5, are proportional to the 
direction-cosmes of the generatrices of an infinitesimal deformation 
of 5, so that we have 

JSach focal surface of a W’^ongruence admits of an infinitesimal 
deformation whose generatrices are parallel to the normals to the 
other focal surface 


Since the steps m the preceding argument are n versible, we 
have the theorem 

The tangents to a snrfaa which an perpendu ular to the qmera- 
trices of an infinitesimal deformation of On laffir tonstUntt a Jf 
congruence of the most general kind and tin normals to the other 
surface are paralhl to tin (pm ratrias of tin deformation 

173 Congruences of Ribaucour In his study of sui ftu < s (oire- 
sponding with oithogonahty of luicai denunts UibuKoiu consid¬ 
ered the congruence formed by the lints througli points on one 
surface parallel to the noimals to a surface t oiiesponding with the 
former in this manner Bianchi * calls such a (ongnitiKc a (on- 
gruence of Ribaucour^ and the second surface the dim tor surf ate 

In Older to asceitaiii the properties of such a eongnieiu e, we 
recall the results of § 163 Let be taken for the surface of 


»Vol II p 17 
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nd draw ha« parallel to the normals to S If the latter 
to xts asymptotic Imee, it follows from (XI, 6) that 


Zv. Zu 

?£x^A 

Zu Zv 


HK 

ly^ 

s •— -1- • 

JiK 


f“X 


Zv Zu 
Zv Zv 


SK 
■ JSK 


values satisfy the conditions 

e,^ wm 0, 0, 

ar&oes u "• const, v » oonst are the developables An.^ 
),+p, IS equal to zero, dj is the middle surface of the 
But the parametno curves on 8^ form a conjugate 
>n the asymptotic lines on S are parametric Hence we 
leorem 

’lopable mrfacev of a eongrvenoe of Eibcmoour out the 
face tn a loitjugate eystem 


I • proved that this piopeity is characteristic of congru- 
liaucoui In onlei to obtain this result, we differentiate 
equations (<‘>4) with respect to v, and in the reduction 
>f tho fu( t that \ and p satisfy equations (Y, 22 ) and 
livel} I hiH givi‘8 


■ Crf ' 


dv 




and Hiinilii t ({uatioiiH in an<I it follows tluit a 
nd huilK i( nt < onditmn that tho piinunetiic cuives foiiii 


H>st« m is 




<(Hi(iitn»M IS Hat mind h\ a of (UivcH on the 

\ n pH St nt tin uhn niptntii lints on a unitjue HUifact iV, 
diiiatt H ait tpiadialuieH (VI, 14) 

'/ ' t U iff <v /{^ \ (U vV 


initiitn / htuit \ortmtif Hor 1 \ol \I (IHKU) pp M4 145 
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and siBjilar expressions for y and % Combining these equation^ 
with (54), we find that 

^z%u ' ^dudv ^dvdu 

Hence 8 and 8^ correspond with orthogonality of linear elements, 
and the normals to the former are parallel to the lines of the con 
gnience Hence 

A necessary and sufficienit eandttton that the developahles of a 
congruence cut the m%ddle surface in a coiyugate system is that their 
representation he that also of the asymptotic lines of a surface^ %n which 
case the latter and the middle surface correspimd with orthogonality 
of linear elements 

SXAISPLBS 

When the co5rdmates of the unit sphere are in the form (III, 86), the para¬ 
metric curves are asymptotic lines iind the IT-congruences for which the sphere 
IS one of the focal sheets 

2 Let Vi =/t(M) + 4>i(v)^ where/, and 4>t are functions of u and v rtsiicctlvely, 
and i = 1, 2, 8, be three solutions of the first of equations (Oil), in whic h case X = 0, 
and let di in (74) be unity Show that for the corresponding congruence the mid 
die surface is a surface of translation with the gtneratiiiis u rz loimt, v = const, 
that the functions/, and 4>i am proportional to the ilirtition i osinoi of the binor 
mals to these generatrices, and that the inti rscctions of the osiulating planes of 
these generatnees are the lines of the tongnii mt 

3 Show that isotiopic congnuiuis and tongiucmes of (luiihanl aie tongru 
ences of Uibaucour 

4 A necessaiy anil sulhtii nt londitnm that a longnu n« i of Hiham oui be nor 
mil IS that tlu sphciii il n pi< si ntatioii of its di m lop ibh s U iHotlnnnK 

6 The noun ils to iiuadiii s and to thi i lull s of Dupm i oimtituti (ongiuiiiLts 
of Ribaucour 

6 When till niidillt suifiii of iton^nnnn is jil iiu thi lon^iiunn is of tin 
Kibuicoui type 

7 Sliovv til It the < on^nii IK 1 of Itdiiiuoui wild'll dm < tm is i ski w 

lit licoid, IS i iioi Ml il < oiif^i IK IK ( , iiid (h If till KOI m il sin f o < s m moMm iii f i< ( s 

8 SIiow 111 it i lu 11 ssu \ uid sulhi K lit ( ondit Kiu til it 11 on nn m « < f Kdi iiu oiii 
be nomial is th it the dm i toi kui f u i bi inimin il 

GENERAL EXAMPLES 

1 I Inough 1 11 h lull of a (ongrui IK I tlun j* ihh tuo mb d wm f o i s (d tin ion 
grucnic whose lints of stnction lu on tin iniddh suif k » tin ii i pi iiioii is 

etlu’^ M /* I /" )d//df i 

2((^ 7 — J^) du^ I Z dwlv b 

they are called the nuan ruUd Hurfann of tin longrui ik< 
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m 

tfaAt tbe nmua ruled sarfwm of » ocogntOMe m 19 ^^ oa the 
i orthofowkl syetam of reel Knee, end that tbeii oentral (§ 105 ) 
iglee between the fooel plenee Let« « oonet., e » coast, be tiw mean 
BS end develop e theory enelogous to that in § 167 

e two focal eurtaoee of a oongruenee intersect, tits intersection is the 
the edges of regreeslon of the two families of developable soifaoes of 
Qoe 

ongruwoe oonitoti of the llnee joining points on two twisted curves, the 
for a Una of the oongruanoa are datannined by the line and the tangent 
a at tha point whara the ounra is mat by the Una 

dar that tha llnaa which join tha oanters of geodasio curvature of the 
orthogonal ayatam on a surfaoa shall form a normal oongiuence, it is 
Ki sulBciant Uiat tha oorreaponding radii of gaodesio ourvatura be func 
another, or Uiat tha curvaa In ona family hava constant gaodesio ourvatura 
? ba a aurfactt wliow Unea of curvature in one system are circles, let C 
vertex of the cotta clroumaoribing 8 along a olrole, and L the oorre 
aerator of tlia oiividope of the planes of the circles, a necessary and 
iciition that tlu) Htu^s tlirough the points C and the corresponding lines I 
al coiigi Ui lit 1 i« thiit Uity distance from C to the points of the correspond 
iuU be tiic istiite for t very dreie, if this distance be denoted by a, the 

11 < 111 iiidif ttf H di(T< ti iitiiUlon N^ith nstwet tu the arc of the curve of 

II Mphi t< H 

s 1 m h HiitiuM II f< itid 111 itM liiliHdf iuuatuie, Ti and Ca tliu centers 
tint null f III I iiini at I jHiint Oi and fJa the tunUtK of giodesic curva 
liniM if I un iiiin it (Iiih point a luuHHuiy and KunUiont condition 
I joiniin f ill 1 < I foiin a tunnml (oni,,nnmo is that/>i bo a function 
it Hill if till N I I 111 111 aioiiHtaiit 

s li I Hoifi f ihi I til I ilitlnid 111 I X (I Iho (ono fonmd by the 

III hill til I ii I ml ( I III ill 1 ih taiii^i lit to tho HI ( ond hIu (t of the 

Ml I III 1 I I M I sh•l^^ tint till IiiHN thioU|^]i poinU oi 1 ind 

f 111 I \s 1 ii h I Ml iiin nbiH s dune 1 M U( t it( i nounil ion 

I til ki ( ll Ml til ) I nil I f i 

II III I till Mi ll llh ll ii hi ll III nil till Kplli II fill \\ ilU ll tllO llIlO IC 

/ \ I / I I i/l ) 

lit f I I 111 I III 1 1\ I It till M i nil lit id h nctli X nil asUK ll tioni 
lilt I I liiili ihtl I vtii mils 1 1 till SI pill Id diiw i liiK ])ai llh 1 to 
til, ) I, 1 If 111 I lit I MI i I ^li w th it IhisiDiipui nil IHlHollOpK 
II I II 111 M I I I ti pi ml IN dm I him insiMiH iiu of lh( foim 

I itM ll ( ) ll ill I I I 

I ^ -f 

t HI I ( I I UI )'' 

II {.I III I ll iidi I ll 11 

f Jjii ID 1/^111)1(1 t »n) » 1 /■ ~ 0, 

if iti iiblfnir\ fuiM thniM cif u and tJ HHpii thily hind tho equations 
h Hiufaii 
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EECTILINEAit CONGEXIINOES 


11 theplaiaes 

+ i(l + + 2 w« + 4/(«) 5= 0^ 

(1 t(l -f i^)y + 2w 4- 4^(v)=: 0 

owfcit^ite m isotaxjpo < 5 cmgr««nee, for which these are the focal planes, that 
loons of the mid-pmnts the lines joming points on the edges of regression of 
dev^c^hles enveloped hy these planes is the minimal surface which is the mi 
envel(^ of the oongmenoa, hy finding the coordinates of the point In which 
tangent plane to this surface meets the intersection of the above planes 

12 Show that the middle surface^ of an isotropio congruence is the most gei 
surface which corre^nds to a ^here with orthc^nallty of linear elements, 
that oorre^nding associate surface in the Infinitesimal deformation of 

^ the ndnimal suxfaoe adjoint to the middle envelope 

13 Hnd the surface associate to the middle surface of an isotropic congru 

when the surface corresponding to the latter with orthc^nality of linear elen 
IS a sphere, and show that it is the polar reciprocal, with respect to the Imagi 
sphere 4 . ^ X sc 0 , of the minimal surface adjoint to the middle env< 

of the congruence 

14 The lines of intersection of the osculating planes of the generatrices 
surface of translation constitute a TT-oongruence of which the given surface 1 
middle surface, if the generatrices be curves of constant torsion, equal bi 
opposite sign, the congruence is normal to a IF-surface of the type (VIII, 72) 

15 If the points of a surface 3 be projected orthogonally upon any plar 
and if, after the latter has been rotated about any line normal to it tlmn 
right angle, lines be drawn through points of A parallel to the (or responding 
mals to 8, these lines form a congruence of Kibaucour 

16 A necessary and sufficient condition that tlie tangents to tin ciir\< s v = c 
on a surface, whose point equation is (VI, 20), shall form a congruence of Hlbauc 

log b ^ 

('ll rv ?u<o 


17 Show that the tangents to (ach 8yKt4in of paiametric cunts on a si 
form congmences of Ribaucoui \Nhtn the point eipiatloii is 


Jufo ?U (B 

where Ui andFi are functions of u and v resist ti\oIy, and the acctnts iiu 
differentiation 


18 Show that if tlie parametric curves on a surface S form a < onjugaU h> 
and the tangents to the curves of cat h family fonn a congniem t? of Itli)au( 01 
same is tiue of the surfaces Si and S_ 1 width togiahtr with S tonstltuu tlic 
surfaces of the two congnicnccs 

19 Show that the parameter of tlistiihulitin p of the ruled surface of j 
gmence, determined hy a value of dv/du, Is given by 
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)0w that tlw BMU Tuled «ufMa> (of Bx. 1) of » ooagruenoe we chat- 
by tlw pK^pwty that for thew sniftwMe the pwameter of databution 
and minlnum ralnas. 

8 Md A> two aaeooiete anilMes, and thiongh each point of one a line 
puallel to the oorreqwnding ladins rootor of the other, the derelopaMee of 
nenoe tboe formed oomq;>ond to the common oonjnj^ astern of S and So 

I order that two earfaooe 5 and 5, oorreeponding with parallelwn of 
^anei be aeeodate eorfeoee, It Is neoeesaiy and snfBloient that for the 
oe formed by the Joins of oorwspondlng points U and Jf, of these sur- 
derelopablac oot 8 and 8 ^ in tltolr common conjugate qetem, and that 
points M and Jfe form a harmonic range 

I order that a sorfaoe 8 be isothermlo, It is necessary and sufficient that 
It a oongraenoe of Ribauoour of which 5 is the middle surface, such that 
epablee ont S In its lines of corvataxe. 
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174 General equations of cyclic systems The term con^r 
IS not restncted to two-parameter systems of straight lines, \ 
applied to two-parameter systems of any kind of curves Darb 
has made a study of these general congruences and Ribaucour 
considered congruences of plane curv^ Of particular inter 
the case where these curves are circles Ribaucour has give 
name cyclic eystema to congruences of circles which admit of * 
parameter family of orthogonal surfaces This chapter is de 
to a study of cyclic systems 

We begin with the general ease whore the planes of the c 
envelop a nondevelopable surface tS We associate with the 
a moving trihedral (§ 68), and for the present assume the 
parametric cur\es on the surface are any whatever 

Ab the circles he in the tangent planes to A, ilie e(U)id 
of a point on one of them with respect to the (oiiespo 
trihedral are of the form 

(1) a 4- A* cos Oy f) 4- A sin Oy 0, 

where a, h are the cooidinaUs of the cenUr, A tin i idius 
the angle which the latter to a given point maki s with tin ii 
a;-axib 

In §69 we found the following tKpnsHioiis foi tin pioj< 
of a displacement of a point with nsput to tlui ino\ing i\< 

4--f fjffe 4-4-— (r </// \ t )// 
dy T]du + rj^dr ^ {t (hi ^ r^th ) i — i /niu | 
dz ~ir(pdu-\ ;?,(/? )7/ —( Y^/// | 

’'‘Vol II pp 1-10 also P ifjonh irt <” onj^rm n< ch of ( ur\( k 1 r<mstt< ti ms tf f) 
Math Sol , Vol IV (1<K)1) pp 470-488 

1 Mtmoire sur la theorie gi n<frale dcs Rurfat tfi (ourhcH Journal tit ^ Mnthri 
btr 4, Vol VII (1891), § 117 at seq 


m 
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, the trwislatwns f, f i, 17 , ni and the rotations p,q,r, 
j the oonditions 


’2 E-§Si 

9v du 

dv du 

, dv du 


V‘i-r9v 


M-M, 

dv du 


vri-Vir, 






ben the values ( 1 ) are substituted in ( 2 ) the latter are 
ible to 

' Adu + A^dv + cos 6dR—{dB + >• d« + r^dv)R sin 6, 

■ BdU’^B^dv + ninBdR-\-{d6-]-rdu-^ r^dv) R cos B, 

(pdu + Pidv)(h + RBinB) — (qdu + q^dv)(a+R cos B), 
s we have put, for the sake of brevity, 

f ~ r/>, /? = -- +17 + ro, 

/ u ou 


conditKiUH thiit 

t jftt\ ' ^ 

edut ihl< i>\ nu uis <»! i )) to 

j ' ' ' //-, /■(/''/, -/V/)' 

I M ( n 

''' ' ' ' /, I I » (, I -!>,<!) 

(I I n 


||« ihiM liuiMosiiiih of llu tniKiiit to tin gi v( ii oik lo at tlip 
t ( 1 ) JIM* 

siii^^ <osd, 0 

(<* tin (oiidition tluit th< lo( us of tlu point is ii and v viiy, 
ntho^oiml to th. <inl« ih tint tlu huiu of tlu txpiossions (4) 
tiplied rcHpu ti\< Iv by tin (luiuititus (7) ho /pk> Ihis gives 

lidB + ilhonO- (Hint? 4 />r)diH {r^tOBd- l,8in0+ifr,)d«=O 
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In order that the intern of circles be normal to a family of s 
faces this equation must admit of a solution involvmg a paramei 
Since it 18 of the form 

( 9 ) BdjB + UAv.-\-Vdv=‘(iy 

the condition that such an mtegral exist is that the equation 



be satisfied identically * For equation (8) this condition 
reducible to 

] 

+ {AB^- A^B) + ^{pq^-pS - 0 


( 11 ) 


— CO8 0^ 


dR ^ dR ^ , 

^B--B,-Ra{pq,~p,q) 


In order that this equation be satisfied identically, the express 
m the brackets must be zero If they are not zero, it m pos^ 
that the two solutions of this equation will siitisfy (8), and 
determine two surfaces orthogonal to the congruence of cir 
Hence we have the theorem of Ribaucour 

If the circles of a congruence are normal to man than two surf 
they form a cyclic system 


The equations of condition that the aystern bo cytlic 
consequently 


( 12 ) 


{dR . rli . ^ ^ . 

1 .+/'.?) = 0. 

{ dR t , A 


The total curvature of R is given by (cf 70) 




•^Murray Differeiitial f quatwm p H7 New York, IW alao Fornyth,/^//r 
Equations, p 257 London, 188H 
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ii« sad <6) it is bma that aqaatUHOB (12) mvolve only 
A relating to the linear element of jSf and to the circle 
ire have the theorem of Ribaaooar. 

0Md0f« <(f tkt pUm€$ of ih* oireiee <f a oyoho tyOm U 
i M etny manner mthovi d%etmh.ng tiu mo or poeOwn of 
u relattvo to the potnA of oowtaet^ tho eonynmoo (f etrdet 
$ to form a eyehe eyttem 

lermore, if we put c 

t-itaii|> 

I (8) aseumee the Riooati form, 

dt +(«,<•+«,« + «,)<?« + (4/+ bjt + J,)d» «a 0, 

he a’e and b'a are functions of u and v Recalling a fundor 
property of such equations (§ 14 ), we have 

four orthogonal ourfaern of a eyelto $y$tem meet the ctrelee tn 
mt* whoee eroee ratio te eonetant 

I by hyjKithcHiH A ih nondevelopable, equations (12) may 
aced by 

/i (<i 4 Aft, 

fit 

fi ' <,<i 4 A.ft, 

< I 



1 </>, 

1,/. 1 


- f,»?) ft ■= 0 


the hiHt t’ 

rto of tl 

Ik ho < 

({iiationK 

arc rc(lu( iblo to 



f u 

/ 

ft') 2 (.if ) fti;). 



' lA 

i t 

It 

ft ) l(<if, -t fti),) 


ndition of 

Mill 1 


ilf IhtH< 

% qUatloiiH IH 


fti u (f 

t ♦ 

'"f 

I 

//, rUii] 

, ftf,) 

■ ftf) 

(1 ti 

t ti 

t u 




1 of (OriHK 

i< iin^ 

thiH ( 


wo intioduco a 

function <f> 


equation 

2 ^-/A-a’-ft^ 
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5 I 3 ® ©on^tion which ^ satisfy Wc taka for 
jj/iessions obtained by soiving (14), that is 


a = ■ 


di 


5 = 




(18) 


■M^+ir=o, 


the eqttafaon (16) vaaiishes identically, and the only otiber 
ition to be satisfied is the last of (18), this, by the substi- 
m of these values of a, J, It, becomes a partial differential 
equation in <f> of the form 

dv^ X&ndvJ du^ dudv 
where j; JS, Jf, N denuote functions of f, r^y and their denvar 

tives of the first order Conversely, each solution of this equation 
gives a cyclic system whose circles lie in the tangent planes to 8 

EXAMPLES 

1 Let ^ be a surface of revolution defined by (III, 00), and let T bo the trihedral 
whose X axis is tangent to the curve v =: const Determine the coruUtion which the 
function f (u) must satisfy m order that the quantities a, 6 in (1) may have the values 

1 




b- 


Vl + ^»(u) 

and determine also the expression for R 

2 A necessary and sufficient condition that all the cirtks of a <yf lit systoin 
whose planes envelop a nondevelopable surfat o shall ha\(^ the sainc^ ratiiuK, Ik tint 
the planes of the cucles touch their enveloi>e »S at the (( nt< rs of tlu^ (inUs, and 
that S be pseudosphorical 

3 Itt *S be a surface reftircd to an orthogonil K}Ht<tn of Iukh and b 1 / he 
the trihuhal whose x axis m tangtnt to the < ur\( v ~ < oust \\ ith h f» h in« to the 
tiihedi U the (<ju itioiiK of i cui\o in the t ui#,t nt pi iin iniof tie foi m 

a; = p coH y - P Hin ^ z - 0 

where in general p is a function of w and n Sliow tint tin tondition tint tlnro 
be asm face orthogonal to tins* cui\ih is tint tin n < xist i u 1 lx twu n P u 
and tj which satisfies the upiation 

’ p^ Kin (9 i pV^ (ill 


L W/ J \d0 (^u (P 

( ^p ^p \ 

\-7jiHiue -f/>77i ( os 0 1 p-^r I )dn 
c9 tv (9 ' 


When this condition is satisfied by a fuintion 9 \Nhi(ii iM\(d\<s in irliiti ii> ton 
stmt, there IS in iiihnity of noimal suifai ( h In this i is< tin <ui\<s nu sud to 
form a normal congruem e 

4 When the surf ire enveloped by the planes of the rums of i normal con 
gruenco of plane curves is deformed in such a way that the curves remain invari 
ably fixed to the surface, the congruence continues to be normal 
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cUc congraences The axes of the oiroleB of a oyoho sye- 
tute a rectilinear congruence -which Bianchi * has called 
\grMnot In order to denye the properties of this eon- 
d further results concerning cyclic systems, we assume 
irametno curves on S correspond to the developables of 
ence 

rdinates of the focal points of a line of the congruence 
enoe to the corresponding trihedral are of the form 
I, p, On the hypothesis that the former are the 
I of the focal point for the developable v = const 
le line, we have, from (2), 

'^ +^+qpi— 0 , £ + i;—J)p,+ ra = 0 

r in like manner with the other point, we obtain a pair 
equations All of these equations may be written in the 
I form 

yp, = 0, //-pp,*=0, i^+q^Pi=Q, Bi-p,p,= 0, 

(iKO of O) When these values aie substituted in the 
ations (1 1), it IS found that 

f>'=■-P^Pi 

line H joiiunt^ a point on ihecinlo to the focal points are 
hu If put 

If) p, 2 + 

itiii),; Jptlu (list HIM b( t\v( en tht fo( al points, and by 
MM IxtwfMi tin (inlM ot tin (iule lud the mid-point 
of tin < 011)^1 \u iK i, \\< lind th it 
/. 1 ^ p' 

t Ins < (|U it ion 1»\ till two 

( f) i os rr, l\ ~ p sin <r , 

11 ^' i him tion fT Now wi h im 

Pj piiosrr I 1) p “ pfloSfT 1), 

I itioMH I I’h ni 1)1 wiitti n 
I 1 yp (( ns <r 4 1), A = yip ((((SO-+ 1), 

I 1, -y,p(( ns (T ~1 ), Aj=:yi,p(c 08 <r — 1) 

• Vol II i> 1«1 
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By means of (5) equation (16) can be put m the form 

When the values (22) are substituted m this equation, it becomes 

cos o’{pVi~PiV ~ ~ +J”7i“ ® 

Since (3) the expression in the first parenthesis is zero, the same 
IS true of the second, and so we have 

PiV — 2i^ = ^ 

But «iese are the conditions (V, 67) that the parametric curves 
on S form a conjugjate system Hence we have the theorem of 
Ribauoour 

On the envelope of the planes of the mroles of a oyelte system the 
curves corresponding to the developahles of the associated cyclic eon- 
gruencefotm a c<yn{)ugate zytiew, 

176 Sphencal representation of cyclic congruences When the 
expressions (22) are substituted in (6), we obtain 

2i »■ -1)] - ? I; 

JPi [/>(cos <r -1)] - p £ [p (cos <7 + 1)] 

« 

Since pqi — Piq ^ 6 unless S is developable, the pu (cding eiiuationi 
may be replaced by 

£ [p (cos <r -1)] = 2 p {^2 } + “''T’)’ 

£ [p (cos <T +1)] = - 2 p IY } + <"7, - )> 

wheie the Chnstoffel symbols are formed with lespect to 

( 24 ) {p du-^-p^dvy-^iqdu + q^dvY, 

the linear element of the spherical representation of S 




SPHSRlOAXi BMPRESESTTATIOiT 4^ 

i like nuraaer we »ab*t!itato in Hhe first two of equations 

1 \ P ooe a- d 

1 — 008 — -— C08 C ea pi— qa, 

'du l + oo8<r0tt ^ 

< v0p pooe<r i 

1 ^ +«.« 

»equations and ( 28 ) we find 

||C08<r-2(oos<r+l){^2y^ 

■ 

£ 008 ff - 2 (cos <r -1) 

(008 <r -1) ^ - 2 p cos <r { + ?« -pi, 

fl2V 

(cos <r +1) ^^ = — 2 p cos <r I ^ j- + jjA —p^b 
ditiun of t ‘ of equations (25) is reducible to 

2 V ^ ri2\' 3 / 121 ' /12V/12V 


roHHioii fo! (osrr obtained fiom thiH equation be substi- 
^>), we lind two t onditiouH upon the curves on the sphere 
lat tin > inii> u pii st nt the dovilopahles of a cyclic con- 
A partii iilar ( as< is that in which (27) is identically sat- 
n tin two ( onditions aie 




rt oui puijMme to show that if any system of curves on 
Hatistiis « ithf I t of t onditions, all the congiuences 
elopibbs ui thus npicstnttd on the sphere aie cyclic 
mu that tin* spheie is lefencd to such a system and that 
solutnui f) of 
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By the loetiiod of § 167, or that hereanafter explamed, we find th© 
surface of the oongnience Then we take the point on ea<di 
line at the distance — p cos tr from the mid-point as the center of the 
circle of radius p sin <r and for which the line is the axis These cir¬ 
cles form a cyclic system, as we shall show 

In the first place we determme the middle surfece with reference 
to a trihedral of fixed vertex, whose a-axis coincides with the radius 
of the sphere parallel to the Ime of the congruence and whose 
and y-axes are any whatever If y,,, a* denote the codrdinates 
of the mid point of a line with reference to the corresponding tn- 
hedral, the coordinates of the focal points are 

*i>» ^0. ®0+P> V **0—P 

From (2) it is seen that if these points correspond to the develop- 
oWflis V = const, and u = const respectively, we must have 

By 

^ ? (Zo+P) - ry, = 0, + rx,-p ( 2 „ + p)=0, 

+ ?i(2o - p) - = 0, + rpr, - P. (Zo - P) = 0 


Since PiJ =?*= 0, the conditions of iiitegiabilit}' of these equar 
tions can be put in the foim 


( 80 ) 


^_3p_2 

du du 


cv do ^ 


fl2V 

P \ o ) 7 *^ 1 )) 


It IS readily found that the condition of intogr il)iht\ of tlitst i (jua 
tions IS reducible to (29) 

It will be to our advantigc to hi\( ils«) tht ( ooidiii lies of the 
point of contact of the pi me of the (licit with its tn\t lopt iS If 
3 /» —/) cos or denoti thi se cooidinatts with rcfeicnte to tlie 

above trihedral, it follows fioni (2) that 

- (2„- p cos or) = 0 



OTOLIO 4g6 

asttoQS b* rab^TMtedi Hm z«^itTe ooak (d ( 80 ), 
we rednoible, by saeaiut of ( 85 ), to 

^ ^ C 2 }^ ^ 

4-1) U + 2/» oo» «r +|,,(y»-i)~ y,(«;,- 0, 

1 

Ibe Mme m ( 26 ) For, the qiuoitities %— z, y,- y we 
etM of the oeater of the oizole vith leferenoe to tiie tut- 
lUel to the preoeding one and with the corresponding 
for yertez 

we have a solution 0- of ( 25 ) and p of ( 29 ), the coire- 
alues of a and 5 given ( 26 ) satisfy (22), sinoe the 
he conditions that the parametno curves on the sphere 
he developables of the congruence However, we have 
rhen the values (22) are substituted in (12), we obtain 
sductble to ( 25 ) and ( 26 ) Hence the circles constructed 
1 above form a cyclic system 

uaiions ( 25 ) admit only one solution ( 27 ) unless the con- 
is satistuHi, w«> have the theorem 

h eyt lu < otu/ruetK 1 thrre %» mtonated a unique eyelte tyt- 
\t %» ttt (h) eiimt iiuu a <onyruin(.e oj liibaiieour, m which 
« an intintti/ <‘f aeHonattd eydtc ei/Btenit 


If th»' rt HulU of!} 111, w» iiavi* the theorem of Bi,uichi * 
r total (an atari ot a eartaie nferred to its asymptotic 
fa hum I 

(</>(«) \ •f{v)Y’ 

'itiin ift ni / att 11 ot a loat/tuian o 1 llthaaionr which ii 
>1 iiitiaiti/ ot aiti/s and tlasi aii tin only i lithe conyru- 
in latiniti/ ot assoiiatid ii/ilii si/steins 


im tin lu I il holtitioli ol ((jUiitiOiH (20) IS 


( OH (T 


tjr- 4 <1 

4>+ ‘f 


an ail)itrar> touHtunt 


• V<il n, p 165 
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177* S^ffacea ^rtibogoaal ta a cyclic sjrstem In tins section W€ 
consider the surfaces orthogonal to the circles of a cyclic sys 
tern Since the direction-oc^ines of the normals to the surfaces 
with reference to the moving trihedral m § 174 are — sin 0^ cm 6, 0, 
the sphencal representation of these surfaces is given by the point 
whose coordinates are these with respect to a trihedral of fixed 
vertex parallel to the above trihedral From (2) we find that the 
ccicpressions for the projections of a displacement of tins pomt are 

— cos 0(d0 + rdu + 

— sm 0{dd + rdu + r^dv)^ 

(p du +Pidv) cm0 + (gdu + q^^dv) sm 0 

Moreover, by means of (8), (21), (22), we obtam the identity 
(82) sm a‘{d0 + rdu + r^dv) = — (1 + cos <r)(p cos 0 + q8m 0)du 

+ (1 — cos <r) ( p^ cos 0 + qi sm 0) dv 

Hence the linear element of the sphencal representation of is 
o 

(33) dcr*= r-(jt? cos ^ + 0 sm 0fdu^ 

' 1 —coscr 

2 

-j_ --(»,cos ^ -f c. sm 0fdv^ 

l-fcoscr^'^^ 


Since the parametric curves on the sphere fonn an oitliogonal 
system, the parametric curves on the surface are the lines of 
curvature, if they foim an oitlioL^onal sjstein In ouler to show 
that this condition is satishecl, we fust iccliut the expressions (4) 
foi the projections of a displticenu nt of a point on h\ me ins 
of (21), (22), (25), (2b), and (32), to 


(34) 


( n ( V du U dv \ 

cosc'smo' — 

I \1 — cos O- 1 -f eOH or/ 

n / i'du Ddv \ 

int7 8inor( — T 

\1 — COS a 1 -f- cos a/ 


C du-\- l>di\ 


where we have put 


(35) 


J C ■= p{h + R &in 6) — q{a + R cos 6), 
(/> = ^j(6 + ^ sin ^) — ^[(a +R cos 6) 
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ft IrnMT «l«ment it 

l — COSiT i4-<J0S<r 

oh It u Men that the panunehno otizTes on lem an 
il eystem, and oonMqnentlj ate the lines of curvature 
rmore, it ie seen from ( 84 ) that the tangents to the corves 
,« M const, make vrith the plane of the oude the tespec- 

\ smc / \ SlUff / 

down from ( 21 ) that the hnes 30uung a point on the ou> 
oe of a oirole to the focal points of its axis make the 
!) with the radios to the pomt Hence we have 
M of curvature on a jnafaee orihogonci to a oyeho eystm 
i to the developablee of the eongruenoe of axee of the melee, 
ingents to the two Ivnee of curvature through a point of the 
eet the eorreepondtng one in tie focal points 

ormal cyclic congruences Since the developables of a 
igiiKiKc coiuHiKind to a conjugate system on the enve- 
F the pliinoH of the circles, this system consists of the 
turviituiw when the longiucnce is normal, and only m 
((f K'i) If, (Hull I these conditions, we take two of the 
the tiihftlial tiiiigoiit to Uie lines of curvature, we have 
f, ’/-<>. p==?.*o, 

ti(»nH (‘J”)) iHiome 
Jog, oh" Jlogp., 

nlilo t hou I ot ]>iiiiim( U'ra wo have 

f/^-sin", 

\M put fi) (t/Z tlu* line 11 (Uintiit of the sphere is 
(In Hin coti^fodn 

tliiH rtsult with (i^ 119), wo ha\e the theorem 
rmaU to a nurhue i with the same sphental repreBentation 
s ot curvatun (ts a pentdosphencal surface constitute the 
' of normal cyclic congruences 
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SiBoe the surface 2 aud tbe euvelope S of the planes of tibe 
0 i 3 pcl^ liave the same represenfettiOB of tiheir lines of curvature, 
the tangents to the latter at corresponding points on the tvro 
surfaces are parallel Henoe with reference to a trihedral for 2 
paralH to the trihedral for 8 the eodrdinates of a point on the 
circle are S cos d, JS sin d, /a, where /a remains to be determined 
and 0 IS given by (S2), which can be put in the form 

/^Av 80 , ^ 80 , d<ji> Q 

(40) —f-^ = oososin^, —+ —=» —sme>cosS 

^ ^ 8u 8v 8v du 

If we express, means of (2), the condition that all displace 
ments of this point be orthogonal to the line whose direction 
cosines are — sin^, oos^, 0, the resulting equation is reducible 
by means of (40), to 

sin 0(E cos a> — /Lt sin co — ^)du 

— cos 0{EBinci) + fjL cos 6) — T/j) di? 0 

Hence the quantities in parentheses are zero, from which we obtar 

(41) E = ^ cos 0 + TjySmcoj /a = — f am o) -{- cos o) 

When, in particular, 2 is a pseudosphental surface of curvatur 
— 1/a®, we have (VIII, 22) 

f — acosca, r/j — asmci), 

so that E^ a and /x = 0 Hence the circles an of constant radii 
and the envelope of their planes is the locus of lluii (entei 
(cf Ex 2, §174) Conveiscl}, when tlu latUi condition is sa 
isfied, it follows fioni (13) that H is constant M()ho\ci, in th 
case /Oj and p , as defined in § 17fi, arc the piincipal i idii of tl 
surface, which by (20) is j)s( lulosphtnc d When these vain 
are substituted in (30) and (3 5), it is found that the lincai tl 
ment of each oithogoiial snifict is 

a'*(c os sin'*^ Jrf), 

and of its spherical icprcscnt itioii 

(42) dcr^= to^^ddv^ 

Hence these orthogonal surfaces are the transforms of 2 by mea 
of the Bianclii transformation (§119) 
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raaeion (42) is tibte Iiumt eleaieai; of the spherical r^ 
of the surfhoes orthogonal to the circles associated with 
2 , whether it be psendo^henoal or not, whose ^hencal 
ion is given by (89) Since these orthogonal surfaces 
spreeentation of their lines of curvature, they ate of the 
as 2 Wo have thus for all surfaces witii the same rep- 
of their lines of ourvature as pseudosphencal sur&ces, 
lation into similar surfaces of which the Bianchi traus- 
ts a particular case, we call it a generalized Bianchi 
4 on* 

lie systems for whkh the envelope of the planes of the 
,ttrvo We consider now the particular cases which have 
ded from the preceding discussmn, and begm with that 
he envelope S of the planes of the circles is a curve C 
I the moving trihedral such that its a^-plane, as before, 
he circle, and take the a^azis tangent to C If « denotes 
he latter, we have 

(f» = f ilu + fide, »} sa i;j= 0, 

»-f,-r,f = 0, 3'f,-7if = 0 

(If)), und |U)) it follows that a and ^ are functions of », 
Hi Kiuiitioim nmy 1 h icplactd by 

"H 2 

nimitiu (inMsoulhi split re npiesent the developables 
riiHiut tin (onditioiis (l‘>) must hold But fiom (G), 
} !) \\i olil nil f 0 

IS fiom (I't) 1)1 siilistitutiil in this cijuation, we hive, 

fi)( nl SOI f u I s I oiiii idi If w( put 
H Px Pi 

1 Hiilistitiili in till last of (12), wo obtain 

(p' + /i^)(;»/,-/>,i/) = 0 

• it iuurioiH foiirnul \oI WVl (I'K).) pp 127-112 
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The vanishing of p^q is the condition that there be a single 
infinity of planes, which case we exclude for the present Hence 
that IS, the developables of the cyclic congruence are 

imaginary 


Instead of retaining as parametric curves those representing the 
developables, we make the following choice We take the arc of C 
for the parameter w, consequently f =1, ii =0 Smce 17 = 9 ;^=^ 0 
also, we have, from (3), 


?i=n=0. 


dv du ’ 


hence we may choose the parameter v so that jt? = 0, Pi==l 
From (3) it follows, furthermore, that 



dv 




of which the general integral is 

q^TI^ cos + JTg sinr = — TJ^ sin v cos 
where 27^ and are arbitrary functions of % From (5) we have 


so that the third of equations (12) is reducible by (44) to 


(45) 




^ sin v — U^ cos V 


Hence if we take for a anj function of u denoted by <jf)'(^4), equation 
(46) gives 6, and R follows directly fiom (44) 

180 Cyclic systems for which the planes of the circles pass 
through a pomt If the planes of the ciicles of a cyclic system 
pass through a point 0, we take it for the origin and foi the 
vertex of a moving tiihedral whose ;3-axis is parallel to the axis 
of the circle undei consideration In this case equations (14) 
may be replaced by 

(46) 

where c denotes a constant But this is the condition that all the 
circles are orthogonal to a sphere with center at 0, or cut it m 
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ly opposite points, or pass through 0, according as c is 
3 gative, or zero Hence we have the theorem 
%ne% of the circle% of a cyche eystem pass through a p(nn% 
are orthogouul to o %phere with its center at the pointy or 
here %n opposite points, or pass through the cewter 


aetncal considerations we see that the converse of this 
true 

in (46) is zero all the circles pass through 0 Then 
I have 

a = — p sin cos J — — p sm <r sm 
ons (26) become 

O’ —1) = —2 cosar |^2 j' + sin<r(psintf — gcosfl), 

cr + 1) ^ = — 2 coso-|^^^|‘+smor(jOjSm0 —y^cos^) 


ations are obtained likewise when we substitute the 
m equations (22) and reduce by means of (25) and (82) 
(22) the function p given by (26) is a solution of (29), 
ore p given by (48) is a solution But the solution 6 of 
es a parameter Hence we have the theorem of Bianchi * 
%ll the cyclic congruences with the same spherical repre- 
f their developahles there are an infinity for which the 
\e associated cyclic system pass through a point 

ke the line through 0 and the center of the circle for 
of the trihedral, equation (11) must admit of the solu- 
, and consequently must be of the form 

sm dL 4- (cos ^ +1)^ = 0 

lat this equation admit of a solution other than tt, both 
nust be zero and the system cyclic Wo combine this 
L the preceding theorem to obtain the following 
%rameter family of circles through a point and orthogonal 
^a(e constitute a cyclic system, and the most general spher- 
station of the developahles of acyclic congruence is afforded 
esentation of the axes of such a system of circles f 


t 


i 


Vol n, p 169 


t Bianchi, Vol U.p 170 
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We eonsidex finally the cabe where the planes of the circles 
d^iend upon a single parameter If we take for moving axes the 
tMigent, principal normal, and bmormal of the edge of i egression 
of tiiese planes and its arc for the parameter it, we have 

f = l, = i>i=2i= »•!=<>> 

and comparing (V, 50) with (2), we see that 


1 


? = 0 , 


1 

r = —> 
P 


rhere p and t are the radu of first and second curvature of the 
dge of regression Now 


^ = — 4-1 -’ 

du p 


. da 
^ dv 


dh , a 

:- 1 -) 

du p 




The equations (12) reduce to two One of the functions a, h may¬ 
be chosen arbitrarily, then the other and R can be obtamed by 
the solution of partial differential equations of the first Older 


EXAMPLES 

1 Show that a congruence of Ribaucour whose surface generator is the right 
helicoid IS cyclic, and determine the cyclic systems 

2 A congruence of Guichard is a cyclic congruence, and the en\ elope of the 
planes of the circles of each associated cyclic system is a surface of Voss 

3 The surface geneiator of a cyclic congruence of Ribaucoui is in associate 
surface of the planes of the ciicles of each ‘issociated cyclic system 

4 If iS lb a surface whose lines of ciuvature have the same spheiical lepiesenta 
tion as a pseudosphencal suiface, and S\ is a transform of S lesulting fiom a gen 
eialized Bianchi transfoimation (§ 173), the tangents to the lines of cuivature of 
Si pass through the centers of principal curvatuie of S 

6 When the focal segment of each line of a cyclic congiuenco is divided in 
constant ratio by the center of the circle, the envelope of the planes of the ciicles 
is a surface of Voss 

6 The circles of the cyclic system whose axes are noimal to the suiface S, 
defined in Ex 11, p 370, pass through a point, and the surfaces oithogonal to the 
circles are surfaces of Bianchi of the parabolic type 

7 If the spheres with the focal segments of the lines of a congruence for 
diameters pass through a point, the congruence is cyclic, and the circles pass 
through the point 

5 Show that the converse of Ex 7 is true 
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GSIVERAL EXAMPLES 

mine the normal congruences of Bibanconr which are cychc. 

envelope of the planes of the circles of a cyclic system is a surface of 
on 3 Ugate geodesic system corresponds to the develofffl^bles of the asso- 
congruence, any family of planes cutting the focal s^pments m con- 
id perpendicular to them envelop a surface of Voss. 

essary and sufficient condition that a congruence be cychc is that the 
have the same i^herical representation as the conjugate lines of a sur- 
)main conjugate in a deformation of the surface 5 the developables 
lence are real, the deforms of the surface are imagmary 

>lanes of the cyclic systems associated with a cyclic congruence of 
uch their respective envelopes m such a way that the points of con- 
tie planes ccnrespondmg to the same Ime of the congruence he on a 


spheies described on the focal segments of a congruence as diameters 
phere orthogonally or in great circles, the congruence is cyclic and 
Lt the fixed sphere orthogonally or m diametncally opposite pomts 


3 draws the circles which are normal to a surface S and which cut 
re /So in diametncally opposite points or orthogonally, the spheres 
the focal segments of the congruence of axes as diameters cut So m 
or oithogonally 

mine the cyclic systems of equal circles whose planes envelop a devel- 
e 

1 be the surface defined in Ex 14, p 871, and let So be the sphere with 
oiigin and radius r Draw the circles which are normal to Si and 
fo orthogonally or m diametrically opposite points Show that the 
lence of the ixes of these circles is a normal congruence, and that the 
>f the normal surfaces are of the form 


X = I a^e « — (i;® + /c) e~* | cos 0 + 17 sm Xi 

^ ^ ^ 

luil to — r 01 - 1 - r^, according as the ciicles cut So orthogonally or m 
r opposite points, and wheie t is given by 

dt = J I a^e' « - (17* + k) j cos 0 -f 97 sin sin w du 


_ 1^^ I a*c « - (17^ + k) sin ^ ~ 97 cos cos w 


dt) 


that the surfaces of Ex 8 are surfaces of Bianchi which have the 
al icpiescntation of their lines of cuivature as the pseudosphencal 
eiiedtoinhx 14, p 871 

that the surfaces orthogonal to the cyclic system of Ex 8 are surfaces 
I the paiabolic type 
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11 Let 5 be a earface referred to an orthogonal system, and let T be the trihe¬ 
dral whose a>a*ns is tangent to the curve r = const The equations 

x = p{l + Goa0), y = 0, z = p8m0 

dedne a circle normal to S Show that the necessary and sufficient conditions that 
the circles so defined form a cyclic system are 


12 A necessary and sufficient condition that a cyclic system remain cyclic 
when an orth<^nal surface S is deformed is that 8 be applicable to a surface of 
revolutKm and that ^ ^ \ 

where c is a constant and the linear element of 5 is ds^ = du^ + (t>^(u) dv^ (cf Ex 11) 


13 Determine under what conditions the lines of mtersection of the planes of 
the circles of a cyclic system and the tangent planes to an orthogonal surface form 
a normal congruence 

14 Let Si and Sa be two surfaces orthogonal to a cyclic system, and let Mi and 
Mi be the points of intersection of one of the circles with Si and Sa Show that 
the normals to Si and Sa at the pomts 3/i and M^ meet in a point M equidistant 
from these points, and show that Si and Sa constitute the sheets of the envelope of 
a two-parameter family of spheres such that the Imes of curvature on Si and Sa 
correspond 


15 Let S be the surface of centers of a two-p&^rameter family of spheres of 
variable radius JS, and let Si and Sa denote the two sheets of the envelope of these 
spheres Show that the pomts of contact Mi and M 2 of a sphere with these sheets 
are symmetric with respect to the tangent plane to S at the corresponding point M 
Let 8 be referred to a moving trihedral whose plane 2 / = 0 is the plane MiMMi^ and 
let the parametric curves be tangent to the a- and y axes lespectively Show that 
if or denotes the angle which the radius MMi makes with the x-axis of the trihedial, 
the lines of curvature on Si are given by 


^ sin <r (sm <rp — r cos <t) dw” + 171 ^qi ~ dv^ 

+1^171 ^ sin (T (cos o-ri + p sin (r)^du(iu 0 


16 Find the condition that the lines of curvature on Si and S 2 of Fx 15 coire 
spond, and show that in this case these curves coiiespond to a conjugate system on 8 


17 Show that the circles orthogonal to two surfaces form a cyclic system, pro 
vided that the lines of curvature on the two surfaces correspond 


18 Let 5 be a pseudosphencal surface with the linear element (VIII, 22), the 
lines of curvature being parametric, and let ^ be a surface with the same spher¬ 
ical representation of its lines of curvature as 8 , furthermore, let Ai denote the 
envelope of the plane which makes the constant angle <r with the tangent plane 
at a point M ot A and meets this plane in a line L, which forms with the tangent 
to the curve v = const at M an angle $ defined by equations (VIII, 36) If Mi 
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point of contact of this plane, drop from Mi a perpendicular on i, 
latter m Show that if X and denote the lengths MK and NMi, 
3 nhy 

^ cos « + sin «) sm <r, /i = (—V^smw+\/5cosw)sm<r, 

L Q are the first fundamental coefficients of A 

r that when the surface A in Ex 18 is the pseudosphencal surface Sf, 
he Backlund transform /Si of 8 by means of the functions (^, at), and 
L IS other than 8 the Imes of curvature on the four surfaces /S, Si, 
nd, and the last two have the same spherical representation 

T that as 0 is given all values satisfying equations (VTH, 85) for a given 
of the point Mi, defined in Ex 18, is a circle whose axis is normal to 
A Q>t M 

T that when m Ex 18 is a surface of Bianchi of the parabolic type 
170) the surfaces Ai are of the same kind, whatever be <r 
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TRIPLY ORTHOGONAL SYSTEMS OF SURFACES 

181 Triple system of surfaces associated with a cyclic system 
jet be one of the surfaces orthogonal to a cyclic system, and 
let its lines of curvature be parametric The locus 2^ of the 
circles which meet in the Ime of curvature v = const through 
% pomt Af IS a surface which cuts orthogonally Hence, by 
Joachimsthal’s theorem (§ 59), the line of intersection is a line of 
curvature for 2^ In like manner, the locus of the circles 
which meet in the Ime of curvature u = const through M cuts 
orthogonally, and the curve of intersection is a line of curva¬ 
ture on 22 also Since the developables of the associated cyclic 
congmence correspond to the Imes of curvature on all of the 
orthogonal surfaces, each of the latter is met by 2 ^ and 22 in a 
line of curvatuie of both surfaces At each point of the circle 
through M the tangent to the circle is perpendicular to the line 
of curvature v = const on 2 ^ through the pomt and to = const 
on 23 Hence the circle is a line of curvature for both 2^ and 23 , 
and these surfaces cut one another orthogonally along the circle 
Since there is a surface 2^ for each curve v = const on and a 
surface 23 for each u = const, the circles of a cyclic system and 
the orthogonal surfaces may be looked upon as a system of three 
families of surfaces such that thiough each point in space theie 
passes a surface of each famil}^ Moreovei, e icli of these thiee sur¬ 
faces meets the other two orthogonally, and each curve of intersec¬ 
tion IS a line of curvatuie on both surfaces We have seen (§ 96) 
that the confocal quadrics form such a system of surfaces, and 
another example is afforded by a family of parallel surfaces and 
the developables of the congruence of normals to these surfaces 
When three families of surfaces are so constituted that through 
each pomt of space there passes a surface of each family and each 
of the three surfaces meets the other two orthogonally, they are 
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m a tfvpXy OTthogontil tystem In the precedu^ exunples 
of intersection of any two surfaces is a line (rf curvature 
Dupm showed that this is a property of all tnply orihog^ 
ms We shall prove this theorem in the next section 
neral equations Theorem of Dupm The simplest exam- 
orthogonal system is afforded by the planes parallel to 
nate planes The equations of the system are 
* = «!> y-v-v 

it, are parameters Evidently the values of these 
s conespondmg to the planes through a pomt are the 
ar coordinates of the pomt In like manner, the surfaces 
mily of any tnply orthogonal system may be determined 
meter, and the values of the three parameters for the 
faces through a pomt constitute the eurvtltnear eoordt- 
he pomt Between the latter and the rectangular cooiv 
lere ohtam equations of the form 

U,, W3), 1/ U,), z Wj, W3), 

\ functions / are analytic in the domain considered An 
this IS afforded by formulas (VII, 8), which define space 
0 a system of confocal quadncs 

r that the system be orthogonal it is necessary and sufii- 
these functions satisfy the three conditions 

dx Q dx 0X Q Bx Q 

of the surfaces = const is defined by (1) when is 
3 constant value 

liTieor ilcYtuiit of spate at a point we mean the linear ele 
he point of any curve through it Ihis is 
ds^=dx^-^ dy dz\ 

consc<|uence of (2), may be written in the pirametiic foim 

ds^ = Hidu^ + Hldul + Hldul, 



defined, the functions are real and we shall 

aat they are positive 
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(8) Rave at pnce the linear element of any of the sur- 
of the eystem For instance, the linear element of a surface 

«s,= 6onst iS dsl=Hldvi+Hldul 

Now we shaU find that the second quadratic forms of these surfaces 
are expressible m terms of the functions H and their derivatives 
If JTj, denote the direction-cosmes of the normals to the 
surface const, we have 

/cv X - ^ Y- ^ 


‘ IT, du. 


We Gho<»e the axes such that 


< 6 ) 


X, Y, Z, 

-Z-, 

y. Zz 


=+i 


consequence of (5) the second fundamental coefBcients of a sur- 
idoe «, = const are defined by 




dx d^x 


A'= 


dx d^x 


7)"=: JL V — ^ 


duju^ ^ H.^du.du^du, ‘ H^^du,du^ 

where /c, I take the values 1, 2, 3 m cyclic order, and the sign 2 
refers to the summation of terms in a;, y, 2 , as formerly In order 
to evaluate these expressions we differentiate equations (2) with 


^ 1 , 

respectively This gives 


V 

dx 

d^x 

. V 

dx 

d^x 

0 


du^ 

du^du^ 


du^ 

du^ 0M, 

— V, 

V 

dx 

d^x 

_lV 

dx 


— 0 

A 

du^ 

SMj 0m, 


du^ 

du^ du^ 

— 0, 

V 

dx 

d'‘x 

. V 

dx 

d^x 

— 0 



du^du^ 


du^ 

du^dug 



If each of these equations be subtracted from one half of the sum 
of the three, we have 


dx d^x 


= 0 , V- —= 0 , V 

du.hu. du. ’ ^ 


^ du^ du^ dVj^ 
consequently 0 


dx d^x 


du^ du^du^ 


du^ du^du,^ 


= 0, 
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first and third of (2) be differentiated wilb. respect to 
tj respectively, and the second and tiurd of (4) •wifli 
0 tty we have 


^ dx 8*3! _ dx 8*3! 

^ 8Mi 8Mj* ~ 8mj, 8itj8M, 

dx 8*3! _83! 8*3; 

^ du^dui~ ^^8tti8M, 


e have 


8tt 








iding m like manner, we find the expressions for the other 
h we write as follows 


H, du ’ 


i)5-o, 




Ky I take the values 1 , 2, 8 in cychc order Prom the sec- 
lese equations and the fact that the parametric system on 
ace is orthogonal, follows the theorem of Dupin 


urfaces of a tnply orthogonal Bystem meet one another in 
curvature of each 


equations of Lam6 By means of these results we find the 
LS to be satisfied by m order that (S) may be 

r element of space referied to a triply oithogonal system 
es For each surface the Codazzi and Gauss equations 
satisfied When the above values are substituted in these 
3, we find the following six equations which it is necessary 
cient that the functions //satisfy 

dU^ ^1 

du^ dUi 11^ dUi du^ Hi du^ dUi 

±(L (— V1- ^ = 0 

duX/f^ duj du\lJ^ duj du^ &Ui 

/c, I take the values 1, 2, 3 in cjclic order These are 
tio7i8 of LamS, being named for the geometer who first 
them * 


8UT les ooordonnees curvilignea «< leurs diverses apphcatwris, pp 73-79 
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y<^ each of the surfaces there is a system of equations of the 
form (V, 16) When the values from (7) are substituted in these 
equations we have 

. Zu, du, du, H, du^ ' 

Recalling the results of § 65, we have that each set of solutions 
f equations (8), (9) determine a triply orthogonal system, unique 
^0 withm a motion in space In order to obtain the coordinates 
of space referred to this system, we must find nine functions 
Yj, Y,, which satisfy (10) and 

2Y>1, 2A;Y,= 0 ( i ^ k ) 


Then the coordinates of space are given by quadratures of the foim 


X 



du^ + H^X^ du^ + JTgXg du^ 


If denotes the principal radius of a surface = const m the 
direction of the curve of parameter we have, from (7), 


( 11 ) 


1 ^_ 


Let Pi denote the radius of fiist curvature of a curve of param- 
etei In accoidance with § 49 we let and 7r/2 denote the 
angles which the tangents to the curves of parameter and 
respectively through the given point make, in the positive sense, 
with the positive direction of the principal normal of the curve 
of pirametei Hence, by (IV, 16), we have 

rH QV cos 1 sin O) 1 

(IZ) -= —, -= — 

Pi Psi Pi p2l 


From these equations and similar ones for curves of parameter 
and ^^ 3 , we deduce the lelations 


pf 



tan 6), = 


Ph 
—» 

Pki 


(18) 
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/c, I take the values 1 , 2 , 3 in cyclic order Moreover, smce 
metnc curves are lines of curvature, it follows from (§59) 
torsion of a curve of parameter is 

1 __ 1 0 ^^ 

du^ 

Inple systems containmg one family of surfaces of revolution 
family of plane curves and their orthogonal trajectories, 
lane be revolved about a line of the plane as an axis, the 
ilies of surfaces of revolution thus generated, and the planes 
the axis, form a triply orthogonal system We inquire 
there are any other triple systems contaming a family of 
of revolution 

3 se that the surfaces = const of a triple system are sur- 
revolution, and that the curves = const upon them are 
idians Since the latter are geodesics, we must have 



(8) it follows that either 


du. 


= 0 , 


or 


du 


0 


3 first case it follows from (11) that l/pgi = 0 Consequently, 
aces of revolution u^= const aie developables, that is, either 
cylmdcib oi ciiculai cones Furtheimore, fiom (15) and 
B have 1/p 1 = 0, so that the sui faces n = const also are 
ibles, 111(1 in addition we luive, from (13), that l/pi = 0, that 
uives of paiametei are stiaight lines and consequently 
acts = const ue paiallel Ihe latter are planes when 

faces = const aie cylinders, and surfaces with circular 

cuivatiue when const aie circular cones Con\ersely, 
le theoiem of Daiboux 187) and from § 182, it follows 
Y system of circular cylindeis with paiallel generatois, or 
lily of circulai cones whose axes are tangent to the locus 
eitex, leads to a triple system of the kind sought 
onsider now the second case, namely 
dH. . dH. n 
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WmM ( 11 ) find that l/p^— 0 , and l/p^s—O, consequently the 
^3 = const, are planes Since these are the planes of the 
meridians, it follows that the axes of the surfaces coincide, and 
consequently ihe case cited at the beginning of this section is the 
only one for nondevelopable surfaces 

'185 Triple systems of Bianchi and of Weingarten In § 119 
it was found that all the Bianchi tiansforms of a given pseudo- 
^hencal surface are pseudosphencal surfaces of the same total 
curvature, and that they are the orthogonal surfaces of a cyclic 
system of circles of constant radius Hence the totality of these 
circles and surfaces constitutes a tnply orthogonal system, such 
that the surfaces in one family are pseudosphencal As systems 
of this sort were first considered by Ribaucour (cf § 119), they 
are called the triple systems of Ribaucour We proceed to the 
consideiation of aU triple systems such that the surfaces of one 
family are pseudosphencal These systems were first studied by 
Bianchi, * and consequently Darboux f has called them the systems 
of BiancTii 

From § 119 it follows that the parameters of the lines of curva 
ture of a pseudosphencal surface of curvature — 1 /a^ can be so 
chosen that the linear element takes the form 

(16) ds^ = cos^ 0) du^ + sin^ w dv^y 

where cw is a solution of the equation 

d‘' a> d^co _ sin co cos co 


In this case the principal radii are given by 


(18) 


1 _ tan a> 1 cot a> 

Pi «■’ Pi a. 


In general the total cuivature of the pseudosphencal surfaces 
of a system of Bianchi vanes with the surfaces If the surfaces 
M 3 = const are the pseudosphencal surfaces, we may wiite the 
curvature in the form —1/U^, where is a function of Mg alone 

*Ann.cdi Ser 2, Vol XIII (1885), pp 177-234, Vol XIV (1886), pp 116-130, Lezwm, 
Vol 11, chap xxvii 

t Lei^ons sur les systemes orthogonaux et les coordonnees curvihgnes, pp 30S-323 
Pans, 1898 
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irdance with (11) and (18) we put 
1 _ 1 ^ tan co 

Pzi -^ 8 -®! ^8 ^8 

^ _ cot (0 

.^82 ^^8 ^8 
SjET SjBT 

values of and ^ he substituted m equations (8) for t 
L and 2 respectively, we obtain 


1 dH. ^ dm 
— —* =s — tan m — j 
JS^ du^ ' du^ 


1 dE^ 
JB[^ dUy^ 


. dm 
cot® — 
du^ 


se equations we have, by integration, 

JYi=<#»i 8 cos®, -H ‘2 = ^28 sin®, 

and ^28 are functions independent of % and Uj^ lespectively 
show that both of them are independent of Ug 
the values of and from (20) aie substituted in (19), 
respectively 

oot® Aan® — — 

I ® * \ ^8 / 


se equations it follows that 

cot ® - ^ + tan ® ~ — = 0 

du^ du^ 

nless , and <\> ^ are independent of Wji tan ® is equal to 
of a function of and and of a function of ?/ and 
nsidei the latter case and study for the moment a partic- 
ice «/j= 6 By the change of paiameters 

,(w,, c )= du, <l>oz(u,y c)du = dv, 

V element of the suiface reduces to (16), and (22) becomes 

, U 

tan ® = —» 

and V are functions of u and v respectivelj When this 
substituted in (17), we obtain 

(E^.^^yu<+r)=^ + iu'‘+2v'‘ 
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Jf l^is ec|[iia4;iO£iL Ibe dilfeereixtiated successively with respect to u 
aad we find /cr"Y 1 /V^\ 1 

\ir)wu''^\y)'fr'^ ’ 

tmle^ Z7' or F' is equal to zero From this it follows that 

where k denotes a constant Integrating, we have 

2 -f aU, F"=- 2 a:F®+/SF, 

a and ^ being constants, and another integration gives 
= kU^ -f aU’^ + 7, F'^ = - /cF" + /SF' + S 

When these expressions are substituted in ( 23 ), we find 

(y3_ a_ 1^^^+(a-y8-2 7 - 2 S = 0 


This condition can be satisfied only when the curvature is zero 
Hence U' or F' must be zero, that is, <o must be a function of or 
alone In this case the surface is a surface of revolution In accord¬ 
ance with § 184 a triple system of Bianchi arises from an infinity 
of pseudosphencal surfaces of revolution with the same axis 
When exception is made of this case, the functions <^>^3 and <^>23 
in ( 20 ) are independent of Hence the parameters of the sys 
terns may be chosen so that we have 

(24) jy,= cosa), J?,= siii6), = 


When these values are substituted in the six equations (8), ( 9 ), 
they reduce to the four equations 


( 25 ) 


' d^co sin 0) cos ^ 

“ ’ 

d^o) dco d^o) dct) d^co ^ 

-—-— -cot (0 — -j- tan CO -= 0, 

du^ du^ du^ du^ du du^ du^ du^ du^ 

d / \ d‘'(o \ Id /sinci)\ 1 dco d^co 

du^ \cos CO du^ duj F3 du^ \ ) sin co du^ du^ du^ 

— I ^ \ 4- -L / cos co \ ^ 1 dco d^co 

, du^ \sin CO du^ duJ du^ \ / cos co du^ du^ du^ 
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c has inquired into the generality of the solution of this 
equations, and he has found that the general solution 
ve arbitrary functions of a single variable We shall 
proof of this fact, but refer the reader to the investi- 
Darboux * 

1 to the consideration of the particular case where the 
ature of all the pseudosphencal surfaces is the same, 
j be taken to be —1 without any loss of generality 
systems of this sort were first discussed by Wemgarten, 
Bianchi in calling them systems of Wevngartm Of this 
le triple systems of Ribaucour 

case we have 27j=1, so that the Imear element of space is 
cos®« sm^o) 

le second of equations (25) may be written in either of 

3/1 3*© \ 1 3o) 3®tt) 

3^1 \sin ft) du^ duj cos cd du^ du^ 

g / 1 3^6) \ 1 3ft> 3^<p 

^ 3^2 \cos o) 3^1 du^J sin a> dUj, du^ 3Wj 

^ ^ / JL 

\cos ft) du^ duj \sm o) 3^2 duj xS^s/ 
fiom the last two of (25) and from (27) that 

?*. o , ?^=0 

0 Mj du^ 

IS a function of it, alone But by changing the param- 
opeiation which will not affect the form of (26), we can 
3 onstant value, say o Consequently we have 

/JL JL_Y+/^ Y= ^ 

Xcos ft) 3?/i duj \sin ft) du duj X^s/ 

as shown •j* that equation (28) and the first of (25) are 
to the system (25), when Consequently the 

f the determination of triple systems of Wemgarten is 
m of finding common solutions of these two equations 

pp U3 314 Bianchi,Vol 11, pp 631,632 tVol II p 560 
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EXAMPXES 

1 Show HiSiA the equations 

aj = r cosuoostj, y = r cosusinv^ 2 : = rsinu 
define space referred to a tnply orthogonal system 

2 A necessary and sufficient condition that the surfaces uz = const of a tnplj 
orthogonal system be parallel is that Ifa be a function of ws alone What are th< 
other surfaces ui = const, wa = const ^ 

3 Two near-by surfaces = const intercept equal segments on those orthog 
onal trajectories of the surfaces uz = const which pass through a curve Bz — const 
on the former, on this account the curves Bz = const on the surfaces uz = const 
are called eitrves of equidistance 

4 Let the surfaces uz = const of a triple system be different positions of th« 
same pseudosphere, obtained by translating the surface in the direction of its axis 
Determine the character of the other surfaces of the system 


5 Derive the following results for a triple system of Weingarten 



duz 


where the differential parameter is formed with respect to the linear element of £ 

surface its = const, and pg is the radius of geodesic curvature of a curve — = const 

dUz 

on this surface Show that the curves of equidistance on the surfaces its = const 
are geodesic parallels of constant geodesic curvature 


6 Show that when c in (28) is equal to zero, the first curvature 1/pz of the 
curves of parameter its is constant and equal to unity, that equations similai 
to (12) become 


d^<a _ d(i) d^u) du) 

-—— = — sin w cos ws —, -= - cos w sin ws —, 

cuzcuz duz duicuz duz 

TT 

that if we put e = - — uz, the last two of equations (26), where Uz = 1, may be 
written 


and that 


dd du 

-1-= sin d cos w, 

dui dUz 


d$ d(o 

-1-= — cos 6 sin u ), 

dU2 dui 


—;---5 = sin«cose, 

dUi 


\cos 


Y+/ i_ _ALy - 


cos e dui duz) i^sin 6 du^ duz) (dUz) 


dd Y 


When c = 0 m (28) the system is said to be of constant curvature 


1 A necessary and sufficient condition that the curves of parameter i^s of 
system of Weingarten be circles is that uz be independent of uz In this case 
(cf Fx 6) the surfaces uz — const are the Bianchi transforms of the pseudo 
spherical suiface with the Imeai element 


ds^ = cos2 B du^ -1- sin2 d dv^ 
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leorcm of Ribaucour The following theorem is doe to 
[• # 

'family of mrfaces of a triply orthogonal system and their 
I trajectories, the osculating circles to the latter at their 
meeting with any surf ace of the family form a cyclic system 

ang this theorem we first derive the conditions to be satis- 
ystem of circles orthogonal to a surface jSso that they may 
elic system Let the lines of curvature on jS be parametric 
the surface to the moving tnhedral whose x- and y-axes 
nt to the curves v = const, u = const We have (V, 68) 

)tes the angle which the plane of the circle through a 
ikes with the corresponding a»-plane, 0 the angle which 
IS to a point P of the circle makes with its projection in 
Lane, and H the radius of the circle, the coordinates of P 
5 rence to the moving axes are 

E (1 + cos 0) cos <f>, y=Jt(l+ cos 0) sm <f>, z^EsmO 
r, the direction cosines of the tangent to the circle at P are 
— sin 0 cos — sin 6 sin cos 0 

press the condition that every displacement of P must be 
angles to this line, we have, from (29) and (V, 51), 

> — j^sin 1 ^ + ~ - °^ --)+ q cos ^(1 + cos d)^du 

” 0)^dv = 0 

idition that this equation admit an integial is leducible to 

as renuiked before (§ 174), if there are three surfaces orthog- 
a system of ciicles, the system is cyclic 

* Oomptes RenduSi Vol LXX (1870), pp 330-333 
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The conditioii that it be cyclic is 



Since the pxmcipal radii of S are given by 

i__|, l_a, 

Pi f P 2 Vi 
the second of equations (80) reduces to the first when /S' is a sphere 
or a plane Hence we have incidentally the theorem 

A two parameter system of circles orthogonal to a sphere and to 
any other surface constitute a cyclic system 

We return to the proof of the theorem of Ribaucour and apply 
the foregoing results to the system of osculating circles of the 
curves of parameter of an oithogonal system at their points of 
intersection with a surface % == const 

From equations similar to (12) we have, by (11), 

cos ^ 1 dll^ sm (^ _ 1 dH^ 

It Y 

and the equations analogous to (31) are 

_ L .^1 1 ^ ^ 1 dH^ 

Pzi ^l ^ 1^3 ^^3 ’ /^ 3 > ^2 ^ 2^3 ^^3 

When these values are substituted in equations (30) the first 
vanishes identically, likewise the second, in consequence of equa¬ 
tions (8) Hence the theoiem of Ilibaucour is proved * 

187 Theorems of Darboux Ihe question natuially arises 
i\hether any family of surfaces whatever forms part of a tiiply 
oithogonal system This question will be answered with the Jiid 
of the following theorem of Diiboux,f which we establish by his 
methods 

A necessary and sufficient condition that two families of surfaces 
orthogonal to one another admit of a third family orthogonal to both 
IS that the first two meet one another in lines of curvature 

* For a geometrical proof the reader is referred to Barboux,; c , p 77 f i c , pp 6-8 
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) two families of surfaces be defined by 
a{x,y,z)^a, 

ad b are the parameters The condition of orthogonality is 
dx dx dy Zy Zz Zz 

that a third family of surfaces exist orthogonal to the 
)f the other families, there must be a function 7 ( 2 :, y, z) 
r the equations 

\x Zy Zy Zz Zz ’ Zx Zx Zy Zy Zz Zz 


iy, dz denote the projections on the axes of a displace- 
i pomt on one of the surfaces 7 = const, we must have 

dx dy dz 
^ ^ Za 

Zx Zy Zz ^0 

^ ^ ^ 

Zx Zy Zz 

Lation is of the form (XIII, 9) The condition (XIII, 10) 
imit of an integral involving a parameter is 

^/3)[dl3Z^a Za Z^l3 dadi^/3 Z^ 

/, « 5 ) \^dx Zz^ Zz ZxZz Zx Zz^ Zz ZxZz 


a/3 a“a: 

Ja^ 

da 

+ !^^1 

Zy ZxZy 

dx dy^ 

Zy ZxZy 

dx dy^\ 


indicates the sum of the three terms obtained by permut- 
z in this expression If we add to this equation the identity 

^ Z(a, j3) [Za y 3^13 Z§ y _ n 
^ ^{y^ 2 ) \_Zx ^ Zx Zx^ Zx^j ’ 


Iting equation may be written m the foim 


Zx Zx 
Zy Zy 
Zz Zz 
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wtfiie, for tbfi sake of brevityj we have introduced the symbol 
8(0, d>), defined by 

^ dx dx dy dy dz dz 

If equation (33) be differentiated witb respect to x, the result may 
be written / oo\ / o„\ 


Consequently equation (34) is reducible to 


(35) 


da 

M 



dx 

dx) 

da 

di 

bU 

dy 

dy 

\ dyj 

da 

a/8 

s(a — ^ 

& 

dz 

dz) 


which is therefore the condition upon oc and /S in order that the 
desired function y exist 

A displacement along a curve orthogonal to the surfaces const 
IS given by 

dec da da 
dx dy dz 


const, and since, by (35), 


0 , 


it is a line of curvature on the surface (cf Ex 3, p 247) Hence 
the curves of intersection of the surfaces a = const, /3 = const, 
being the orthogonal trajectories of the above curves, are lines of 
curvature on the surfaces y8 = const And by Joachimsthal’s theo¬ 
rem (§ 59) they are lines of curvature on the surfaces a = const 
also Having thus established the theorem of Darboux, we are in 
a position to answer the question at the beginning of this section 


Such a curve lies upon a surface /S == 
it satisfies the condition 


dx 




dx 

dx 

dy 

d_l 

d?i 

dy 

dy 

dz 


d?i 


dz 

dz 
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L a family of surfaces cc = const, the Imes of curvatoi'e m 
ily form a congruence of curves which must admit a family 
gonal surfaces, if the surfaces a = const are to form part 
bhogonal system If this condition is satisfied, then, accord- 
le theorem of Darhoux, there is a third family of surfaces 
^gether with the other two form an orthogonal system 

denote the directioiH^osines of the tangents to the 
curvature in one family on the surfaces a = const, the ana- 
ondition that there be a family of surfaces orthogonal to 
LTves IS that the equation 

X^dx + Y^dy + Z^dz = 0 

a integral involvmg a parameter The condition for this is 



ier to find Z^ we remark that since they are the direo- 
mes of the tangents to a line of curvature we must have 


dX dX dX 




iilar equations in Y, Z, where the function X is a factor of 
lonality to he determined and X, F, Z are the direction- 
of the normal to the surface a = const Hence, if the 
s are defined by a = const, the functions Fj, Z^ are 
,ible in terms of the first and second denvatiTCS of a, and 
ition (36) IS of the third order in these derivatives There- 
5 have the theorem of Darboux* 


determination of all trvply orthogonal Bystems requires the 
tion of a partial differetdial equation of the third order 


joux has given the name family of LamS to a family of 
s which forms part of a triply oithogonal system 
Transformation of Combescure We close our study of tnply 
anal suifaces with an exposition of the transformation of 
cMre.t by means of which from a given orthogonal system 
can be obtained such that the normals to the surfaces of 
stem are parallel to the normals to the corresponding sur- 
)f the other system at corresponding points 


p 12 f AnncUesdel’SeoleS'ormaleSupemuie.Vol IV(1867),pp 102-122 
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We oi e set of functions ySj^, introduced by Dar- 

boQx * m hxs development of a similar transformation in space of 
n dimensions Bj definition 

o 1 ^ X 


In terns of iliese functions equations (8), (9) are expressible in 


— Q Q 

aulas (10) become 


f^ + g=+AA=o, 

du, ou^ 


b- 


— S X 
du, * 


tions (37), (38) are the necessary and sufficient conditions that 
expression ^ du^ + du^ 

be an exact differential From their form it is seen that if we have 
another set of functions El satisfying the six conditions 

where the functions have the same values as for the given 
system, the expression 

du^ + X^E^ du^ + X^El du^, 

and similar ones in Y, Y, are exact differentials, and so by quadra¬ 
tures we obtain an orthogonal system possessing the desired property 
In ordei to ascertain the analytical charactei of this problem, 
we eliminate E^ and E^ from equations (39) and obtain the three 
equations r rrt 

du^du, /3,j dUj^ du^ 

du^du^ du„ ^31 aw, ’ 

du.dri, 

The general integral of a system of equations of this kind involves 
three arbitrary functions each of a single parameter m, When one 


*£c,p 161 
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itegral, the corresponding \ dlueh of JS^ are given directly 
Hence we have the theorem 

every tnply orthogonal system there %s asMcuxted an tnfimty 
depending upon three arbitrary functioned meh that tAe 
to the surfaces of any two systems at, correspondvng powts 
%Uel* 

EXAMPLES 

)very system of Weingarten for which e m (28) is zero, the system of cnr- 
iting the curves of parameter uz at pomts of a surface = const, form a 
Bibaucour (§ 186) 

jhe orthogonal trajectories of a family of Lam^ are twisted curves of 
constant first curvature, the surfaces of the family are pseudoepherical 
3f equal curvature 

jry tnply orthogonal system which is denved from a cyclic system by a 
Lation of Combescure possesses one family of plane orthogonal trajectones 
he orthogonal trajectones of a family of Lamd are plane curves, the cyclic 
circles osculating these trajectones at the points of any surface of the 
be obtained from the given system by a transformation of Combescure 
termine the tnply orthogonal systems which result from the application of 
formation of Combescure to a system of Ribaucour (§ 186) 
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m inversion by reciprocal radii (§ 80) be effected upon a tnply orthogonal 
he resulting system will be of the same kind 

termine the character of the surfaces of the system obtained by an inversion 
system of Fx 1, § 186, and show that all the curves of intersection are circles 
ablish the existence of a tnply orthogonal system of spheies 
necessary and sufficient condition that the asymptotic lines correspond on 
ces uz = const of a triply orthogonal system is that there exist a relation 

™ + 08 = 0 , 

, 02? 08 a-re functions independent of Vz 

lien the condition of Fx 4 is satisfied, those oithogoiial tiajectoiies of the 
= const which pass through points of an asymptotic line on a sur 
= const constitute a suiface 8 which meets the suifaces uz = const in 
He lines of the latter and geodesies on/S 

ow that the asymptotic lines toiiespond on the pseudospheiical surfaces 
le system of Bi iiu hi 

ow that there exist tnply orthogonal systems for which the suifaces in one 
lay 1*3 = const, are spheiical, and that the paiameters can be chosen so that 

dO 

7/i = cosh 0, Hz = sinh B, Hz-Uz — 

) equations of Lam6 for this case 

/ery one-paiameter family of spheres or planes is a family of Lamd 
♦ Cf Bianchi, Vol 11, p 494 
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0 In order t?o ol^tm t^e most geiieral tnply orthogonal system for which the 
mxfst&ss m one family are planes, one need construct an orthogonal system of 
curves in a plane and allow the latter to roll over a developable surface, in which 
case ^be crarves generate the other surfaces When the developable is given, the 
ds^rminatmn of the systsnj reduces to quadratures 

10 3^w that the most general triply orth(^onal system for which one family 
of I^amd consists of inheres passing through a pomt can he found by quadratures 

11 Show that a family of parallel surfaces is a family of Lamd 

10 Show that the tnply orthogonal systems for which the curves of parameter 

are circles passing throu^ a point can be found without quadrature 

18 By means of Ex 6, § 186, show that for a system of Wemgarten of constant 
.ourvatuie the prmcipal normals to the curves of parameter us at the points of meet¬ 
ing W 1 & a surface = const form a normal pseudosphencal congruence, and that 
^ surfaces complementary to the surfaces us = const and their orthogonal tra¬ 
jectories constitute a system of Weingarten of constant curvature 

14 By means of Ex, 18 show that for a triple system arising from a system of 
Weingarten of constant curvature by a transformation of Combescure the osculat¬ 
ing planes of the curves uz =s const, at points of a surface uz = const, envelop a 
surface 8 of the same hind as this surface Uz =: const, and these surfaces 8 and 
their orthogonal trajectones constitute a system of the same kind as the one result¬ 
ing from the Combescure transformation of the given system of Weingarten 

15 Show that a necessary condition that the curves of parameter ui of a triple 
system of Bianchi be plane is that w satisfy also the conditions 


dta 

dU2 


• = 028 Sin w. 


— = 018 sm W, 

dui 


where 028 and 0i8 are mdependent of ui and uz respectively (cf Ex 6 , p 317) 
Show that if 018 and 028 satisfy the conditions 

(Sf)" ^ (S)" 

where a and b are constants and Uz is an arbitrary function of wa, the function w, 
given by 

duz dUi 

cos <a =- - -, 

^18 " Jjz 

determines a triply orthogonal system of Bianchi of the kind sought 

16 When IT's = 1 and u is independent of Uz, the first and fourth of equations 
(26) may be replaced by 

— = sin w 
dui 

Show that for a value of w satisfying this condition and the other equations (26) 

the expressions f . A r^scos... 

Hi - cos« /-+ 0 i)- / - - duz + 01 , 

sinw / J sinw 


Hz — sinw ^ J — j'fpsduz + 02, 
\J Sin w / dUo 


Bs = 
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^St 08 functions of Ui, tts, its respeotiTely, ani the accent indicates 
tion, define a tnply orthogonal system for which the sorfaoes = ccnast. 
Qg surfaces 

ider what conditions do the functions 
I Us— ^ 

\ dua i 

and Us are functions of 112 and vs respectively^ determine a tnply orthog^ 
m arising from a tnple system of Bianchi by a transformation of Combee* 
ow that m this case the surfaces tis = const, are ^h^^es of radius Usj 
urves of parameter us m the system of Bianchi are plane or iqphencal 

ove that the equations 

X = A(ui — a)"H {us — a)®^(M8 — a)"*«, 
y = B (til ~ ( 1/2 — 6)”^ (Ms — 

Z = C{Ui’- c)”h (us — c)”**{m 8 — c)***, 

B, C, a, 5, e, m. are constants, define space referred to a tnple system of 
such that each surface is out by the surfaces of the other two families m 
te system 

ven a surface 8 and a sphere 2, the circles orthogonal to both constitute 
ystem , hence the locus of a point upon these circles which is m constant 
0 with the points of intersection with 8 and 2 is a surface Si orthogonal 
les, 81 may be looked upon as derived from S by a contact transformation 
eserves lines of curvature, such a transformation preserves planes and 


^8 = - 


UjUs ^ 
sm«» fittodict 


hen S of Fx 19 is a cyclide of Dupin, so are the surfaces 81 , and also the 
diich IS the locus of tlie circles which meet 8 in any line of curvature, 
of these surfaces form a tnple system of cyclides of Dupin 


iven three functions tT, defined by 

Ux = witU® + 2 UiUi + P», (» = 1> 2, 8) 

, Tii, p, are constants satisfying the conditions 

2171 — 0, 2tI( “ 0, Bpt = 0, 


1 also the function 

N = (ri(U2 — UjjVUi -f 0:2 (us — Ui)VU2 + 0:3 (Ui — M2)VC^ 

+ / 32 miUt + 7 (P1M2MS + P2W8M1 + P8M1U2), 

, 7 ire constants, determine undei what condition the functions 


.r M2 -Us rr _ ^8 - 

Ill =-pzr» il 2 —-;=* 

J^rVlFi Ny/Ut 


XT _ ^1 •" 


e a ti iply 01 thogonal system Show that all of the surfaces are isothermic, 
they are cyclides of Dupin 


etermine whether there exist triply orthogonal systems of minimal surfaces 
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881, of the right helicoid, 
a.n isotheimic surface, 888, 
Dspheiical &ui faces, 890 , ot 
890, 301, characteristic 

426 

diiections definition, 128 
Lc lints, dt fimtion, 128, pai v 
20,180-104 01 tliogonal, 120, 
140,2 34 spliei leal lepresen- 
44, lOWOS, pieseived by 
e ti insfoiuixtion, 202, pre- 
i i (Utoimatioii, 342-847 

ti insfoinntioii of, 284-2^)0 
ililfeientixl pu iiiieteis), 88, 
lesic curvatuie), 18S, (ruled 
es), 209, (applicible ruled 
, 846, (normal congruences), 

urves, definition 30, propei- 
H , paiametnc equations, 61, 
(I suiface, 260 , defonnatioii, 

theorem of permutability), 
, (suifaces with circular lines 
ature), 311, (surfaces with 


spherical lines of curvature), 815, 
(associate surfaces), 878, (cyclic con¬ 
gruences of Ribaucour), 486, (cyclic 
systems), 441 

Bianchi, transformation of, 280-288, 
290, 818, 820, 870, 466, surfaces of, 
870, 871, 442, 448, 445, generalized 
transformation of, 489 , tnply orthog 
onal systems of, 462-464, 464 465 
Binormal to a curve, definition, 12, 
sphencal indicatnx, 60 
Binomials which are the pnncipal nor¬ 
mals to another curve, 61 
Bonnet (formula of geodesic curvature), 
136, (surfaces of constant curvature), 
179, (lines of curvature of Liouville 
type), 232, (ruled surfaces),248, (sur¬ 
faces of constant mean curvature), 
298 

houi (helicoids), 147, (associate isother 
mic buitaces), 888 

Canal surfaces, definition, 68, surfaces 
of center, 186 

Catenoid, definition, 160, adjoint sui- 
faceof,207, surfaces applicable to, >18 
Cauchy, pioblem of, 26o, 886 
Centi xl point, 248 
C entml plane, 244 
( esxio (moving trihedral), 82 
Characteiistic equation, 876 
Cliaiacteiistic function, 374 877 
( haracteiistic lines, 130,131, paiainet- 
iic, 203 

Cliaiacteristics, of a family of suifaces, 
69-61, of the tangent planes to a sur¬ 
face, 126 

Clinstoffel (associate isothermic sui 
faces), 888 

Christoffel symbols, definition, 162, lo3 , 
lelations between, for a surface and 
Its sphencal representation, 162, 193, 
201 

Glide, of curvature, 14, osculating, 14 


ces to asymptotic lines, geodesics, lines of curvature etc , on particular kinds of 
listed under the latter 
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orthogonal system of, m the 
plane, 80, 97, on the sphere, 301 
CucTdar Imes of curvature, 149, 810, 
4^3, 448 

Ommlar point on a surface, 124 
Codazsa, equations of, 165-167,161,168, 
1^, 200 

Combe^ure transformation, of curves, 
50, of triple systems, 4b 1-465 
Ckanplementary surface, 184, 185, 283, 

200, 370, 464 

Conformal representation, of two sur¬ 
faces, ^100, 391, of a surface and 
Its ^;)hencal representation, 143, of 
a s^trfaoe upon itself, 101-103, of a 
plane upon itself, 104,112, of a sphere 
upon the plane, 109, of a sphere upon 
Itself, 110, 111, of a pseudospherical 
surface upon the plane, 317 
Ckmformal-conjugate representation of 
two fflufaces^ 224 

Congruence of curves, 426, normal, 430 
Congruence of straight lines (rectilinear), 
definition, 392, normal, 393, 398,401, 
402, 403, 412, 422, 423, 487, associate 
normal, 401-403, 411, ruled surfaces, 
393,398,401, limit points, 896, prin¬ 
cipal surfaces, 896-398,408, principal 
niftTiPQ^ 396, 397, developables, 398, 
14, 421, 432, 437, focal points, 
o99, 425, middle point, 899, 

_.le surface, 399, 401, 408, 413, 

421-424, middle envelope, 413, 415, 
focal planes, 400, 401, 409,416 , focal 
surfaces, 400, 406, 409-411, 412, 414, 
416, 420 , derived, 403-405, 411, 412 , 
isotropic, 412, 413, 416, of Guichard, 
414,415,417,422,442, pseudospherical, 
184, 416, 41b, 464 , W-, 417-420, 422, 
424, of Ribaucour, 420-422, 424, 426, 
435, 442, 443, mean ruled surfaces, 
422, 423, 425, cyclic, 431-446, spher¬ 
ical lepiesentation of cyclic 432-483, 
cyclic of Ribaucour, 436, 442, 443, 
developables of cyclic, 437, 441, 
normal cyclic, 437 

Conjugate directions, 126, 173, normal 
radii in, 131 

C onjugate system, definition, 127, 223 , 
parametiic, 196, 203, 223, 224, spher¬ 
ical representation of, 200, of plane 
curves, 224 , preserved by projective 
transformation, 202 preserved in a 
detoimation, 338-342, 848, 349 
Conjiij^ate systems in correspondence, 130 
Conoid, right 66, 68, 69, 68, 82, 98, 112, 
120, 19o, 847 

Cooidmates, cuivilinear, on a surface, 
6o, cuivilinear, in space, 447, sym- 
metiic 91-98, tangential, 163, 194, 

201, elhptic, 227 


Correspondence with orthogonality of 
Imear elements, 874-377, 890 
Corresponcimg conjugate systems, 180 
Cosserat (infinitesimal deformation), 
880, 886 

Cross-ratio, of four solutions of a Riccati 
equation, 26, of points of intersection 
of four-curved asymptotic lines on a 
ruled surface, 249, of the points in 
which four surfaces orthogonal to a 
cyclic system meet the circles, 429 
Cubic, twisted, 4, 8, 11, 12, 16, 269 
Curvature, first, of a curve, 9, radius 
of, 9, center of, 14, circle of, 14, 
constant, 22, 38, 51 
Curvature, Gaussian, 123, geodesic {see 
Geodesic) 

Curvature, mean, of a surface, 123,126, 
146, surfaces of constant (see Sur¬ 
face) 

Curvature, normal, of a surface, radius 
of, 118, 120, 130, 131, 160, principal 
radii of, 119,120,291, 460, center of, 
118, 150, principal centers of, 122 
Curvature, second, of a curve, 16, con¬ 
stant, 60 See Torsion 
Curvature total, of a surface, 128, 126, 
146, 166, 156, 160, 172, 186, 194, 208, 
211, radius of, 189, surfaces of con¬ 
stant (see Surface) 

Curve, definition, 2, of constant first 
curvature, 22, 88, 61, of constant 
torsion, 50 , form of a, 18 
Cyclic congruences See Congruences 
Cyclic system, 426-446, definition, 426, 
of equal circles, 480, 448, surfaces 
orthogonal to, 436, 437, 444, 467, 
planes envelop a curve, 489 440, 
planes through a point, 440, 441, 
planes depend on one parameter, 442 , 
triple system associated with a, 446 
associated with a triple system, 467 
468 

Cyclides of Dupin, 188, 312-314, 412, 
422, 466 

D, D , D', definition, 115 , for the mov¬ 
ing tnhedial, 174 
A 1 ^ r definition, 386 
Daiboux (moving trihedral), 168, 109, 
170, (asymptotic lines parametric), 
191, (conjugate lines parametiic), 
195 , (lines of curvature pieserved by 
an inveision), 196 , (asymptotic lines 
and conjugate systems preserved by 
projective transfoimation), 202, (geo¬ 
desic parallels), 216, 217, (genera¬ 
tion of new surfaces of Weingarten), 
298, (generation of surfaces with 
plane lines of curvature lu both sys 
terns), 304, (general problem of 
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i.tion), 332, (surfaeeg apepli 
0 paraboloids), 867, (tnply 
Dal systems), 468-461 
twelve surfaces of, 891, de- 
ngruences of, 404, 405 
on of surfaces (see Applicable 
0, of surfaces of revolution 
faces of revolution), of mini- 
■faces, 264, 269, 827-880, of 
3 of constant curvature, 821- 
aeral problem, 881-838, which 
a curve on the surface into a 
irve in space, 888-886, which 
3S asymptotic hues, 8^, 3^, 
hioh preserves Imes of curva- 
J6-388, 341, which preserves 
te systems, 838-842, 849, 850, 
ruled surfaces, 848-848, 850, 
3thod of Weingarten, 868^69, 
boloids, 848, 868, 869, of the 
10 of the planes of a cyclic 
429, 480 

ble surface, definition, 61, 
n, 64, particulai kinds, 69, 
ng, 62, 64, 112,209, polar, 64, 

, 209, applicable to the plane, 
3,219,821,822, formed by nor- 
a suzf ace at points of a line of 
ire, 122, principal radii, 149, 
urvature, 166, 250, geodesics 
24, 268, 318, 322, fundamental 
y, 244, of a congiuence (see 
leiice) 
iim, 19 

lal parametera, of the first ordei, 
90, 91, 120, 160, 166, 180 of 
Olid ordei, 88-91,160,166 100, 


Blement, of area, 75, 145, linear (see 
Linear stement) 

BUipsoid, equations, ^, normal cieo- 
tion, 234, polar geodesio s yat en iy 
286-238, umbilical geodeetcs, 

267, surface oorr6ss>onding with pais 
allelism of tangent plane, 269 See 
Quadrics 

Elliptic coordinates, ^7 
Elliptic point of a surface, 126, 200 
Elliptic type, of peeudo^encal sur¬ 
faces, 274, of sorfacefi of Biand^u, 
870, 871 

Enne^r (torsion of asymptotic Imes), 
140, (equations of a mmimal surface), 
266 

Enneper, minimal surface of, 269, sur¬ 
faces of constant curvature of, 317,820 
Envelope, deiQi^tion, 69, 60, of a one- 
parameter family of planes, 61-63, 
64, 69, 442, of a one-parameter fam¬ 
ily of spheres, 66-69, of a two-param¬ 
eter family of planes, 162, 224, 426, 
489, of geodesics, 221, of a two- 
parameter family of spheres, S91,444 
♦ Equations, parametric, 1, 2, 62, 53, 
of a curve, 1, 2, 3, 21, of a surface, 
52, 58, 64 

Equidistance, curves of, 456 
Equidistantial system 187, 203 
Equivalent repiesentation of two sur 
faces, 118, 188 
Euler, equation of, 124, 221 
Fvolute, of a curse 43, 46-47 of a 
suiface, 180, 416 (see Surface of 
ceiitei) of the quadiics 234, mean, 
of a suiface, lb5, 10b, 872 


erical repiesentation of asymp- 

iies), 102 (sill faces of Liouville), 

luled W sill tires), 299 

taci of, 291, m 

cone ot i iiilctl suiface, 141 

developable of a suitace of 

, 306 

ol a lulerl suitace, 241 
(siiituis with spheiicil lines 
/atiiie), IK) 

iiply oithogonal systems), 440 
lulir itiix ot 124-12(), 129, 150 
3 ot (see ( yclulc) thtoicm of 
and, 401 

definition, 70 foi the moMiig 
1 il, 174 

, definition, 141 for the moving 
lal, 174 

f, definition, 393 
regiession, 43, bO, 69 


F See E 
ff See e 

iamily, one parametei of sniiaces, o9, 
440,447 4ol, 4 j 2 4^7-401 ot planes 
01-64,09,442 4(>3 ofspheies 00-09 
309,319 403 ot cui\es, 70-80 ot aeo 
desics, 210, 221 

lamily, two piiimetei, of phnes li»2 
224, 420 419 ot splieie^ 391, 444 
family ot I aiii^, 4()1, 4()^, 4()4 
1 ocal eonu, 22() 214 313 314 
Focal planes, 400 401 409, 411) 

Jocal points 398 39<) 42) 
hocal suitui, of a loii^iutnce 400 
leduces to i cuue 40(), 412 tiinda 
mental quantities 409-411 dtielop 
able 412 met by de\eloi)abl£s in 
lines of cui^atuie, 414 ot i pseiido- 
spheiical congruence 410 infinitesi 
mal defoimatiou of, 420, inteisect, 423 


* For references such as Equations ot Codazzi see Oodazzi 
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l^oxm of a cur?e, IS 
Frenet-Serret formulas, X7 
Fu^darontal equafeoiis of a congruence, 
406,407 

Fiy:idameiital quadratic form, of a sur 
face, first, 71, of a surface, second, 
116, of a congruence, 

Fundamental quantiti^ of the first 
order, 71, of the second order, 116 
Fundai^ntal theorem, of the theory of 
ourres, 24, of the theory of surfaces, 
160 

a BeeM 
^ Bm e 

Oauss ^rametno form of equations), 
66 , ^hencal representation), 141, 
(total cur\ature of a surface), 166, 
(geodesic parallels), 206 (geodesic cir 
cles) 267, (area of geodesic triangle) 
209 

Gauss, equations of, 164, 166, 187 
Generators, of a developable surface, 
41, of a surface of translation, 198, 
of a ruled surface, 241 
Geodesic circles, 207 
Geodesic contingence, angle of, 212 
Geodesic curvature, 182, 134, 136, 136, 
140, 213,223, radius of, 182,160,161, 
174,176 209,411, center of, 132 226, 
423, invaiiance of, 135 curves of 
constant, 137, 140, 187, 223, 319 
Geodesic ellipses and hyperbolas, 213- 
216, 226 

Geodesic parallels, 207 
Geodesic parameters, 207 
Geodesic polar coordinates, 207-200, 
236, 276 

Geodesic i epresentation, 225, 317 
Geodesic torsion, 137-140, 174, 176, 
radius of, 138, 174, 176 
Geodesic tiiaiigle 209, 210 
* Geodesics, definition, 113 plane 140 
equations of, 204, 20o, 215-219 on 
surfaces of negative cur\atuie, 211 
on surfaces of Liomille, 218 210 
Goursat, surfaces of 866 372 
Ouicliaitl (spheiical lepiesentation of 
the developables of a congiuence), 
409 (eoiigiuences of Kibaucoui), 421 
(lUicluid congruences of, 414, 415, 417, 
422, 442 

U definition, 71 
//■, definition 142 
Hamilton equation of 307 
Hazzidakis, transformation of, 278, 270, 
338 


Helicoid, ^neral, 146-148, parameter 
of, 146 , meridian of, 146 , geodesics, 
149, 161, 209, surfaces of center of, 
186, pseudosphencal, 291, is aTT-sur- 
face, 300, mmimal, 829, 331, appli¬ 
cable to a hyperboloid, 347 
Hehooid, right; 146, 148, 203, 247, 260, 
260, 267, 330, 847, 381, 422 
Helix, circular, 2, 41, 46, 203 , cylindri¬ 
cal, 20, 21, 29, 30, 47, 64 
Henneberg, surface of, 267 
Hyperbolic point, 126, 200 
Hyperbolic type, of pseudosphencal sur¬ 
face, 278, of surface of Bianchi,371,379 
Hyperboloid, equations, 228, fundamen 
tal quantities, 228-230, evolute of, 
234, of revolution, 247, 348, lines of 
stnction, 268, deformation of, 847, 
348 See Quadncs 

Indicatrix, of Dupin (seeDupin), sphen- 
cal (see Spherical) 

Infinitesimal deformation of a surface, 
373, 386-387, generatrices, 373, 420 , 
of a right helicoid, 881, of ruled sur¬ 
faces, 381, in 'which lines of curva¬ 
ture are preserved, 387, 891, of the 
focal surfaces of a TF-congruence, 420 
Intiinsic equations of a curve, 28, 29, 
30, 36 

In valiants, differential 85-90, of a dif- 
feiential equation, 380, 385, 406 
Inversion, definition, 196, preserves 
lines of curvatuie, 196 , preserves an 
isothermic system of lines of cuiva 
ture, 391, preserves a tnply orthog¬ 
onal system, 463 See Transformation 
by leciprocal radii 

Involute, of a cuive 48-45, 311 ol a 
surface, 180, 184, 300 
Isometiic paiameters Ste Isotlieimic 
paiameteis 

Isometiic lepiesentation, 100, 113 
Isotheimal conjugate systems ot curves, 
198-200 spherical lepiesent It ion 202, 
foirned of lines ot cui\ ituie, 147, 203, 
233 278 , on associate suit aces 8d0 
Isotheimal oithogonil system bee Iso 
thermic oithogonal system 
Isotheimic oithogonal systems, 98 <)8, 
209, 252, 254, foimed of lines ot cuiva 
tuie (see Isothermic suiface) 
Isothermic parameters 98-97, 102 
Isothermic sinface 108 159, 2S2 253, 
269, 297, 387-889 391, 425, 465 
Isotiopic congiuence, 412, 413,41(>, 422- 
424 

Isotiopic developable, 72, 171, 412, 424 
Isotropic plane, 49 


* bee footnote p 467 
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lodesic lines), 217 
lial (geodesics and lines of 
re on central quadncs), 240 
hal, theorem of, 140, surfaces 
809, 819 

[rectilinear congruences), 892 

(minimal surfaces), 251 
ferential parameters), 85 
lations of, 449, family of, 461, 

formulas of, 198, 195, 417, 
), 422 

kces of translation), 197, 198, 
minimal surfaces), 259, (lines 
iture of TT-surfaces), 298 
formation of, 289, 297 
at, 396 899 
face, 889 
ular, 71 

curvature, definition, 121,122, 
[nation of, 121, 171, 247, par- 
, 122, 161, 186, normal cur- 
>f, 121,181, geodesic torsion of, 
adesic, 140, two surfaces mter- 
in, 140, sphencal represents.- 
148,148,150, osculating plane, 
lane, 149, 160, 201, 805-814, 
), 468, plane in both systems, 
>-804,819,820 sphencal, 149, 
, 819, 820, 466, ciiculai, 149, 
, 816, 446, on an isothermic 
389, 

notion, 243, 244, 248, 268, 348, 
>, 869, 401, 422 

ement, of a cuive, 4, 6 of a 
, 42, 71, 171, of the spherical 
ntation, 141,178,898, reduced 
68 of space, 447 
ength zero See Minimal lines 
hortest length, 212, 220 
(foim of Gauss equation), 187, 
geodesic contingenoe), 212 
suifaces of, 214, 215, 218, 232 
lie ciiive, 78,108,112,120,131, 


Mendian <mrve on a sorfacei, 960 
Meusmer, theorean of, IIS 
Middle envelope of a congnie&oe, 418, 
416 

Middle point of a line of a oox^ruenoe* 
899 « 

Middle surface of a coaE^ruenoe, 899, 
401, 408, 418, 421-^ 

Minding (geodesic curvature), 222, 
Minding, probl^ of, 821, 828, 826, 
method of, 844 

Minimal curves, 6, 47, 49, 266, 257, 
on a surface, 81, 82, 85, 91, 254-265, 
818,891, on a i^)here, 81,257,884-866, 
890 

Mimmal straight lines, 48, 49,260 
Minimal asurface, definition, 129, 251, 
asymptotic lin^ 129, 186, 196, 254, 
257, 269, sphencal representation, 

148, 261-264, ruled, 148, hehooidal, 

149, 880, 381, of revolution, 150, 
parallel plane sections of, 160, mini¬ 
mal lines, 177, 186, 254-2^, Imes of 
curvature, 186, 258, 257, 264, 269, 
double, 268-260, algebraic, 260-262, 
evolute, 260, 872, adjoint, 264, 263, 
267,877, associate, 268,267,269,880, 
881, of Scherk, 260, of Henneberg, 
267, of Enneper, 269, deformation 
of, 264, 827-829, 849, 881, determi¬ 
nation of, 265, 26b, geodesics, 267 

Molding surface, definition, 302, equa¬ 
tions of, 807, 308, lines of curvature, 
307, 808, 820 applicable, S19, 338, 
associate to right helicoid, 881, noi- 
mal to a congruence of Ribaucoui, 
422 

Molding surfaces, a family of Lamd of, 
465 

Monge (equations of a suiface), 64, 
(molding surfaces), 802 
Monge, surfaces of, 805-808, 819 
Moving tiihedial for a cur\e 80-8S 
applications of, 83-86, 39 40 b4-()b 
Moving tiihedial foi a suiface 166-170 
lotationsof 169 applications of 171- 
183,281-288,336-338 3^2-364,426-442 


equations of, 156 
i Dupin, theoiem of 403 
»ldt (geodesics on surfaces of 
curvature) 212 
vatuie 128 126 146 
lute, 166, 166 372 
ed surfaces of a coiit,iuence, 
3, 425 
ell'll t, 100 

, of a suiface of levolutiou, 
a helicoid, 146 


hormal pimcipal dehnition, 12, pai 
allel to a plane, 16 21 
hioimal congruence of lines (see Con 
giuence) oi ennes (see C ongiuence) 
Noimal cunatuie ot a surface Ste 
Cunatuie 

Noimal plane to a cm \p 8 1 -> 6 i 
Noimal section ot a suitaci, 118 234 
hoimal to a cui\e, 12 
Noimal to a suiface, 67, 114, 117, 120, 
121, 141, 196 


• See footnote p 467 
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SroT3ij«i& pSsEOipal wMoh ?ire pxiBOipal 
Dormais oi aisotlier curve, 41 ^ wiucli 
ace bmoTinals of aaotlier curve, 51 

Oi^ar of contact, 8, 21 
Orthogonal system of curves, 76, 77, 
80^^, 91, 119, 129, 177, 187, par- 
ametcio, 75, 93, 122, 134, geodesics, 
187, isothermic (9ee Isothermic) 
OrEhogonal trajectories, of a one-param¬ 
eter family of planes, 36, 461, of a 
family of curves, 50, 79, 96, 112, 147, 
140, 150, of a family of geodesics, 
215 ^ of a family of surfaces, 446,451, 
452, m, 457, 460, 453, 464 
Oscola^g circle, 14, 21, 66 
Osculating plane, definition, 10, equa- 
tK)B of, 11, stationary, 18, meets the 
curve, 19, pass^ through a fixed point, 
22 , orthogonal trajectories of, 85, of 
edge of regression, 67, of an asymp¬ 
totic line, 128 , of a geodesic, 133 
Osculating planes of two curves parallel, 
60 

Osculating sphere, 87, 38, 47, 61, 66 

a surface, 126 
* pseudosphencal sui- 
jt surfaces of Bianohi, 
, 443, 446 

right conoid, 66, tangent 
, asymptotic lines, 191,233, 
of translation, 203, equa¬ 
tions, 230, 330 , fundamental quanti¬ 
ties, 231, lines of curvature, 232, 240 , 
evolute of, 234 , of normals to a ruled 
surface, 247, line of stnction, 268, 
deformation of, 348, 349, 367-369, 
372, congruence of tangents, 401 
6 ee Quadrics 

Paiallel, geodesic 86, 207, on a suiface 
of revolution, 107 
Paiallel curves, 44 

Parallel surface, definition, 177 , lines 
of curvature, 178 , fundamental quaii 
titles, 178, of surface of constant cui 
vature, 179, of surface ot i evolution, 
185 

Parallel surfaces, a family of Lam^ of, 
446 

Pai ametei, definition, 1 of distiibution, 
246, 247, 268, 348, 424, 425 
Parametiic curves, 64, 66 
Parametiic equations See Equations 
Plane cui\e, condition foi, 2, 16 , curv 
ature, 15 equations, 28, 49, intrinsic 
equations, 36 

Plane cuives forming a conjugate sys¬ 
tem, 224 

Plane lines of cuivatuie See Lines of 
curvatuie 


Pomt of a surface, smgular, 71, elliptic, 
126, 200, hyperbolic, X26, 200, para¬ 
bolic, 126, focal (see local), middle 
(see Middle), limit (see Limit) 

Polar developable, 64, 66, 112, 209 
Polar line of a curve, 16, 38, 46 
Principal directions at a point, 121 
Principal normal to a curve See Normal 
Principal planes of a congruence, 396,397 
Principal radii of normal curvature^ 119, 
120, 291, 460 

Principal surfaces of a congruence, 396- 
898, 408 

Projective transformation, preserves os¬ 
culating planes, 49, preserves asymp¬ 
totic lines and conjugate systems, 202 
Pseudosphere, 274, 290 
Pseudosphencal congruence, 416, 416, 
464, normal, 184 

Pseudosphencal surface, definition, 270, 
asymptotic lines, 190, 290, 414, lines 
of curvature, 190, 203, 280, 320, geo¬ 
desics, 276-277, 283, 317, 318 , defor¬ 
mation, 277, 32S transformations of, 
280-290, 818, 320, 370, 466, of Dim, 
291, 318, of Ennepei, 317, 320, evo¬ 
lute, 318, involute, 318, sui faces with 
the same spherical representation of 
their lines of curvature as, 320, 371, 
437, 439, 443, 444 ^ee Surface of 
constant total curvature 
Pseudosphencal surface of revolution, 
of hyperbolic type, 273 , of elliptic 
type 274, of parabolic type, 274 
Pseudosphencal surfaces, a family of 
Lam6 of, 452-466, 464 

Quadratic form See Fundamental 
Quadrics, confocal 226,401 fundamen 
tal quantities, 229 lines of curvature, 
233, 239, 240 asymptotic lines, 23:5 
geodesics, 2S4-236, 239, 240 assoc i itc 
surfaces, 390, 391, noimils to, 422 
See Ellipsoid, Hyperboloid, Paiaboloid 

Representation, conformal (see Con 
foimal), isometric, 100, 111, ecpiiv 
alent, 113, 188, Gaussian, 141, 
conformal-conjugate, 224, geodesic, 
225, 317 , spherical (see Spherical) 
Revolution, surfaces of See Surface 
Ribaucour (asymptoti6 lines on surfaces 
of center), 184, (cyclic systems of 
equal circles), 280, (limit siufices), 
389, (middle envelope of an isotiopic 
congruence), 413, (cyclic systems), 
426, 428, 432 , (deformation of the 
envelope of the planes of a cyclic 
system), 429 430, (cyclic systems 
associated with a triply orthogonal 
system), 457 



mimz 




^ congruence of, 420-422,424, 

S 442, 448, tnple eysfeeBas of, 
s 468 

Tiataon, 26, 26, 60, 248, 429 
, equations of, 122 
Liface, definition, 241, of tan- 
) a surface, 188, generators, 
rectnx, 241, linear element, 
r, director-cone, 241, Ime of 
1, 248, 244, 248, 268, 848,861, 

>, 401,422, central point, 248, 
plane, 244, parameter of dis- 
n, 246, 247, 268, 848,424,426, 
284, normals to, 196, 247, 
plane, 246, 247, 268, total 
re, 247, asymptotic lines, 248- 
ean curvature, 249, lines of 
re, 260, 268, conju^te, 268, 
ition, 848-848,860,867, splier- 
Licatnx of, 861, infinitesunal 
ition, 881, of a congruence, 

, 898,401,422,428 SeeHight 
Hyperboloid, Paraboloid 

(equations of a curve), 28 
irface of, 260 
formulas of, 264-267, 269 
me of a surface, 71 
joint of a surface, 71 
um, 19 

juations, 62, 77 81, minimal 
il, conformal representation, 

, equivalent representation, 
undamental quantities 116, 
incipal radii, 120, asymptotic 
23, 422 

amily of See Family 
curve, 36, 88, 47, 60, 149, 
;, 317, 319, 820, 406 
indicatnx, of the tangents to 
, 9,18,60,177, of thebinormals 
ve, 60,177, of a ruled surface, 

representation of a congruence, 
on, 803, principal surfaces, 397, 
velopables, 409, 412-414, 422, 
), 437 441 

repiesentation of a surface, 
on, 141 fundamental quan 
141-148, 160-166, 178, lines 
ature, 143, 148, 160, 161, 188, 

3, 279, 280, 292 296, 801, 802 

4, 816, 820, 371, 387, 487, 442- 
gymptotic lines, 144, 148, 191- 
1, 840, 800, 414 , area of closed 
, 146, conjugate system, 200- 
7, 886 


Spbenoal repisasp»tsUasoa ul m ol 
a moving tnbedmi^ 864 
Spbencai surfaoe, 270, paav 

allels to, 179, of 279-272, 

geodesicB, 27^279^ 818 ^ delozmalaK«i> 
276, 828, koes ^ emrrafimre, 278, 
tiansformata<«:K 278-280, 297, 
lute, 800, of Snnsiier, ^7, 
with the same spherical representataon 
of Its lines of curvature as, 888. See 
Surface of constant total curvature 
Spherical surfaces, a family of Lam4 of, 
468 

Spiral surface, definiticm, 161, gener¬ 
ation, 161, Imes of curvatoe, ISl, 
mimmal Imes, 151, agymptotm lines, 
161, geodesics, 219, d^ormataon, 849 
Stereqgiaphic projectiou, 110, 112 
SuperoscT^Ung oirele, 21 
Superosculating lines on a surfm, 
187 

t Surface, definition, 68 
Surface, limit, 889 

I Surface of center, definition, 179, met 
by developables m a conjugate sys¬ 
tem, 180,181, fundamental quantities, 
181,182, tot^ curvature, , asymp¬ 
totic lines, 183, 184, lines of curva¬ 
ture, 188,184, a curve, 186,188, 808- 
314, developable, 186, 806^08 
Surface of constant mean curvature, 
definition, 179, parallels to, 179, Imes 
of curvature, 296-298, transforma^ 
tion, 297, deformation, 298 , minimal 
curves, 318 

Surface of constant total curvature, 
definition, 179 , area of geodesic tn 
angle, 219 geodesics, 224, lines of 
curvatuie, 817 asymptotic lines, 817, 
spherical lepresentation, 372 See 
Pseudospheiical surface and Spheri¬ 
cal surface 

Surface of refeience, 392 
Surface of revolution, definition, 107, 
fundamental quantities, 107, 147, 
loxodromic curve (see Loxodromic), 
deformation, 108, 112, 147, 149, 260, 
276, 277, 288, 826-381, 841, 349-850 
802-864, 869, 870, 372, 444, partic 
ular. 111 160, 320 , equivalent repre 
sentation 113 lines of curvature, 126 
asymptotic lines, 181, parallel sur 
faces, 186 geodesics, 206, 209, 224 
Suiface of translation definition, 197, 
198 equations, 197, asymptotic lines, 
198, generatoiTS, 198,208 deformation, 
849, 860, associate suiface, 381, 390, 


eference is to nondevelopable ruled surfaces For developable ruled surfaces see 
les 

Ferenoes such as Surface of Bianchi see Bianchi 

es of center of certain surfaces are referred to under these surfaces 
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INDEX 


c^ii^grtieijcse of tacgcputs, 406 ^ middle 
SQirfaioe of a TT-coiigraeiice^ 422, 424 
Surface with plane lines of curvature 
Bee Lines of curvature 
Surface with sphencal lines of curvature 
See Lines of curvature 
Sunaoe wuh the same sphencal repre¬ 
sentation ot Its Imes of curvature as a 
pseudosphencal surface See Pseudo- 
sphencal surface 

Surface with the same spherical repre- 
sentaticm of its lines of curvature as 
a spWical surface See Sphencal sur- 
faai^ 

of revolutiohi a family of Lam6 

*taQgeu^ plane to a surface, definition, 
60,114, equation, 57, developable sur¬ 
tax, 57, distance to, 114 , meets the 
surface, 128, charactenstic of, 126 
M the osculating plane of asymptotic 
line, 128 

Tangent surface of a curve, 41-44, 57, 
applicable to the plane, 101, 156 
Tangent to a curve, 6, 7, 49, 60, 69, 
spherical indicatnx of, 9, 13, 60, 177 
Tangent to a surface, 112 
Tangential coordinates, 163, 194, 201 
Tetrahedral surface, definition, 267, 
asymptotic lines, 267, deformation, 
341 

Tetrahedral surfaces, tuple system of, 
466 

Tore, 124 

Torsion, geodesic, 137-140, 174, 176 
Torsion of a cuive, definition, 16, radius 
of, 16, 17 21, of a plane curve, 16 
sign of, 19, constant, 60, of asjnnp- 
totic line, 140 

Tractnx, equations, 36, surface of revo 
lution of, 274, 290, helicoid whose 
meridian is a, 291 


* Transformation, of curvilinear ooordi 
nates, 63-55, 73 74, of rectangula 
ooordmates, 72, by reciprocal radn 
104, 196^ 208 {see Inversion), projecl 
ive {see Projective) 

Tnply orthogonal system of surface® 
definition, 447, associated with a eye 
Im system^ 446, fundamental quan 
titles, 447-461, with one family o 
surfaces of revolution, 461, 452, o 
Ribaucour, 462, 463, of Bislnchi, 462 
454, 464, 466, of Weingarten, 466 
466, 463, 464, transformation of, 462 
463, with one family of molding sui 
faces, 465, of cyclides of Dupin, 466 
of isothermic surfaces, 466 

Umbilical point of a surface, definition 
120, of quadnes, 280, 232, 234, 286 
238, 240, 267 

Variation of a function, 82, 83 

Voss, surface of, 341, 390, 416, 442, 44 

W congruence, 417-420, 422, 424 

W surface, definition, 291, fundamenta 
quantities, 291-293 , paiticular, 291 
300,318,319, sphencal repiesentation 
292, lines of curvature, 293, evolute 
294, 296, 318, 319, of Weingarten 
298, 424, luled, 299, 319 

Weierstiass (equations of a minimal sui 
face), 260, (algebiaic minimal sui 
faces), 261 

Weingarten (tangential coordinates) 
163, (geodesic ellipses and hyperbo 
las) 214 (TVsurfaces), 291, 2&, 294 
(infinitesimal deformation), 374, 387 
(lines of curvature on an isothemiK 
surface), 389 

Weingarten, surface of, 208,424, metlioi 
of, 353-372, triple system of, 465 46(5 
463, 4()4 


* For references such as Transfonuation of Backlmul see Backluiul 
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